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PREFACE 


X HIS book is intended to provide an introduction to those parts of Astronomy 
which require dynamical treatment To cover the whole of this wide sub- 
ject* even m a preliminary way, within the limits of a single volume of 
moderate size would be manifestly impossible Thus the treatment of bodies 
of definite shape and of deformable bodies is entirely excluded, and hence no 
reference will be found to problems of geodesy or the many aspects of tidal 
theory Already the study of stellar motions is bnnging the methods of 
statistical mechanics into use for astronomical purposes, but this development 
IS both too recent and too distmct in its subject-matter to find a place here. 

Nevertheless the book covers a wider range of subject than has been 
usual m works of the kind Thereby two advantages may be gained For 
the reader is spared the repetition of very much the same introductory matter 
which would be neoessaxy if the different branches of the subject were taken 
up separately. But in the second place, and this is more important^ he will 
see these branches in due relation to one another and will realise better that 
he IS dealing not with several distinct problems but with different parts of 
what IS essentially a single problem. In an introductory work it therefore 
seemed desirable to make the scope as wide as was compatible with a reason- 
able unity of method, the more so on account of the almost complete absence 
of similar works m the English language. 

The first six chapters are devoted to preliminary matters, chiefly oonneoted 
with the undisturbed motion of two bodies. Th^e are followed by five 
chapters VII to XI dealing with the determination of orbits. This section is 
intended to fismxliarise the reader with the properties of undisturbed motion 
by exfdaimng in general terms the m(»t important and interesting apjdioar 
tions. It IS in no sense complete and is not intended to replace those works 
which are entirely devoted to this subject. Otherwise it would have been 
neoessaxy to describe in detail such admirably effective methods as Prolassor 
Leusohner's and to include fixUy woxked numerical examples. Here, as else- 
where, the aim has been to give such an account of principles as will be 
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instructive to the reader whose studies in this branch go no further, and at 
the same time one which will help the student to understand more easily 
the techmcal details to be met with m more special treatises Though the 
actual details of practical computation are entirely excluded, the fact that all 
such methods end m numerical application has by no means been overlooked 
A distmct effort has been made to leave no formulae in a shape unsuitable 
for translation into numbers The student who feels the need will have no 
difficulty m findmg forms of computation in other works At the same time 
the retuier who will take the trouble to work out such forms for himself will 
be rewarded with a much truer mastery of the subject, though he should not 
disdain what is to be learnt from the tradition of practical computers 

An outlme of the Planetary Theory is given m the seven chapters XII to 
XVm The first of these deals exclusively with the abstract dynamical 
principles which are subsequently employed It is hoped that this sjmopsis 
will prove useful m avoidmg the necessity for frequent reference to works on 
theoretical mechamcs The reader to whom the methods are unfamihar and 
who wishes to become more fully acquamted with them may be referred to 
Professor Whittaker’s Aruilyhcal Dynaimcs, where he will also find an intro- 
duction to those more purely theoretical aspects of the Problem of Three 
Bodies which find no place here To those who are familiar with these 
prmciples m then abstract form only the concrete applications m the follow- 
mg chapters may prove mterestmg A chapter on special perturbations is 
mcluded. Here, as m the determmation of orbits, the need for numerical 
examples may be felt To have inserted them would have interfered too 
much with the general plan of the book,,and they will be found m the more 
special treatises But it was felt that the subject could not be omitted 
altogether, and a concise and fairly complete account of the theoiy has there- 
fore been given It may seem cunous that with the development of 
analytical resources the need for these mechanical methods becomes greater 
rather than less, but so it is 

Chapter XIX on the restricted problem of three bodies is intended as an 
mtrodnction to the Lunar Theory contamed m Chapters XX and XXI The 
division of these two chapters is partly arbitrary, for the sake of preserving a 
four uniformly of length, but it comcides roughly with the distmction 
between Hill's researches and the subsequent development by Professor 
Brown In the second a low order of approximation is worked out, and it is 
hoped that this will serve to some extent the double purpose of making the 
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whole method clearer and of pomtmg out the nature of the principal terms, 
which are apt to be entirely hidden by the complicated machinery of the 
systematic development 

The rotation of the Earth and Moon is discussed in Chapters XXII and 
XXIII The treatment of precession and nutation is meant to be simple 
and practical, and the opportunity is taken to add an account of the astro- 
nomical methods of reckoning time in actual use In the chapter of the 
book the theory of the ordinary methods of numerical calculation is explained 
This IS necessary for the proper understandmg of Chapter XVIII, but it also 
bears on various pomts which occur elsewhere Numerical applications find 
no place in this work But let the mathematical reader be under no mis- 
apprehension The ultimate aim of all theory in Astronomy is seldom 
attained without comparison with the results of observation, and the medium 
of companson is numerical Hence few parts of the theory can be regarded 
as complete till they are reduced to a numerical form This is a process 
which often demands immense labour and in itself a quite special kind of 
skill It IS just as essential as the manipulation of analytical forms 

Onginality in the wider sense is not to be expected and indeed would 
defeat the object of the book, which aims at making it easier for the student 
to read with profit the larger and more technical treatises and to proceed 
to the ongmal memoirs A certam freshness m the manner of treatment is 
possible and, it is hoped, will not be found altogether wanting Few direct 
references have been given as a guide to further reading, and this may be 
regretted But the opinion may be expressed that for the reader who is 
qualified to profit by a work like the present, and who wishes to go further, 
the time has come when he should acquire, if he has not done so already, the 
faculty of consulting the library for what he wants without an apparatus of 
special directions Sign-posts have their uses, and the experienced traveller 
is the last to despise them, but they are not conducive to a spirit of original 
adventure 

Since the mam object in view ha.s been to cover a wide extent of ground 
in a tolerably adequate way rather than to delay over cntical details, the 
absence of mathematical ngour may sometimes be noticed Very little 
attention is given to such questions as the convergence of senes It is not 
to be inferred that these pomts are unimportant or that the modern astronomer 
can afford to disregard them But apart from a few simple cases where the 
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reader will either be able to supply what is necessary for himself or would 
not benefit even if a critical discussion were added, such questions are 
extremely difficult and have not always found a solution as yet It is pre- 
cisely one of the aims of this book to increase the number of those who can 
appreciate this side of the subject and will contribute to its elucidation 

The reader who wishes to proceed further m any parts of the subject to 
which he is introduced in this book will soon find that the number of 
systematic treatises available m all languages is by no means large He 
must turn at an early stage to the study of original memoirs It is not 
difficult to find assistance in such sources as the articles in the Encyklopadte 
der Mathemaiischen Wisaenschaften, which render it unnecessary to give a 
bibliography The subject is one which has received the attention of the 
majority of the greatest mathematicians during the last two centuries aAd in 
which they have found a constant source of mspiration Their works are 
generally accessible m a convenient collected form 

For the benefit of any student who wishes to supplement his reading and 
has no meMis of obtaining personal advice, the following works may be 
specially mentioned 

Determination of Orbits a/nd Special Perturbations 

1 J Bauschmger, BaJinhestirnTnung d&r Simmelskot per 

(A source of fully worked numerical apphcations ) 

2 Pvd)hcai%tyn8 of the Lusjc Ohservcdory, Vol vii 

(Contains an exposition of A 0 Leuschnefs methods) 

Planetary a/nd Lunar Theories 

3 F Tisserand, Traits de mecanique cdleste 

(The most complete account of the classical theories ) 

4 H. Poincar^, Logons de mScanique o^este 

^ ® Poincar6, Mithodes nouvelles de mecanique celeste 

6 C V. li. Charlier, Die Mechauik des Hvmmels 

1 E, W Brown, An introductory treatise on the lunar theory 

(Gives full references to all the earher work on the subject ) 

The great examples of the classical methods in the form of practical 
^•phcatum to the theones of the planets are to he found m the works of 

Veraer (Amudes de VOhsenatovre de Pane), Newcomb {Aetnmomecal 
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Papers of the American Ephemens) and Hill (Oolleoted Works) The most 
suggestive developments, apart from the researches of Pomcar6, are contained 
m the work of H Gyld6n {Traiti analyhque des orbites absolyss des huit 
planhtes pnncipales) and P A Hansen All these works will repay careful 
study, but the suggestions are not to be taken m any restrictive sense 

The author of the present book has the best of reasons for acknowledgmg 
his debt to most of the writers mentioned above and to others who are not 
mentioned Some of the proof sheets have been very kmdly read by the 
Rev P J Kirkby, D Sc , late fellow of New College, Oxford. Acknowledge- 
ment IS also due to the staff of the Cambridge University Press for their 
care in the pnntmg It is not to be hoped, m spite of every care, that no 
errors have escaped detection, and the author will be glad to have such as 
are found brought to his notice 

EL C PLUMMER 


DtJNSINK OBSBaVATOKY, Co DUBLIN, 
20 February 1918 
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AN INTRODUCTORY TREATISE 


ON 

DYNAMICAL ASTRONOMY 




CHAPTER I 


THE LAW OF GBAVITATION 


1 The foundations of dynamical Asti onomy were laid by Johann Kepler 
at the beginning of the seventeenth century His most important work, 
Astronomia Nova (De Motibus Stellae Martis), published in 1609, contams 
a profound discussion of the motion of the planet Mars, based on the obser- 
vations of Tycho Brahe In this work a real approximation to the true 
kmematical relations of the solar system is for the first time revealed 
Kepler’s mam results may be summarized thus 

(а) The hehocentnc motions of the planets.(i e their motions relative to 
the Sun) take place in fixed planes passing through the actual position of the 
Sun 

(б) The area of the sector traced by the radius vector from the Sun, 
between any two positions of a planet in its orbit, is proportional to the time 
occupied m passing from one position to the other 

(c) The form of a planetary orbit is an ellipse, of which the Sun occupies 
one focus 

These laws, which were found in the first instance to hold for the Earth 
and for Mars, apply to the individual planets In a later work, Harmomces 
Mundi, published in 1619, another law is given which connects the motions 
of the different planets together This is 

(d) The square of the periodic time is proportional to the cube of the 
mean distance (i e the semi-axis major) 

These deductions from observation are given here in the order in which 
they were discovered The third (c) is generally known as Kepler’s first law, 
the second (6) as his second law, and the fourth (d) as his third law But the 
first statement is of equal importance In the Ptolemaic system the “ first 
inequality ” of a planet, which represents its heliocentric motion, was assigned 
to a plane passing through the mean position of the Sun Even m the 
Copeinican system this *‘mean position” becomes the centre of the Earth’s 
orbit, not the actual eccentric position of the Sun In consequence no 
astronomer before Kepler had succeeded in representing the latitudes of the 
planets with even tolerable success 


1 
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2 It IS undeniable that in making his discoveries Kepler was aided by 
a certain measure of good fortune Thus his law of areas was m reality 
founded on a lucky combination of errors In the first place it was based on 
the hypothesis of an eccentnc circular orbit and was later adopted m the 
elliptic theory In the second place Kepler supposed (a) that the time in a 
small arc was proportional to the radius vector, (h) that the time m a finite 
arc was therefore proportional to the sum of the radii vectores to all the 
pomts of the arc, (c) that this sum is represented by the area of the sector 
Both (a) and (c) are erroneous, and indeed Kepler was aware that (c) was 
not strictly accurate Mathematically expressed, the argument would appear 
thus 

hdt — rdSt (area of sector) 

Both the supposed fact and the method of deduction are wrong, yet the 
result IS right But if it should be supposed that Kepler owed his success 
to good fortune it must be remembered that this fortune was simply the 
reward of unparalleled industry in exhaustmg the possibilities of every 
hypothesis that presented itself and m checking the value of any new principle 
by direct companson with good observations It must also be remarked that 
Tycho Brahe’s observations were of the proper order of accuracy for Kepler’s 
purpose, being suflSciently accurate to discrimmate between true and false 
hypotheses and yet not so refined as to involve the problem in a maze of 
unmanageable detail Another factor in Kepler’s success was his knowledge 
of the Greek mathematicians, in particular of the works of Apollonius 

3 Kepler had no conception of the property of inertia and he was 
therefore unable to make any progress towards a correct dynamical view of 
planetary motion It is interestmg to analyze his results and to see what is 
implied by each of the above statements taken by itself 

According to the first statement the planets move in a field of force which 
18 such that every trajectory is a plane curve If we suppose that the 
acceleration at each point is a function of the coordmates of the point, an 
immediate deduction can be made as to the nature of the field of force For 
let A, ^ be two points on a certain trajectory, and let J? be a third point not 
m the plane of this curve Then P can be jomed to A and to B by plane 
trajectories The planes m which AB, PA and PB lie meet in one point 0 
(which may be at infinity) The acceleration at A is in the plane OAB and 
also in the plane OAP Hence it is along AO Similarly the acceleration 
at B is along BO, and the acceleration at P is along PO But the pomt 0 
IS determined by the two pomts A and B Therefore the acceleration at 
every pomt of the field is directed towards the fixed pomt 0, and the field of 
force IS central (or parallel) Now the planes of the orbits all pass through 
the Sun Hence the Sun is the centre of the field of force m which the 
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3 


planets move For an analytical proof of the general theorem see Halphen 
(Comptes Bendus, lxxxiv, p 944) 


4 To this the second statement adds nothing with regard to the nature 
of the forces, and might indeed have been deduced from the first For it 
tells us that 

^T^dS ^^(xdy ‘-ydoo) = ht 


the Sun being the origin of coordinates and h being a. constant 
tiation we have 

xy-^ydi^h 


or 


« 




By differen- 


Thus yjx = yfa., which proves that the acceleration is towards the Sun at 
every point, i e the field of force is central Cleai ly the argument might be 
reversed, and the law of areas deduced from the fact that the accelerations 
are directed towaixis a fixed centre, which has already been obtained from the 
first statement Both this theorem and its converse are given in Newton's 
Pnncipia, Book i, Props i and n 


6 We shall now investigate the law of acceleration towards a fixed point 
under which elliptic motion is possible In the first instance it will not be 
assumed that the fixed point is the focus of the ellipse Apart from the 
interest of the more general result, this is the more desirable because many 
pairs of stars are known in the sky the components of which are observed to 
revolve around one another in apparent ellipses , but the plane of the motion 
bemg unknown it is only a matter of inference that either star is in the focus 
of the relative orbit of the other. For it is the projection of the motion on 
a plane perpendicular to the line of sight which is observed Let then the 
ellipse 


be descnbed freely under an acceleration to the fixed point (/, g) Any point 
on the ellipse can be represented by (a cos E, b sin E) The angle E which 
is known in analytical geometry as the eccentric angle is called in Astronomy 
the eooentno anomaly of the point The accelerations being 

- a sin jS E-aco&E bcoa E E sm E E^ 
along the two axes, we have 

E-^acoaE E^ ^ b cos E sin E E* 
a coQ W^jT ” fe sln ^ - ^ 


whence 


agcoBE — bfainE ^ 

^ “ a6 - sin J?— bfoos E 


( 1 ) 
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in\ foriTi i . 

M lorra, giving immediately 

r — again E—bfcoaB)-^ (2) 

\m.h uulf + = 

■«»l foHrt. amHtants of integration If we put A = a6«, 

^ yr* 

A’- -sin ^+|cos^=»i(t-to) (3) 

ut fln^ max U* 

J«1.|.»1'«» ity lulditur 9 f form of what is known as Keplei’s 

Lt.. r. vuh‘,1:;; = the penod of a 

. .u»i ««i l>o obtained by putting /=««. ^ = 0, so that 

^ — e sin ^=n(t- to) ( 4 ) 

i" n'rnlltV'rMmt importance The point for which ^ = 0 is 
I** minuJrf Tt attracting focus and is sometimes called 

corresponding time is t. and n is called the mean 

Hy ( I ) mid (2) tho components of the acceleration become 
-MHin A’.Jgr-acos ^ g-«- ai>if-aco6E)h? 

{ah - ag sm E - 6/ cos Ef 

b COM K Jfi!-b sin E E’‘=> ah (g-b sin E)h<‘ 

(ab — ag sin E - 6/ cos Ef 
Umt. the total accoloration is equal to 


R 


'n®r — ^cos^— ^sm^^ 


( 6 ) 


M>W' r IN tlic (liHtanoo of the point on the orbit from (/, g) 

8. Ih<fe>ro iixanuning this result more closely, it may be noticed that the 
iitluHi I'l i|U]t4‘ goiioial and may be apphed to any central orbit For if the 
of a jMunt («, y) on the curve be expressed in terms of a smgle 
mwiotcr or, wc havu similarly 

oa'a 4- as"&’‘ _ y'a. + y"a* 

/ ^9 


a _ a/ ' (y-g)- y" (g; -/) _ 

* *'(y -s')-y'(«-/) “ 

iiTf »/' . , <lcnot<i donvatives with respect to a, and a, a denvatives with 
ijs*cti t<» the time, llonco on integration, 

a -= — fr {a/ (y — flr) - y' (« -/)}-' 
j(jrdy — yda) —fy+gx = h(t-t^ 
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By taking the last integration over one revolution in a closed orbit it is 
seen that h represents twice the area divided by the penodic time The 
components of the acceleration become 

h?(x Y^xy){x^f ) , 

K (2/ - 5^) “ / / )}® l^' {y - 9) -f)Y 

and the total acceleration is therefore 


R = h?r (xY - (dY) {x {y-g)- y' (x 
= h^rjp^p 


where p is the radius of curvature at the point and p is the perpendicular 
from (/, g) to the tangent at the pomt This of course is the well-known 
expression for the acceleration towards the centre of attraction 

The same orbit will be described in the same penodic time under the 
central attraction R' to another pomt (/', g') if 


that IS, if 


R' = h^r'Yp 
R'/R —p^djp'^r 


This result is equivalent to Pnncipia, Book i, Prop vii, Cor 3 


7 We now return to equation (5) which may be written 

B = n«r (l --J -f )■* - noriq./qy . (6) 

where q and are the perpendiculars on the polar of (/, g) from the point 
{x, y) on the orbit and the centre of the ellipse respectively Hence the 
ellipse represented by the general equation 

aid -h 2hxy + + 2gx H- 2/y + 1 = 0 (7) 

can be described under an acceleration directed towards the origin if the 
acceleration follows the law 

R a mV (1 -f* gx V/y)*"®, m® = (8) 

where A and C have their usual meaning for the conic (7) Conversely, if the 
law (8) 18 given, the trajectory is always a conic whatever the mitial conditions 
may be For (7) is a possible orbit, and / and g are determined by the law, 
while a, h and h are three arbitrary constants which can be chosen so as to 
satisfy any given conditions, such as the initial velocity given in magnitude 
and direction at a particular point 

There now arises the interesting question whether any other form of law 
besides (8) exists, for which the trajectories are always conics (Bertrand’s 
problem) Let 


jR = mV//(«;, y) 
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be such a law Then if (7) is to be an orbit, 

/(*. y) = (1 +fyy 

must be satisfied by the coordinates of every point on (7), i e this equation 
must be equivalent to (7) But (7) can be wntten m either of the forms 

1 +gx +fy = J (1 — aa? — 2h<cy — by^) 

(1 + ga> +/yy = - a) + 2 (fg - h) xy + (f<‘ - b) 

and clearly in no other way which does not introduce a greater number of 
independent constants on the right-hand side The first of these forms gives 
an expression for/ (x, y) which is (like an infinite number of others) compatible 
with (7), but only under restricted conditions For it fixes the constants a, b 
and h and leaves only /and g arbitrary, and these are not in general sufficient 
in number to satisfy the initial conditions On the other band , the second 
form gives an expression for the acceleration which may be wntten 

S, = m?r (tta? + 2^xy -I- Tjd) ~ J ( 9 ) 

This only requires the constants in (7) to satisfy the two relations 

9^ -a ^ fg-h _f‘ - b 

a y 

and thus three other relations can be satisfied which are required by the 
initial conditions Hence motion under a central acoeleiation given by (9) 
IS always m a come which by the two relations found touches the Imes (real 
or imaginary) 

oir* -f 20xy -b yy^ = 0 

The laws (8) and (9) are the only ones under which a come is always 
described in a given plane whatever the imtial conditions may be Their 
character was first established by Darboux and by Halphen (Gomptea Bencks 
Lxxxiv, pp 760, 936 and 939) 

8 A pomt on a central orbit at which the motion is at right angles to 

the radius vector is called an apse At such a point ^ = 0 and the radius 

vector is m general either a maximum or a mimmum Since the motion is 
reversible the radius vector to an apse is an axis of symmetry in the orbit 
and the next apsidal distances on either side are equal There can be there- 
fore only two distinct apsidal distances recurring alternately and the angle 
between any two consecutive apses is constant and is called the apsidal 
angle 

The differential equation of a central orbit is known to be 

d*u 


P 



7 


7-9] 


The Law of Gravitation 


where w = 1/r and P is the force to the centre If we write P = u^U the 
radius of a circular orbit is given by w= Let the circular orbit be 

slightly disturbed, so that we may write instead of u, where u is con- 

stant and X IS so small that only the first power of x need be retained Then 


If we put 
the equation becomes 

and the solution is 


d^x . T uU' dU 

dd* h? U du 


~ a cos m{9 — Oq) 


The apsidal angle is therefore 

K = irlm=ir(l-uU'IU)-^ ( 10 ) 


For example, li P = /MV^y U = /juu“P ® and 
This result is given m the Pr%nap,a, Book i, Prop xlv, Ex 2 


9 Let us push the approximation further in order to see, if possible, 
under what conditions the apsidal angle remains unchanged by a higher 
order of the increment x The equation of the disturbed circular orbit 
becomes 




( 11 ) 


and we assume a solution 

X ^ Oo + Ui cos mO + Ua cos 27n0 + (h cos dmS 
If Ui is of the first order, and must be of the second order at least, 

and it will become clear that is of the third order Hence 

Joi* + (2aoai + Uitta) cos mO -f cos 2m6 + cos Zmd 
a^sa J cos m9 + iui* cos SmO 

All terms of order higher than the third have been omitted and products 
of the cosines have been changed into simple cosines of the multiple angles, 
We now substitute in (11) and equate coefficients Thus 

, 1 a 

7yi®ao = ^ 

0 = 1^ (2a.a, + 0,0,) + \ a,> 

— 3m"aa « j di 




1 uV" , 1 uU'" ^3 

2 ~ U ~ “‘“*■^24 ~ir ^ 
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The last of these equations confirms the statement that Oj is of the third 
order, hut will not be needed here The first three after the elimination of 
Oo and a, give 

5 y.U'' luU'"{ , 

12 m^TJ 12 if 8 ~ir\ ^ 

or 


U"^ + 3 U'" (U^uU')^O . (12) 

This equation expresses a necessary condition which must be satisfied if 
the apsidal angle is to remain constant when the displacement from a circular 
orbit is considered finite 


10 Let us consider any closed orbit to be determined by a central 
acceleration under a fimte range of mitial velocities The number of apses 
in a complete orbit must be finite and (10) shows that m must be a com- 
mensurable number It must be a constant therefore, for otherwise it would 
change discontinue usly as u changes contmuously Hence 

IS an equation giving the form of U, and the solution is 

U = 

But if all the orbits are to be re-entrant, so that K is constant, the 
equation (12) must also be satisfied Hence substituting the form just 
found, we have 

Sm* (1 - + Bm* (1 - m^) = 0 

or 

2m* (4 - m*) (1 - m=) = 0 
Since K is fimte, m is not zero and we have 


giving 

and 


l-m* = 0 or 1— = — 3 

U = k or i7 == ku”* 


R = k/r^ or R^k? 

Thus ve have Bertrand's remarkable theorem (Comptes Rendua, LXXVii, 
p 849) that these are the only laws, expressible as functions of the distance,' 
which always give nse to closed orbits whatever the initial circumstances 
may be (within s certain range) In these two oases m = 1 or 2 and the 
apsidal angle K=ir or \-jr 


11 ^ The results obtained can now be brought together According to 
Zepkr’s law the planetsay orbits are ellipses with the centre of attraction, 
the Sun, situated m one focus The polar of the focus being the corresponding 

directrix, we have in (6) q^-^aje and j = r/e, so that the acceleration towards 
the Sun is 

When the centre of attraction is an arbitrary point and it is merely 
known that the orbits are ellipses, the acceleration towards the centre must 
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follow one of the two laws expressed by ( 8 ) and (9) These are not in general 
simple functions of the distance and it is only by induction that we should 
infer from the apparent orbits of double stars that these bodies obey the law 
given by (13) But the law ( 8 ) provides a simple function of the distance, 
when f—g = 0, in which case the centres of all possible orbits are 
at the ongin, i e coincide with the centre of attraction Similarly the law (9) 
provides a simple function of the distance, R = m^/r^, when a = 7 and = 0 
In this case every orbit touches the lines a/^ + y^ = 0 , showing that the centre 
of attraction at the origin is the focus for every path These are the only 
two laws of central acceleration which give rise to elliptic orbits in general 
and can be expressed in simple terms of the distance But we have also 
seen that the same restriction is imposed when it is merely required that the 
paths shall be plane closed curves of any kind It is moreover obvious that 
the law of the direct distance, which makes the attraction of a distant body 
more effective than that of a near one, cannot be the law of nature The 
only alternative is that the acceleration varies inversely as the square of the 
distance, and this law can therefore be based upon these simple suppositions 

(а) the planets descnbe closed paths in planes passing through the Sun, 

( б ) the centnpetal acceleration towards the Sun, required by (a), is a simple 
function of the distance and does not become infinite when the distance is 
infinite 

12 We have now to consider Kepler’s law connecting the periodic times 
of the planets with their mean distances from the Sun This states that T® 
vanes as a* But T = 27 r/n, so that is constant for all the planets Hence 
by (13) the acceleration of each planet towards the Sun is /a/r® where fx is 
constant The force of attraction acting on a planet is therefore mfjulr^ where 
m is the mass of the planet And observation shows that the same form of 
law holds for the satellites of any planet, e g the satellites of Jupiter Thus 
not only does the Sun attract the planets but the planets themselves appear 
to attract their satellites in the same way It is but natural to suppose that 
the forces of attraction in either case arise from an inherent property of matter, 
and that a stress exists between the Sun and a planet, or between a planet 
and its satellite Action and reaction being equal and opposite, we must 
suppose the force proportional not only to the mass of the attracted body but 
equally to the mass of the attracting body We are thus led to Newton’s law 
of gravitation that the mutual attraction between two masses m, m' at 
a distance r apart is measured by 

Qmnilr^ 

where Q is an absolute constant, independent of the masses or their distance 
It must be noticed that the law has been arrived at from the consideration of 
cases in which the dimensions of the bodies are small in comparison with the 
distances separating them But since the action in these cases is proportional 
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to the total masses, it is to be supposed that it applies to the mdmdual 
elements of the matter composing them This is the true form of the law of 
universal gravitation When it is a question of bodies whose dime nain ns are 
not neghgible m relation to the distances of surrounding bodies, a modification 
of the simple statement must be expected The exammation of all conse- 
quences of the law of gravitation, mcludmg a comparison with the results 
of observation, practically constitutes the complete function of dynamical 
Astronomy 


13 ^ Since the Earth possesses only one satellite, it is impossible to venfy 
Eiepler’s third law in our own system But it is of histone mterest to calcu- 
late from the observed motion of the Moon the acceleration towards the centre 
of the Earth which a body would have at the Earth’s surface The Moon’s 
sidereal penod is 27* 7* 43“ IP 5 oi 2360691 5 secs Let a be the Moon’s 
mean distance and h the radius of the Earth The required acceleration is 

\l) ^ 

The ratio ajh is 60 2745 and h may be taken to be 6 378x10® cm The 
result of substituting these numbers is to give for the acceleration 989 cm /sec * 
In pomt of fact the acceleration of a body at the Earth’s surface is in the 
mean p = 981 cm /sec* But the discrepancy is not suipnsing The Moon 
desenbes its orbit not only under the attraction of the Earth but also under 
the .hstuibmg mfluence of the Sun Moreover g is a variable quantity over 
the Earths surface, owmg to the Earth’s rotation and figure The above 
calculation is altogether too rough to give really comparable results But it 
suffices to show that the quantity is quite of the same order as g, and to this 
extent supports the identification of the force which retams the Moon m its 
orbit mth that which in the case of tenestnal objects is known as weight 
^stated, the point is of historical interest because it presented a difficulty 
0 Newton who was long misled by adopting erroneous numerical data 


14 

adopted 


The numerical value of the constant Q depends upon the units 
its dimensions are given by 


or 


In cos umts it is the force between two particles each of 1 gramme 
pW 1 cm apart The first deteimination of the force m absolute Sts by 
a ffiboratoiy expenment was made by Cavendish Several determmations 
have smee been made, of which peihaps the two best, those of C V Boys and 
Jdraun, agree m giving ^ 

(5= = 6 668x10-8 


corresponding to 5 527 for the mean density of the 
for the total mass of the Earth , 


Earth and 5 985 x lO^^gr 
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16 As we have seen, the simple facts of observation lead us to assume 
that between two particles of masses m and m* situated at the pomts 
z) and there exists a force where r is the 

distance PP' Now the direction cosines of PP' are 


a?' — a? 

? ’ 1 * r 


and hence the components of the force acting on the particle m are 



Qmmf , Gmmf , 

’ 9-8 ' 

Qmm' 

or 

du du 

dU 


0y ' 

dz 

where 



U — — 0mm' jr 



If m 18 attracted not by a single particle Tin! but by any number typified 
by rrix at the components of the total force are similarly 


where 


dJJ _dU _dU 

doB ^ dy ' dz 

U— — Qm 't mt/n 


It is evident that U is the work which the system of attracting particles 
will do if the particle m is moved from its actual position by any path to 
some standard position, except for a constant , it is the potential energy of m 
due to its position relative to the attracting system If we put 

V^QtrrKjr,, 

t 


V is called the potential of the attracting system at the point P When 
the potential is known it is evident that the components of the attraction 
can be easily calculated 
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16 Th<* HiH*' of A Itoiuogonootut sphotoMl sloll t‘< of oli ou^nt'ity un 
{H)rUwi(*o I#*^t m Ih* tht' uin**M jH‘j urnt aioti a tho uihI r tlo’ 

of tUo jxnnt P from tho If (t is thi* (»ntr*' of tho twn roiir* 

with w*im voitioal HOgh*s ^ atul if* t //</>» oiu*h having itn \orl* \ h( O aiol (tP 
iiH itH uxiH, will (‘onUun hotwt‘i*n thoin an *umnhn< on tin huilun oj tho 
Hphoro Thi» jHitonfcml of thin umiuluM at /* ih 

(/ V (im 2w Nin (f* * 

whori' 

pi* V* \ H* "It a if* 

UT 

pdp t*tt Hin if* dif* 

Ht» that 

dV ihn ^*hrmlplt. 

V ^ ^iTrlhtm (/>i — px l/r 

wh<*n‘ /)u and px am tho valin»H of p at iho oiuls of tho dminott'r through l\ 
ThoHf* vahioH aio 

Pt^ a, Px I r o I , 


If r >«, /)t « *wkI pi -/#i ‘in , if r • n, p, ti r and p^ p, 2>* 
AIho tho wholo niana of tho k!u*11 is M *Urfmi** Honoo whon P is ii jKuni 
outHido th<> Mholi 

r ' a Mir 


or th«^ jHitiuitial luid tin* forooH ihuivod from it uro flu* hain»+ as if fh* wholo 
inaHH of tho hHoII W('r<‘ oonruntmtisl at tho mitro. <hi tho ofhor hand, whun 

P iH a iHUut tlu‘ nholK 

* V UM/a 

oi tho potontial m ooiiHtant and tho fiw h di-nvod from t\ aro /« n* 


17 From tluHolomontary pro|K*Hition follow mmu diatfl) fwoionllatuH 

(1) A Hjihon* i*( umfiinn floimity. or om* ooi»j>o*ad of roius ntrio ufrata 
of umfotm donmty, may Im» troafrd, h«» far m itH a»'fum at an o^fvinal |aunt 
IH (onoornod, aw *sjuivalont to a wiigli* jairtndo of M|tmt maas phased at ita 
oontn*. 

(2) Fc»r a [Hunt withm um*h a sphoro, tho uphoro may la* duuli d mtf> 
two jwirtH hy tho ronrontru* splu*to |mH»ung through tho ixant. Tfu onfor 
|)art m inoja^rativo ami may ho igmirofi, wluli* tlm mm*i mu) tw* roph«*od hy 
a paitudo of upial mauH HitiiiiUsl at tho oontro, 

Tho lioavonly IkkIioh an* U*r fho mi»st {larl npiao^tmafolv sphiniral m 
ahapo, and though not iimWm m dnisity thmr (simsntrm Miata at# m 
gonoral fairly homogomoua Thoy may th«'udoi«‘ ho (n^atid m mo**t vm\ 
aa rorfanlw thmr aotion on othot laalioa, aa Hiinph* jautndo#*. 

Tin* nudaon of a Imdy within a sploro maj Ih dhtstmPsl hj th«* nuifion 
of a motiH^r within a Hphottoal uw.iini, ot of a Mar m a sphonoal **)nd«f U 
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the swarm fills a sphere uniformly the mass operative at any point varies as 
the cube of the distance from the centre Hence the effective force towards 
the centre vanes directly as the distance As another example it may be 
proved that if the density of a globular cluster varies as (1 + 7'*) ” r being the 
distance from the centre, each star moves under a central attraction varying 

as r (1 -f 


18 An approximate expression can be found for the potential of a body 
of any shape at a distant point Let the origin of coordmates, 0, be taken 
at the centre of gravity of the body and the axis of x be drawn through the 
point P, the distance OP being r Let dm be an element of mass at the 
point (r, y, z) The corresponding element of the potential at P is 

0 dm 0 dm 

{(t* — xy + z^]^ (r^ — 2? aj + p®)* 

r \ r p 

where Pi, Pi, are the functions known as Legendre’s polynomials 


The first terms are easily obtained by expansion m the ordmary way, and 
we have 

p fx\__x p /x\ _ 

Hence if the expansion is not earned to terms beyond the second order, 


F=(? 


dm /t . a? . BaP — p^\ 
r V 2r» y 


But li A, B, G are the principal moments of inertia at 0, and T is the 
moment of inertia about Ox, since p^ has been written for + 

A +P + (7 = j2p^dm, 1 = j(p^-aP)dm 

and smee 0 is the centre of gravity, 

j X dm — 0 

Hence 

V^^ + ^iA+B + O-SI) 

and we see that the potential of the body at P differs from the potential of a 
particle of equal total mass placed at the centre of gravity by a quantity 
depending only on 1/r* Except in a few cases this quantity is negligible 
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in astronomicsal problems not only by reason of the great distances which 
separate the heavenly bodies m comparison with their Imear dimensions, 
but because they possess in general a 85 rinmetry of form which makes 
H- -B + 0 — 3/ itself a small quantity 


19 We see then that in general a system of n bodies of finite dimen- 
sions can be replaced by a system of n small particles of equal masses 
occupying the positions of their centres of gravity The total potential 
energy of the system is 

TI= — 

where are two of the masses and their distance apart For if we 

start with any one of the particles this sum, which consists of — 1) 
terms, represents the potential energy of a second m the presence of the 
first, of a third m the presence of these two, and so on The equations 
of motion are 3n m number and, according to § 15, of the form 



du dU du 

Now 


Hence 


0 

II 

w 

II 

w 

II 

or 

2mia!t = ai, 2miyi = a2, 2mt^i = a8 

and 


= Oa^ + 6a 

2 i 2m» = Ogi -H 63 


where («, z) is the centre of gravity of the system Thus we have the six 
integrals corresponding to the fact that the centre of gravity moves with 
uniform velocity in a certam direction 


Again, we have 


dU 


Hence 

or 


= 22 ^ (- y,z, + = 0 , 


% 3 'V 




(»+j) 


2 mi = Ca 


and similarly 
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These are called the three integrals of area and express the fact that the sum 
of the areas described by the radius vector to each mass, each multiplied by 
that mass and projected on any given plane, is constant They also show that 
the total angular momentum of the system about any fixed axis is constant 

Finally we have 

^ N 

S 9- + gjJ 

=>-dUldt 

whence, on integration, 

{x^ 4- yf + = ^ — £7 

i 

wheie h is constant This is the integral of energy 

There are then m all ten general integrals for the motion of a system of 
particles moving under their mutual attractions and it is known that no 
others exist under certain limitations of analytical form (Bruns and Poincar^) 
They are in fact simply those which apply in virtue of the absence of external 
forces acting on the system 

20 Let the centre of gravity (», i) of the system be now taken as the 
ongm of coordinates If (fi, 771, ^x) are the new coordinates of m,,, 

and 

'Zrrii^x = *= 0 

The equations of motion become 

. dU _ 

9j^. mm- 9f^ 

"where U is the same as before, but is now gi'ven by 

V = (f* - &)’ + im - VjY + (?t - &)* 

For the integrals of area we have 
(H =; troi (:yiZi - z^yi) 

— {(y + r)i) (z 4 ^x) — (S; 4 ?<) (y 4 17<)] 

= {rjxti - ^iVi) + (.y^ ” ^y) 

(since ’Zmi7)x = Swix = 'ZniiTji = = 0) 

= Smi {^%^x — 4 (Os&a ciI)i)/Xini 

or 

%rfix (mti — SiVi) (ohj&j — — Cx 

and similarly 

'^nii (ftlf — ^iti) «= Cfi 4 (chf^x — Oih^IXirbi — ci 

(ft77i — = Cj 4 (^Gqhi — a2&i)/2w»i — C3 
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The integral of energy becomes 

h-U= {(r + fO’ + (y + VxY + (» + ty} 

= iSw. + V + 5.“) + i (oi* + + a,»)/2m, 

or 

where 

A' = A - J + 02* + 08*)/S 

21 An interesting equation involving the mutual distances of the masses 
can be deduced We have 

2 2 (f. - £>■ = 22 - 2f,f,) 

t J 

= 2w;; + 2m» 

= 22mt 

with similar equations for the other coordinates Hence 

V = 2m, 2m, (f,* + + j;*) 

It follows that 

df* d 

^ = 2 (2/n. (?,?, 4 4 

-2S^(t.'+ v+M - 2s ({.f + {;|f) 

= 4(A'-?7) + 2C7’=4A'-.2Cr 

since 17 IS a homogeneous function of the cooidmates of degree - 1 The 
form of the result is due to Jacobi !Now U is essentially negative Hence 
if A' be positive the second derivative of will be always positive and 

the first derivative will increase mdefmitely with the time Thus the first 
derivative, even if negative imtially, will become positive after a certain time 
and therefore will increase without limit This means that at least 

one of the distances will tend to become infinite We see therefore that 
a necessary (but not sufficient) condition foi the stability of the system is that 
A' must be negative 

22 The angular momenta whose constant values are Ci, Ca, Cs are the 
projections on the coordinate planes of a smgle quantity They are there- 
fore the components of a vectoi which represents the resultant angular 
momentum about the axis 

fl7/Ci = y/Ca = -Sr/c3 (1) 

For this axis, which is fixed in space, the angular momentum is a maximum 
The plane through the origm 0 which is perpendicular to this axis and 
therefore fixed is called the invariable 'plane at 0 About any line through 0 
in this plane the angular momentum is zero, and about any line through 0 
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making an angle 0 with the mvanahle axis (1) the angular momentum is 

+ Cg® + Cs®) cos 6 The position of the invariable plane is dependent on 
the position of the chosen origin of reference 

Here we have considered the angular momentum as arising purely from 
the translational motions of the bodies treated as particles In reality the 
total angular momentum of the system includes also that part which anses 
from the rotations of the bodies about their axes This part itself is constant 
if the system consists of unconnected, rigid, sphencal bodies whose concentric 
layers are homogeneous Under these conditions the invariable plane at a 
point, as determined by the translational motions of the system alone, 
remains permanently fixed The conditions hold very approximately in a 
planetary system But precessional movements and the effects of tidal 
friction cause an interchange between the rotational and translational parts 
of the angular momentum, without disturbing the total amount, and to this 
extent affect the position of the astronomical invariable plane as defined 
above 

I The centre of gravity of the system may be taken instead of an origin 

fixed in space The invariable plane is then 

^ c/f+Cg' 17 -Hc/f-O (2) 

' and this is the invariable plane of Laplace Its permanent fixity is subject 

I to the qualifications just mentioned 

A simple proposition applies to the motion of two bodies, namely that 
? the planes through a fixed point 0 and containing the tangents to the paths 

I of the two bodies mtersect the invariable plane at 0 in one Ime This is 

^ easily seen to be true For the first plane passes through the origin, the 

; position of the first body (a?!, yi, and the consecutive point on its path 

+ yidt, a + Zidt) Hence its equation is 

^ “■ Vi^i) + y (^1^ ■" ^ (^1^1 “ 2/i) ^ 

Similarly the equation of the second plane is 

^ y (^9^2 “ *^ 9 ^ 9 ) “h ^ (^9^3 - ^sya) = ^ 

The equations of these planes together: with that of the invariable plane 
may therefore be written 

OjssO, Gf2 = 0, miaiH-maaa = 0 

and these evidently meet in a common line of intersection. 

23 When we deal with the motions in the solar system it is convement 
to refer them to the centre of the Sun as origin Let M be the mass of the 
Sun, m the mass of the planet specially considered and let there be n other 
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planets, of which the typical mass is m. Then the total potential energy of 
the system is 

\ Ty, p. A, r ; 

where p, is the distance of m, from the Sun, A, the distance of m, from m 
and r the distance of m ftom the Sun, so that 

V = + (yt - y,^ + (,z, - Zjf 

= {<c,-XY+{y, - Yy+iz, - zy 

A.* = (at - «)“ + (y* - yy + {z^ - zy 

r* =(^a>-Xy + iy-Y)’‘+{z-Zy 

The equations of motion of the Sun are 

WT 9^ MV ,r«7 


and of the planet considered 
dU 


my = -•: 


If' (f» S’) ar® relative coordinates of the planet, 

Hence, if (ft, fO are the coordinates of mt relative to the Sun, 

_ f - rn^jx— g,) _ M(x — X) . ^ tti, (Z — a,) m{X — x) 

) A8 T-^ o 1 ^ ' 


1 /» j m — 7- 


iJ = (?{2j-2^(fft + i;^. + S?r.) 


If then we put 


(-At 

we have for the equations of relative motion 


and similarly 


V = -(m + M)Q ^+1? 

r® 097 


(«) 
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The function R is called the disturbing function When, as in the solar 
system, the masses of the planets are small in comparison with that of the 
central body, M, we see that the forces derived from this function are small 
in comparison with the attraction of M Indeed a first approximation to the 
motion of the planet considered, which may now be called the disturbed 
planet, is obtained by putting = 0 

24. A double star, or system of two stars physically connected and at the 
same time isolated from external influences, may be considered to present a 
case of the problem of two bodies In the solar system the disturbmg effect 
of the other planets is always operating Since, however this effect is small 
in comparison with the attraction of the Sun it is useful to neglect R and to 
consider the orbit which a particular planet would have if at a given instant 
the disturbing forces were removed and the planet continued to move as part 
of the system formed by itself and the Sun alone, its velocity in direction and 
amount at the given instant being that which it actually possesses Such an 
orbit IS called the osculating orbit correspondmg to the given instant The 
actual orbit from the beginning will depart more and more from the osculatmg 
orbit, but for a short interval of time the divergence bet\v een the two will be 
so small that an accurate ephemeris can be calculated from the elements of 
the osculating orbit The usefulness of the conception of the osculating orbit 
goes much deeper than this, as will appear later 

Now the equations (4) to (6) show that in the problem of two bodies, since 
jR = 0, the relative motion is that which is determined by an acceleration 
(m + M) O/r^ towards the body M which is considered fixed But by § 11 
(13) a law of this form leads to an elliptic orbit with mean distance a and 
periodic time T, where 

nT — 27r, = (m + J)/) (? 

We can now introduce the usual system of astronomical units Provision- 
ally they are taken to be 

Unit of time one mean solar day 

Unit of length the Earth’s mean distancer from the Sun 

Unit of mass the Sun’s mass 

Corresponding to this system Q is replaced by the constant h\ so that 

A»27r/(l + m)^r 

which differs little from the Earth’s mean motion Here T is the sidereal 
year expressed in mean solar days and m is the mass of the Earth expressed 
as a fraction of that of the Sun The numerical values adopted by Gauss 
were 

T = 365 266 3836 
m = 1/354 710 
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which lead to 

* = 0 017 202 098 95, log i = 8 235 581 4414 - 10 
It may be useful to add that ' 

180- kjnr = 3548" 18761, log (180« kj^) = 3 550 006 6746 
which differs httle from the Earth’s daily mean motion expressed in seconds 

of JandT^n wWh numencal values 

theless it wonW ^ ^ ®°“®i‘lered accurate Never- 

tn m A great practical inconvenience to adjust the value of k 

» ««d„ a,™.elve. ,»,Ud t si 

ZlTaei*" '^1 ““ 

comb the logarithm of this distance is 0 000 000 013 ° 

J‘i/” “L“C“ »“ 

For brevity we may often put 

/4 = ^ (1 4 . — yf2Q3 

in the case of a planetary orbit, and for a double star 

A4 = ^ (Jf + m) = 71 V 

tz *" «>« »« of 
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MOTION UNDER A CENTRAL ATTRACTION 


25 If the attraction of the Sun alone is considered, the relative motion 
of any other body of spherical shape is conditioned by the central acceleration 
/i bemg a constant the value of which has been explained The equations 
of motion expressed in polar coordinates are 

r — 

re + 2r*^ = 0 

The latter equation gives imirfediately 

7^6 


where h is the constant of areas Let v be the velocity in the orbit, P the 
perpendicular from the origin on the tangent and the angle which the 
tangent makes with the radius vector Then 


so that 


rj 

V 



Pv = = A 


or the velocity is mversely proportional to P The result of elimmating 9 
from the equations of motion is 

r = AVr* — ft/r* 

whence 

r® =s ^fjLjr — AVr* + c (1 ) 

and from these again 

— (r*) = 2 (rr + r*) — 2/^/ r + 2c 
The equation of energy is 

a;® = 2/Lt/r + c , / 

The geometncal meaning of the constant c has yet to be found. 


( 2 ) 
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26 From the second equation of motion 

dd 


where u = Ijr Hence the first equation of motion becomes 
the integral of which is 


d^U LL 

3 ^ + it-^- = 0 


M-p {1 + 6 008(^-7)} 


( 3 ) 


where e and 7 are the two constants of integration But this is the polar 
equation of a conic section of which the eccentricity is e and the focus is at 
the origin The semi-latus rectum in this connexion is more usually called 
the parameter and denoting it by p we have 

p-hJ^lfM or h=:Aj(fip) 


Al^o 


But by ( 1 ) and (3) 


Hence 


r=-r»« = -Ag = ^sin(d-7) 

^ {1 — 6’ COS* (0 — 7 )} + c 

0 = |(l-«») + c 


Thus if 2 a IS the transverse axis of the orbit, c = -^,/a for an ellipse, c = 0 for 

LfT- <X ( 2 ) 


i^=2filr-^la, 
if‘ = 2nlr, 
v‘ = 2njr + /ila, 



(4) 


T which the direction of motion at (r 0) mn+oa 

with the radius vector (drawn towards the ongin), ^ ® 

acosVr = -r = -^sin(^-7) 

«smV^ = rd = /m=^(l + ecos(^-7)} 

en^ntly represent f JlT 7 . f ^ to be noted For they 

y represent (a) a constant velocity F= ;r/A = V(/a/p) perpendicular to 
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the radius vector, and (Jb) a constant velocity in a direction making an 
angle i7r-f^-7-\vith the radius vector, that is, perpendicular to the transverse 
axis Thus at perihelion the velocity is F (1 + e) and at aphelion (in the case 
of elliptic motion) the velocity is F(1 — e) 

Since h = vT sin yjr, the preceding equations may be written 
/le sin (d — 7) = — sin ^jr cos 

/le cos (d - 7) = sin® yjr --jll 
giving e and 7 when v and yp' are given at (r, 0 ) Thus 

1 — 2/1.) sin® 

27 In finding the relations -which subsist between positions in an orbit 
and the time it is necessary to consider separately the three kinds of conic 
section The closed orbit, or ellipse, will be discussed first 

The Ime ^ = y is dra-wn from the pole (the Sun) in the direction of peri- 
helion The angle d-y is measured from this line and is called the inw 
ammdy Let it be denoted by vi Then, if to is the time at perihelion, 


hr^ f r^d 9 

' y 

_ A® r dw 

Jo(l +^008 wf 

The correspondmg result in terms of the eccentric anomaly E has already 
been found (§ 5 ) It will be convenient to write down the relations between 
the radius vector and the true and eccentric anomalies in the forms which are 
most frequently required We have 


Heace 


a? = r cos w = a (cos JS' — e) 
y = r siu w ~ a V(1 — ^ 

^ — , 5? - ^ — ^1- tssci/(l — e COB E) . 
l4-eeosw ^ 

r cos® iw a (1 — ff) cos* 

rSIa®•J^^? = o(l ■l-0)sin® 

tan Jmi = 


( 5 ) 


( 6 ) 


This last equation may be regarded as the standard form of the relation 
between w and ^ If we write e = sm (0° < ^ < 90 *), as is commonly done, 
then 

tan = tan (4i6® + 4^) tan ^E 
tan =5= ban (4!6® — 4<^) tan 
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wh'W iw m«l JA' an- iilwayn in U»* mui* i|itiuli,iiit 

• If t*iw n \ i w» 

\'(l A* 


Htn yt jm 


^*iu A* 


% ( I r fiu 

I 1 


I - f fiw A* 
ami it nwhly ft)Il(iw8 that 

1 romA' * ' nr,ir, i,' 

If now Wo oruploy (5) juul (7) wi^ uiiftMii 

f /» 

M* ( I f OM* W’l 

I I I r' Of I /' 

^ ^ vU O I # 


# V * 


v/{: 

yo'*' 


0 Hill //| 


But /»»«*«• whw « m a»> nii>im m„f,.,„ n,. ,,,, , , 

» moml^, ui,i may Ih> ,U..|..I l.v it W, \nu 

obtaiiM‘d Koplor H oquntion 

t*i) fi OHHl/v* 

«»' anglia, Mmd AMh-iiik .-xiirv^m.! m if „,i /' 

'■• i'"' !•' 

» Tl... ..omplau* HnlHtmi, th- ,.„.hl..m . 

m th« mjuatiimH (pmi hIhim. Nh ilifflpuliv m nnm.ni it 

oxwpt m U», cam. of Ki.plm'H ..,pmi„.„ w|„n A* ... K. 1,„ V,* T? 

£ + A£ bS r "" r u U,m4 Ut 

■tti + Affg la* the exact Hotiitioii, miit ** ' 


Then 


M, A', ‘iiainAV 

A/ -* ^,4-(l fnm £„iA£, » ... 

when A - <i «in A ia cxiMuiiiml in a {xiwcr m<ru'H m AA*. by 'IWil«r\ iln' 
NogUwtinK higher pnwen. of AA’. w.* have ' ' ” "* 

A A# » ( if 1 -- f ium /fj 

and honco a maxind approximalwn A’, A', i AA* If fl..« 
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In oi-der to obtain a good approximate solution at the outset a great 
variety of methods have been devised These depend upon (a) the use of 
special tables, (&) an approximate formula or a senes, or (c) a graphical 
method Thus to the first order in e, 


Bo = M + e8mM 

and to the second order in e 


where 


tan jE^o = sec <f> tan 2x 
tan X “ (4^** + W) 


the venfication of which may be left as an exercise 

Among graphical methods we can refer only to one, given by Newton 
(Pnnajpta, Book l, Prop xxxi) Consider a circle of unit radius and centre C 
rolhng on a straight line OX Let E be the point of contact and A the 
point on the circumference initially coinciding with 0 Let P be a pomt on 
the radius OA such that CP == e and if and JV" the feet of the perpendiculars 
from P on OX and CE Then if P— Z AOP=arc AE~ OP, 

OM = OE — ME — OE — PF = P — e sin P 



Hence if the circle is rolled (without slippmg) along OX until the point 
P 18 on the ordinate PM where Oif = M, the point of contact gives OE-E, 
which can therefore be read off when M is givea The locus of P is evidently 
a trochoid It may also be noted that the ordinate 

Pif =CP- OP‘=l-ecosP 

which IS the corresponding value of r/a or of dM/dE, and so gives the factor 
required for the improvement of an approximate value P© For references 
to practical applications of the above principle see Monthly N ottces, R A S , 
Lxvii, p 67 
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t-t m^* { 

VO^.'" 

" ^\/ 0 * •' 

and thoroforo a quantity M may !«■ <li-<itii.d hy ih* n I,iti..ii 


‘ H IK 


'-V(;) it t„) tan Jm' ♦ * tan' 4' 


i‘t( 


A table, known uh Barker’s Table, given M (m ,V iniiltijdtul bv i uMimi 
numenoal feotor) with the aigiunent «< An mu i-i. t tide givijuf atth 
OTgumont M will bo found m ItauwlungerH Tafi'h (No xv j Ot -e ii,„i u 

d^u^ when t-t,m given thuH. The ••.|uatioii (in iiuy la. ...miminl anh 
tno identity 


Hence 


!) 

if 

tan \ 

1 

\ 


UAf aX* 

1 

Let 


X' 

Then 

X - l.an % 

K ^ (an// 



(/ /«) H.t 

and 

t«an ff 

im^y 


Un Iw ^ 

2c*f»(, 2y 

By these oquations w can his culculatiul 

dinrltj whf n f ih 


80 Hyperbolic motion along the mieave bianeh o| ihi< eii,*,. 
attraction to the foouH may be tn^ated in nn an,»iegoii» wa, 

i,3 Jr!'”.''.';”'*"’"” 


anonfaly Thus wo have 

*-rcoH«»-i«(fl- ciwh A*) 
yrsinw- aV{«** - l)wnh A' 


so that 




I tin 
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r cos® iw = a (e - 

- 1) cosh® iF 

r sin* Jw = a (e + 1) smh“ ^F 

tan ^ (^) tanh ^F 

e — cosh F 

cos w = =—= , 

ecosh 1 

coshJ’=/+"°®“ 

1 + e cos w 

V(e® - 1) sinh F 
ecoshi?*-! ' 

1 + e cos w 

“ ecoshi!’-!’ 

1+e cos w 


By employing (10) and (12) we now obtain 

t-t f 

“ /u,‘ J 0 (l + e coa wy 



dF e cosh F— 1 
V(e^-1) 


( 11 ) 


( 12 ) 


which IS the analogue of Kepler’s equation for this case 

Analogy suggests the use of hyperbolic functions, but full and accurate 
tables of these functions are not always available Hence it is convenient to 
introduce /, the Gudermannian function of jP, where (Log denoting natural 
logarithm) 

F- Log tan (45® + if) 
or 

sinhi^=tan/, cosh = sec/, tanh = tan i/* 

We may also put e = seci/r, The principal formulae (10), (11) and (13) then 
become 

r — a{e sec /— 1) . (14) 

tan J w = cot tan i f (15) 

and 

(t tan/- Log tan (45® + if) (16) 

The last equation may also be written 


a/(a60 X{t- to) « \e tan /- log tan (46® + if) 
where log denotes common logarithm and logX = 9 6377843 

Comets moving m hyperbolic orbits are few in number, and in no case 
does the eccentricity greatly exceed unity 


31 There are certain astronomical problems which require the con- 
sideration of repulsive forces according to the law fir~^ which are of the 
same form as gravitational attraction but differ in sense The small particles 
which constitute a comet's tail are apparently subject to such forces and 
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finely divided meteoric matter in the solai system must move under the 
pressure due to the Sun’s radiation Hence we shall consider the efiect of 
replacing the acceleration at umt distance, by — jjl The difierential 
equation of the orbit becomes 

dhi fjb . 

the integral of which is 

M = ^{ec 08 (e- 7 )-l} 


= JP“^(ecos^^; — 1) (17) 

If we restrict w to such a range of values that u (or r) is positive, this 
equation gives only the branch of the hyperbola convex to the centie of 
repulsion at the focus, just as under the same restriction the equation (10) 
gives only the branch concave to the centre of attraction As compared 
with § 26 the signs of p and e, as well as of /a, have been changed Hence 
the constant c m the equation of energy becomes 

c = - /i' (1 - ^)/p = + fi'/a 
so that the equation of energy is now 

v^^p!la^ 2 fjL'lr (18) 

Also, if IS the angle which the direction of motion at (r, B) makes with the 
radius vector drawn towards the ongm, 

vco 8 ylr = -7 = A ~ ^ sin (^ — 7) 


V sin '\/r= r 6 = hu 


tL 

h 


(ecos (^-y)-!} 


are the components of the velocity along the inward radius vector and 
perpendicular to it These are evidently equivalent to (a) a constant 
velocity = = perpendicular to the radius vector, the 

negative sign meaning that V' is drawn in the sense opposite to that m 
which the radius vector is rotating, and (6) a constant velocity eV' m & 
direction makmg an angle Jtt + ^ - 7 with the radius vector, that is, perp(m- 
dicular to the transverse axis Thus at perihelion the velocity is F (d — 1) 
as compared with the velocity F (e -f 1) at perihelion on the concave bninch 
under an attracting force 


If the circumstances of projection are given m the form o£v and ylr at the 
point (r, we have 


fi'p = A* = sin* yjr 
fi e sm (^—7)5=— TjZj giji ^ QQQ 
fi'e cos (^ - 7) = Tjir sin* + / 

which determine jp, e and 7 in terms of given quantities In particular 
/x'* (e* - 1) = v’? (v^ + 2 pf) sin* yfr 
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32 Expressing the coordinates in terms of hyperbolic functions we now 
have, since the centre is at (oe, 0), 


Hence 


x = rco^w = a{e-{- cosh F) 

2/ = r’sinw = a smh 

r = — ^ = a (e cosh i?" -h 1) 
e cos w — 1 ^ ' 

r cos= J w; = a (e + 1) cosh^ 

? sm® J = a (e — 1) sinh* ^F 

tan iw = 


e 4- cosh F 

cos w = , - 

ecoshi +1 

, „ e — cos-M; 

cosh F = 

e cos -m; — 1 

v/(e® — l)sinh^ 
ecoshJ'+l ’ 

e cos — 1 

ecoshJP+l’ 

VCe®- 1) dw 
e cos — 1 


It then follows that 




dw 


fo(ecos w — ly 
— /(^^\ f ecosh^ + 1 

“V VJ JoA7(e“-T) e^- l 


which corresponds to Kepler’s equation for this case 


(19) 


( 20 ) 


( 21 ) 


( 22 ) 


As in the case of an attracting force we may now put 

tan if = tanh ^F, sec/ = cosh F, tan /= sinh F 

and e — seoyjr With these transformations the principal formulae of the 
solution become 

r = a{esecf+l) (23) 

tan iw = tan tan J / (24) 

V(At'a“®) (t --to) = e tan /+ Log tan (45® + if) (26) 

or, as the last may be written, 

X(t’- to) = \e tan /+ log tan (45° + J/ ) 
in the notation previously explained 
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33 The simple and important representation of the velocity in all cases 
as the resultant of two vectors both constant in magnitude, and one constant 
in direction also, may be illustrated by considering the hodograph of the 
nmtion This curve is clearly a circle of radius V and centre at a distance 
eV from the origin The four figures given coirespond with the four distinct 
types of motion, (a) elliptic, (b) parabolic, (c) hypeibolic, under attraction to 
the focus, and (d) hyperbolic, under repulsion from the focus In all cases 0 
IS the ongin, 0 the centre, and OP represents the velocity at perihelion If 
Q IS any point on the hodograph, OQ represents the velocity in the orbit at 
one extremity of the focal chord which is at right angles to OQ The radius 
CP being V, 0G=eV and as the eccentricity increases 0 moves along the 
radius opposite to CP from the position 0 for a circular orbit to a pomt on 
the circumference for a parabohc orbit As e increases beyond the value 1 



the point 0 passes outside the circle But the hodograph corresponding to 
hperboho motion is no longer a complete ciicle smce the possible directions 
of motion are limited by the asymptotes If OA, OB are the tangents from 0 
to the circle the angles GOA, COB are each equal to sin-* «-* and it is easily 
seen that OA, OB aie parallel to the asymptotes of the orbit, that AOB is 
equal to the extenor angle between the asymptotes, and that the arc APB 
constitutes the whole hodograph When the attraction is changed to a 
repulsion and motion takes place along the com ex instead of the concave 
Wh of the hyperbola, 0P= F'(e-l), and the hodograph is confined to 
that arc of the circle which is at all points convex to 0, whereas in case (o) 
it was everywhere concave to 0 ^ ^ 


34 From the point of view of practical calculation there are pomts con- 
nected with orbits nearly parabohc in form which require special attention 
£epler s equation for elhptic motion may be written 


Jf = - sin (1 - e) sin ^ 

accurate calculation of M depends on that of 
B sin^ But if E IS small the latter expression is the difference of two 
nearly equal quantities and cannot be calculated directly unless each is 
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expressed by a disproportionate number of significant figures Hence the 
need for special tables (eg Bauschinger’s TafeVru, No XL) or an approximate 
formula Under the latter head may be mentioned the function 

which is so close an approximation to — sm E over the range of E from 
0® to TO® that the logarithms of the two expressions never differ by more than 
2 in the seventh place 

It IS evident that in the parabola itself E is evanescent and generally in 
the ellipse of great eccentricity E is small at all points near the attracting 
focus The method given by Gauss in the Theoria Motus for the treatment 
of Kepler’s equation is a particularly instructive example of the construction 
and use of special tables and as at the same time it brings out clearly the 
relation to parabolic motion its principle will be explained here 

Kepler’s equation may be written in the form 

ikf= (1 ^ e) (aE + ^ sm E) + cie) (E — sm E) 
if a + yS = 1, or 

(1-e) iA^B + (fi + ae) . (26) 

if 

A-Z(E-8m E)I2 (oE + fi&mE) 
and 

jB® = (aE + sin Ef/Q (E - sm E) 

* E^ )I(E^-^E^ ) 

which differs from unity by a quantity of the fourth order only in E if 
= 1/10, a = 9/10 With these values it is readily found that 

5=1 + — 

Hence log 5 is a small quantity of the fourth order which is tabulated with A, 
itself of the second order, as argument 

We now put, in view of (26), 

SO that 

Jf = 2 V5 (1 - «)* (1 + 9e)” * J? (tan ivh + i tan.* iwi) 

But 

>J{f) - •>* <' - '•> 

where q is the perihelion distance, in the present problem a more convenient 
element than the mean distance a Hence 
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the analogy of which with (9) of § 29 is evident Here B is unknown, but 
the supposition that H = 1 will lead to a good first approximation to tan 
and hence to A, and a nearer value for log jB can then be taken from the table 
This in turn will lead to a second approximation to tan Jwj, and so on until 
the correct value is reached Now let 

T = tan® + 

= + 

or 

A = t(1+H = + 

where C is a function of the second order in i e a small quantity of the 
fourth order in E, which like logH can be tabulated with the argument A 
Hence 

1 ^) 

Finally, by § 27, 

rcos*iw = o(l-e)oo8“ii? = y/(l 4 .t) 
or 

so that the problem of finding w and r is solved by the aid of the tabl'es 
giving log B and G with the argument A without mtroduoing E exphcitly 
into the calculation The method with very little change is adapted equally 
to hyperbolic orbits The tables will be found in the The<yna Motus of Gauss, 
or m an equivalent form m Bauschmger’s Ta/eln, Nos xvii and xviii 
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EXPANSIONS IN ELLIPTIC MOTION 


36 The fundamental equations of elliptic motion found in the last 
chapter, namely 

M—E — e^mE, e = sin^ , (1) 


tan \w = 

« 1 . >,2 

- = 1 - e cos ^ 


( 2 ) 


(3) 


a l + ecosw; 

give at once the means of calculating the coordinates at any given time But 
for many purposes it is necessary to express them as periodic functions m the 
form of series Some of the more important forms of expansion will now he 
investigated 

But certain changes in these equations are sometimes useful Let 
(,w = \oga!, ti?==logy, iM^logz, = 

Then from (2) 

x-1 y-1 

x + 1 ’*1-/3 y + l 


Also by (1) 

logir = log2/- 




(4) 


_y-i) 

^r = yexp [-ie(y-jrO] 

exn (a^-l)(l-ffl) ] 

"l+/3a!®*P [l + ZS* (» + ;8)(H-/8®)J 

= a; (1 + /8ar*) ( 1 + /9«)~‘ exp [j8 cos <j> ((/8 + a:)-' - (^ + (5) 


[oh IV 


( 6 ) 
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The equation (3) gives 

(i - /9y) (i - 

L_ 1:1.^ x(i-^) jy-^y n ^ n ^ 

1+/S» l+jSiB x + fi 1+^ (l+^«) (l+/9iB ) ^ 

It 18 evident that some expansions will be made more simply in terms of 
^ than of e Hence it will be useful to have the development of any positive 
power of in terms of e Now 

^ = tan + cot i<l> — 2 cosec ^ 

or 

Hence by Lagrange’s theorem 




9 

~m 2 


J 


for the only terms which survive arise when q-2p + m Hence 


p=:o jP ’ (jP + m) ^ 


and it IS readily seen that this senes is absolutely convergent 


(7) 


36 Since 
it follows that 


log ® = log y + log (1 - jgy-i) - log (1 - /3y) 

=io8y+^(y-3r‘)+i^“(y“-r*)+ 

M' = ^+2(y9smJ'+i/3»sin2^+^y9»sin3^+ ) (8) 

ThlX^ y can be inteichanged if the sign of ^ is changed at the same time 

£'=«o-2(/9sinw-i/3*sin2w + J/9»sui3w- ) 

It IS also easy to express M m terms of w For, by (5), 
log r _ log a + kg (1 + ^as-i) - log (1 + y9®) + /9 cos ^ {(a + _ (^x + m-, t 

+ '®«>8^{-(®-«-0 + /3(a!*-a^)-/3»(a«-a-^)+ i 

-loga - ^(I + cos .^)(a-a->) +y3«(^ + cos (a»-a-») - 
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and therefore 

JIf = w — 2 (1 + cos (f}) sin w — 4- cos <^) sm 2w + ^0® (-J +cos <^)sm3^^;— } 

By this expansion the equation of the centre, w— ikf, is expressed as a senes in 
terms of the true anomaly 

37 We have now to consider the expansions m teims of M, which are of 
the greatest importance because they are required in order to express the 
coordinates as periodic functions of the time And first we take the case of 
Now 

-=(i-ecosi,r=^ 

This is an even periodic function of E and consequently of M Hence 


(1 — e cos dM + S - cos pM (1 — e cos E)-^ cos pMdM 


r TTJo TT iQ 

= -i [ dE + “ S cospM [ cos (pE —pe sm E)dE 
TT J 0 W Jo 

= 1+ 2X Jp (pe) COB pM 

i)*i 


where 


J (pe) s= i f cos (pE — pe sin E) dE 

TTJ 0 


Jp (pe) IS called the BesseVs coeffimnt of ordei p and argument pe We shall 
briefly study the properties of these coefficients so far as they are required for 
our immediate purpose 


, F (t) - exp (t - 1-^)} = 2 apP 

-oo 

For t write exp (— Then 

+ oo 

exp (- 1 « am ifr) = S a,, exp (- i/p^) 

— 00 

This IS a Fourier expansion, showing that 

dp ~ exp -IB Bin -<fr)d^fr 

and combining the parts of the integral which are due to y/r and 27 r — we 
have 


(^ = i J’^oos (p^-a, sm -«/'■) 


( 10 ) 





Kj'panmmH ht KIlifittv .i/ittimt 


* II i\ 


Thus the oik-IIh-u'iiIm hi flt.< ■ \ji,m i..ii •>! Fitt iu .h (h- „„t 

whic’h wt‘ liiu(‘ tit htmlj Nhw 

F{t) I *|t I ’ it\i ^|l I J 1 

n ^ 

HflUV ./,(U) IK thi* IKK^mi H ill III thl.K l.■^l||l till n „I 

1 (» < (I 

/I Ul ' /») 

If /> IK IKIHltlVI-. ^ lukl-h flu- V.llll.'K (I. I a . mill III. . \|Ult-|..Il 

/ tj\ •"’ jl I 

•-».(«/» t 2> * k ,a/M atf.*/, 4 M 
IfiJiHn(-«ativ(.,/#t,akc8th.tv»lu.-K p, pU fHn.niK,.«,,,ii«,rt U. 

Hone!. ^ '*'«»’• "f ' -‘“'i ^ «■> /^V. ...Hlh 
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( !>»’,/ p (.0 

Again, tho romilt itf iliffi-»..titmtinK f'Un aitli r. ,|t.', t f,. / >j,v, 

k>>0 I f ' 

Equating th(> (wifficimiti, Ilf i*/. ' »< imi,. 

{./,, (( / ) I I ( p,f^ I , ) 

Onthcothoi him(l,if'w, ililf,. mi.. A’u, »,i|, 

iU f 'IS-/,, lull- i,./,. lof 

or, ^(juatinjif tiho 

* 

functioim of tlu.^i 

cofficiont an., 1. 1, 

r„„un 

iWpAf) + 
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iVA\ 

r||» 
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This shows that {(c) is a particular solution of the equation 



The general theory of Bessel’s functions, defined as solutions of this dif- 
ferential equation, is not required for our purpose We need only the 
solutions of the first kind, with integral values of p, and the definition given 
above is sufficient 

39 The desired expansions in M can now be resumed We take 
sin mE which is an odd function of E and M Therefore 

2 T" 

sm mE = - 2 sin pM sin mE sin pM dM 

TT ' 0 

2 r”" 1 

= — 2 sin pM I ~ sin mE d |cos (pE —pe sm 

2 m 

=s - 2 sm pM J “ cos mE cos {pE — pe sin E) dE 

(by mtegration by parts, the integrated part vamshing at the limits) 

== - 2 sm pM J — {cos (p - mE - pe sm E) 

-f- cos {p + mE ’-pe sin E)] dE 
= mS {Jp^ (pe) + {pe)} (17) 

In particular, when m = 1, by (14) 

J^{pe) ( 18 ) 

e p ^ 

and therefore 

^ = #+22??-^-^ Jp{pe) (19) 

P 

Siinilarly, since cos niE is an even function of E and M, 
cos mE = a, + - 2 cos^iM ( cos mE gos pMdM 

TT Jo 

s= Uft + ~ S cos pM [ “ cos mE d [sin {pE — pe sm E)] 

TT ^ JoP 

» tto +■ - 2 cos f’' - sm mE sm {pE-pe sm E) dE 

•JT Jo P 
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(integrating by parts as before) 

= 0 ^ + — S QospM j — {cos (p — mE —pe sin E) 

— cos (p + mE —pe sin E)] dE 

= Oo + m 2 { Jp_„ (pe) -Jp^{ pe)] (20) 

The constant term has not been determined It is 

1 r*" 

Oo = — I cos mEdM 
TT J 0 

1 f" 

= - I cos mE (1 — e cos E) dE 
^ Jo 

1 

--I {cosmE-ieco8(m-hl)E-^ecoB(m-l)E}dE 

and thus 

a® = 1 if m = 0 

= — Je if m = 1 
= 0 if m > 1 

The particular case of w = 1 is simplified by (15), so that 
oosB=-ie + 22^^^ 


Jpipe) 
tr 

40 From the last expansion it follows that 

r = 1 _ e cos ^ = 1 + - 2e 2 52^ (pe) 

sr 


( 21 ) 


( 22 ) 


Any positive power of » can be expanded by means of (20) For example 


- = (l-ecos^)» 


= 1 + ie® - 2e COS ^ cos 2^ 
Now, by (14) and (15), 


{pe) = {pe) - t i) 


Hence 


pe 

“ g '^p (P*) - ^ (F«) 


pe 


(pe) 


-=l+|e^_4xf^^j;,(pe) 


(23) 
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The expansions of the rectangular coordinates can be written down at once 

by means 

of (18) and ( 21 ) Thus, if a?, y have this meaning and not as 

m § 35, 


a; = a cos — ae 




(24) 

and 

y = >^(l — 02 ) a sm E 



“ 2 a cot </> 1 

(25) 

Other important expansions can be derived from those already obtained by 
differentiation or integration For instance, the equations of motion give 

directly 

d?!i! a‘x . 
dM^'^ r» 



d<^ a*y__ 

dM>'^ r» 


whence 




^ = (pe)oospM 

(26) 


^ 1 cot <f> l,pjp {pe) sm pM 

(27) 


41 The expansion of functions of the true anomaly in terms of the 
mean anomaly is in general more difficult But sinw; and cost4; are readily 

found For (§ 2*7) ^ „ 

V(1 “ e®) sin E 

* T — ^ p 

1—0 cos Hj 

-cot(/.^(l-ecos^)^ 


by (22) And 


2 COS S Jp (pe) sm jpilf 

cos — 0 
* 1^0 cos E 


S 0-1 + 


1-6® a 


*= _ 6 + 2 Jpi'pe) cos jjilf 


by (9) 
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Hence also for the equation of the centre, 

1 — 

— if) = esinif — --XJp (pe) }sin (j? + 1) i/ - sm (jp - 1) Jl/} 

+ V(1 - e^) 2 Jp (pe) {sm (^ + 1) Jlf + sm (^ ~ 1) M] 

— — t/a (2e) + V(1 — (2e) • sin Jf+ 2 ap^mpM (30) 

® J 2)»2 


where 


e + 




^ “ g (p 1 "" »^+i (i> + 1 ^)} 

+ V(l-e^){t/V“i(P“l e) + (jo 4- l e)} 

This expansion for the equation of the centre in terms of the mean 
anomaly is important, although the coefficients are rather complicated 
Hence, as far as e*, 

sin (-m; - if) = e (2 - sm if + Je* sin 2if + sm 3if 

w — M =-e (2 — le^) sm M + \e^ sm 2if + sm 3if 

as can easily he verified, 

*42 For some purposes Laurent senes in the exponentials a?, y, z of 
§ 36 are more convenient than Fourier senes m w, E, M Clearly 

ar^dx = t.dw, y-^dy^vdE, z-^dz^idM 
Let 

Oo + 2 (ctp cos^^ + hp sm p6) 

= a® + 2 (Op — tP + ^ (Op + ib^ t“P} 

where log r = id By Founer’s theorem 

= ■7rbf = j^^Sainpedff 


Hence 


where 


r (Op - ibf) = f Sr-P d0, TT (oj, + d>f) = [^StP dO 

•'0 y 0 

^=2 ApT^ 

-X 

2>7rAp=[ Sr-Pdd 
Jo 


This well-known form, intermediate between Fourier’s and f-aurent’s is 
general and includes the case = 0 It has been used already m § 8? 

Formulae have been found which make it possible to pass from anv 
Founers «p^sion in to one in M The general result may be expressed 
in a shghtly different way For, since y has the same period as 

• The reading of §8 42-46 can quite oonTeniently be deferred till after Chaptei XIU 
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^irA^ = j dM = Lwr^ l^y'^d {sr^) 

— [— — ipmr^ j yP~-^jsr”^ dy 

rtw 

=‘pm’-^ I yPz'^”^dE 
J 0 

r%ir 

= pm~^ exp {ipE — m{E — e sin E)] dE 
J 0 

= 2‘7r pm-^J,n-p {me) 

{m + 0) But when m = 0, 

f2n r2ir 

^ttAq =J dM = J 2 ^ (1 — e cos -S) dE 

f^TT 

= (2/^ - 

Jo 

= 27r (p = 0) J — Tre (p = + 1) , 0 (p^ > 1) 

Hence generally, for any function of y, 

±00 

8 = 'S,Bpyi> = 2 2 BfA^i!«^ + 2BpA, 
p »»=4i p 

*00 

= 5o - Je (5i + J_i) + 2 2pm-^BpJm-p(me)z'^ 

«l=*l p 

43 There is another form of calculation, due to Cauchy, m which Bessel’s 
coefficients do not appear explicitly Let B be any periodic function, such 
that 

S^^A^zP 

Here, by (4), 

27r-d^ = Bz'-^ dM 

= f By'P exp [ipe (y - y‘^)] (1 - e cos E) dE 
J 0 

- r^y-P 11 - Je (y + y-^} exp [ipe (y - y“0 ] dE 
Jo 

rirr 

= Uy-PdE 
J 0 

where 

tr = jS {1 - (y + y’-^)} exp [^pe (y - y"')] (31) 

= 25py*’ 

the coefficient Bp of U expanded in powers of y^* being thus identical with 
the coefficient Ap of 8 expanded in powers of z^ 
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dS 




I"' 

Jo 
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s/vy 
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It 18 now only necessary to consider the construction of the table for 
^ -p. 0. 9 when p IS positive But this is indicated by 




whence p = 2r-q, and 


r I (g — r) 




The tabulation of Cauchy’s numbers, which are all positive or negative 
integers, is therefore an extieinely simple matter 

44 To considei an example, let 

( T 

“ - 1 j =(-6 COS = (— (y + y-^y^ 

Then 

{(- ie)^(y + y-T + (- (y + exp [ipe(y - y-^)] 

= {(- (y + + (“ (y + S (ipe)^ (y - » 

= (- (y + y’'^Y‘ S ( \pey (y - y~^)^lq ’ 

9 

+ (- ie)™+’ (y + S (ipe)»-* (y - y-')^'lig - 1 ) ' 

j 9 


Bp = (- 2 - 2 


is the coefficient of yP in U, and therefore of zp in S 

When p - 0 the exponential function disappears and the constant term la 
given by 

U=(- (y -{- + (- (p + y-i)w+i 

and IS therefore the first oi the second of the forms 

(Jer m ! [(im) 0“^ (m + 1) i {[^ (^ + i)] t}-^ 

according as m is even or odd 
On the other hand, 


and therefore 


Hence 


^ = TO (- Je)”* y-‘ (y - y-i) (j, + 

e 

^ f (- ie)»* y-> (y + y-*)™"* 2 (y - y->)9+> 

ieV" S AT 
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IS the ooeftoient of in V and therefore also the ooeflBcient of m S 
Comparison with the previous result shows that 

TtlN r/i— 1, ^+1 = pN—p^ m^q wi+i, g— i 

IS an identity From this the recurrence formula 
(m -p + g + 2) N-p^ m. * - 2 (»i - g) N-p, m .9 + (»i + P + g’ + 2) H-p-ti, m , » 
can be easily deduced 

46 The development m terms of ilf oi z of the functions 



IS of special importance Here n is any positive or negative integer, and if 
m IS also a positive or negative mteger it is only necessary to consider the 
second form This involves Hansen's coefficients where 

Now 

dM=ldE= g)' sec <f>dw = ^ gj dm 

of which the last form follows ftom the areal property of elliptic motion, 

7 ^dw = hdt =« w^^dM = ah dM = a* cos (^dM 

Also 

and therefore can be expressed by a definite mtegral involving y and 
E, or by one involvmg x and w, by means of (4), (6), (6), thus 

InrX'l ** = P' (1 + (1 _ ;3y-i)n+i+m 

' 0 

exp [^ie(y-y-^)1dE 

and 

27 rZ "' ” = I ** (1 - / 3 *)«+» (1 + «’»-* (1 + (1 + 

' 0 

exp [t/S cos </> ((j8 + -(jS + x)-^}] dw 

The first of these forms shows that (1 + is coeflBcient of y*“^ 

in the expanded product FiFss, where 

Fi = (1 - exp i^iey) 

Fa = (1 ” exp (- ^ley-^) 

Similarly the second form shows that (1 + (1 — »* 

coefficient of x^-^ in the expanded product ZjZa, whore 

Zi = (1 H- exp [^ cos (f) (1 4- 

Za = (1 + exp [- i cos fix-^ (1 + 
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The deduction of Hansen’s formulae in this -way is not diflheult, and has been 
given by Tisserand (M^o GM, i, oh xv) 

An obvious method consists in expanding the exponential function oc- 
curring in the first of the tivo integral forms in a senes inth Bessel’s 
coefficients Thus 

2-jr ”* = (1 -I- S Jp (^e) j ^ (l _ y3^)«+>-™ (i _ 

= 2^(l-hy3*)— i27p(te)Z“”“ 

V ^ 

where is clearly the coefficient of y*-!*-™ m the expansion of 

K W = (1 - /3y)"+*-» (1 - ;Sjr')"+*+”‘ 

and therefore equally the coefficient of y-*+?+>» m the expansion of 

08) = (1 - (1 - 

Novr 

(1 - / 9 y )‘ (1 - = 2 (- / 3 )»+* ^ 

= '5;f— (y-Aq-1) 

iZP 2/ {p + ky ifcl 

where A =p 4- A, and if j is positive the coefficient ol y*" is 

^ y’ 7 (? + l) (i> + A) Fi ^ 

= -y, p-Hl. B«) 

in the ordinary notation for a hypergeometnc series Hence there are two 
possible forms for 

m-n-\, -%-^p + m + l, /S') 

of which the first is available if %^p — m> 0 and the second if <0, 

for then the third argument of the series is positive and the binomial coeffi- 
cient has a meaning If ^ = m both forms become 

= F{rn-n-l, -m~ n- 1, 1, /9*) 

When n is assumed to be positive, at least one of the hrst two arguments of 
the senes is always negative, and therefore the series is a polynomial in 
For in the first form with % — p — m> 0, the second argument is certainly 
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negative if m is positive , if m is negative, n + 1 — w > 0 and the binomial 
coefficient shows that p — w<n-hl — m, so that the first argument is 
negative Similarly when the second form is valid it also is a terminating 
series When n is negative one of the known transformations of the 
hypergeometnc series may he necessary to give a finite form Hence 
Hansen's coefficients are reduced to the form 

^ = (1 + t Jp (le) 

where X^^^^ represents, with a simple factor, a hypergeometnc polynomial 
m ^ This form was first given by Hill 

46 The penodic series in M found above are evidently legitimate 
Founer expansions, satisfying the necessary conditions with e<l, and as 
such are convergent The Bessel's coefficients are given m explicit form by 
the senes (11) which also is at once seen to be absolutely convergent for 
all values of e But in practical applications the expansions are generally 
ordered not as Fourier series in M but as power series in e Under these 
circumstances the question of convergence is altered and needs a special 
investigation Now 

^ == ikf 4 e sm ^ 

considered as an equation in XI has one root in the interior of a given contour, 
and any regular function of this root can be expanded by Lagrange’s theorem 
as a power senes in e, provided that 

I 6 sm I < I ^ - JIf I 

at all points of the given contour* We have then to find a contour with the 
required property, and to examine its hmits 

We are to regard e and M as given real constants The equation 

4 p cos % 4 sm X 

where p is constant, defines a circular contour At any point on it 

sm JE = sin (M 4 p cos x) cosh (p sm x) + ^ oos {M 4 p cos x^ smh (p sin x) 
so that 

1 sm I* = sm^ (if 4 p cos x) cosh** (p sm %) 4 cos® (if 4 p cos x) smh® (p sm x) 
= cosh® (p sm x) ” cos® (if 4 p cos %) 

while 

\E--M\ = p 

* Of Whittaker’s Modem Analysis^ p 106 , Whittaker and Watson, p 183 
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The most unfavourable point on the contour for the required condition is 
that at which | sin E | is greatest And our senes is to be valid for all real 
values of M Hence the condition is always fulfilled if it is fulfilled when 

sin % = ± 1, cos {M + p cos x) = ^ 
or 

%=±j7r, M=±\ir 

in which case 

I sin jK I = cosh p 

Thus the required condition becomes 

e < p/cosh p 

The greatest value of e is therefore limited by the maximum value of 
p/cosh p, which IS given by 

cosh p — p sinh p 

Inspection of a table of hyperbolic cosines shows at once that p/cosh p is 
greatest when p is about 1 20 and that its value is then about | With 
ordinary loganthmic tables an accurate' value can be obtained without 
' difficulty thus Let tana be the greatest possible value of e, so that 

tan a = p/cosh p = 1/sinh p 

It easily follows that 

exp p = cot ^a, coth p = sec a 
whence, by the equation giving p, 

cos a Log cot J a = 1 

or, using common logarithms and taking logarithms once more, 

♦ log cos a -1- log log cot Jci -|- 0 362 215 69 = 0 

In this form it is easily venfied that 

a == 33“ 32' 3" 0, tan a = 0 662 7434, 


This last number is then the limiting value of e, within which the expansion 
of any regular function of E in powers of e is valid for all values of M The 
orbits of the members of the solar system have eccentricities which are much 
below this limit, with the exception of some, but not all, of the periodic 
comets 


47 In the form in which Bessel’s coefficients occur most frequently in 
astronomical expansions, 


2 r / \ 


0 - 1 )' 


1 - 




2 (23 + 2) ^2 4 (2j + 2)(2j + 4) 


i) •} 


1 f j+2 j^4 

] 

UJ 0-l)lt 3 2(27 + 2)-^ 3 

2 4(2^ + 2)(2j + 4) i 
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* 

It may be convement for reference to give the followmg table 


2 r / X , e* , e“ , 

^Ji(e) 1 g + j92 9216 

6® 


2 , . 625e* /_ 25e” 6256* \ 

Sifl’/', Se' Sle* ^ 


, r// \ , 3«» , Se* 7e* 

' ^ ^ 8 192 “ 9216 

2J,'(2e) = e(l- 

4- 

1 

loo 

2J/(3e) = ^(l 

16e» 189e* 

16 640 

2J/(46) = :|!(i. 

66* 8e* 

5 15 ) 

Q 1-,/pj V 625e^ / 

' 85e» 3756* 
r 24 448 

11 

12e* 136a* 

■ 7 112 


) 


) 

) 




These can easily be earned further if necessary, but they are often enough for 
practical purposes 

Bessel’s coefficients occur naturally m several physical problems discussed 
by Euler and D Bemoulh ftom 1732 onwards In 1771 Lagrange* gave 
the expression of the eccentric anomaly in terms of the mean anomaly, the 
result (19) above, and found the expansions of the coefficients as power senes, 
thus anticipating Bessel’s work (]824f) of more than half a century later 

* OeuvreSf m, p 180 This refeience, which seems to have been overlooked, is due to 
Prof "Whittakep 



CHAPTER Y 


RELATIONS BETWEEN TWO OR MORE POSITIONS IN AN ORBIT 
AND THE TIME 


48 Since a conic section can be chosen to satisfy any five conditions it is 
evident that when the focus is given, and two points on the curve, an infinite 
number of orbits will pass through them The orbit becomes determinate 
when the length of the transverse axis is given, though m general the solution 
IS not unique For let the points be Pj, Pa and the focal distances 
In the first place we take an elliptic orbit with major axis 2a The second 
focus lies on the circle with centre Pi and radius 2a — rj , it also lies on the 
circle with radius Pa and radius 2a — These two circles intersect in two 
points provided (o being the length of the chord Pi Pa) 


or 


2a — ri 4- 2a - ra > c 

4»a > ri + ra 4- c ^ . (1) 


If this inequality be satisfied two orbits jfulhl the given conditions, if not, 
no such orbit exists We notice that the two intersections lie on opposite 
sides of the chord Pi Pa, so that in the one case the two foci he on the same 
side of the chord, in the other on opposite sides In other words, m one 
orbit the chord intersects the axis at some point between the foci, while 
in the other orbit it does not Only when 4a — ri 4- ra 4- c the two circles 
mentioned touch one another in a single point on PiPa and the two orbits 
coincide In this case the chord passes through the second focus 

When the orbit is the concave branch of an hyperbola the second focus 
lies on the circle with centre P^ and radius ri4-2a and also on the circle 
with centre Pa arid radius 4- 2a These circles always intersect m two 
distinct real points since 

r,4-2a 4-ra4- 2a> c 


always There are therefore always two hyperbolas which satisfy the con- 
ditions The second foci lie on opposite sides of the chord and hence in the 
one case the chord intersects the axis between the two foci and the difiference 
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between the true anomalies at the points Pj, P 2 is less than. 180 , while in 
the other case the chord intersects the axis beyond the attracting focus and 
the difference between the anomahes is greater than 180° 

Under a repulsive force varying inversely as the square of the distance the 
convex branch of an hyperbola can be described The position of the second 
focus IS agam given by the intersection of two circles, the one with ccntio Pi 
and radius ? j — 2 a and the othei with centre Pa and radius These 

circles intersect in two points provided 

r*! — 2a 4* ^2 — 2a > c 
or 

4a<ri + 72 — c (2) 

There are then two hyperbolas and m the one case the chord intersects the 
axis at a point between the two foci while in the other it cuts the axis at a 
point beyond the second focus 

It IS easy to see similarly that it is always possible to draw four hyper- 
bolas such that one branch passes through Pi while the other branch passes 
through Pa These have no inteiest from the kinematical point of view 
since it IS impossible for a particle to pass from one branch to the other 

The case of parabolic solutions, two of which always exist, can be mforrt*d 
from the foregomg by the principle of continuity But it is otherwise clear 
that the directrix touches the cucles with centres Pi, Pa and radii These 

circles, which intersect m the focus, have two real common tangents eithei of 
which may be the directnx The corresponding axes are the perpendiculars 
from the focus to these tangents In the case of the nearer tangent it is 
evident that the part of the axis beyond the focus intersects the choirl P,Pj 
and the difference of the anomalies is greater than 180° In the case of the 
opposite tangent, on the other hand, it is the part of the axis towards the 
directrix which cuts the chord and the difference of the anomalies is loss 
than 180° 

These simple geometrical considerations show that, when the transverse 
axis 18 given, two pomts on an orbit may be joined in general by four elliptic 
arcs (of two elhpses), by two concave hyperbolic arcs, by two convex hypor- 
bohe arcs , and m particular by two parabolic arcs This conclusion is qualified 
by the conditions (1) and (2) which of course cannot be satisfied simul- 
taneously All these different cases must present themselves when we seek 
the time occupied in passmg from one given point to another, as we shall 
at once see 

49 Let Pi, Pa be the eccentric anomalies at two points Pj, Pj on an 
elhpse, and let 

2G=Pa+Pi, = 

Then 

ri = a (1 - e cos Pj), ra = a (1 — e cos Pa) 
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48 - 60 ] 
and 

n + ^2 = 2a {1 - e cos J H- cos J {E^ - i?i)} 

= 2a (1 — 6 cos 0 cos g) 

Again, 0 being the chord PjPa, 

c® - a^ (cos Pa - cos Pi)'-* + a® (1 - e®) (sin Pa - sm Pi)® 

= 4a* sin* 0 sin*^ + 4a* (1 — «*) cos* G sin*^ 

Hence if we put 

cos A = 6 cos 6f 

then 

c* = 4a* sm* ^ (1 — cos* h) 
or 

c = 2a sm ^ sm h 

and 

+ ^2 ^ 2a (1 — cos g cos h) 

If further we now put 

€=sh + g, B — h — g 
or 

e — § = Pa Pi , cos -^ (€ + ^) = 6 cos ^ (Pa + Pi) (3) 

we have 

n + ^2 + c = 2a (1 - cos (h + ^)} = 4a sin* |e (4) 

n 4* n — c = 2a {1 - cos (h — ^)) = 4a sm* .. (5) 

But on the other hand, if Pa > Pi and 
/x = A;*(l + m) = ??*tt* 

the time t of describing the arc Pi Pa is given by 
nt = E 2 -“Ei--e (sm Pa — sm Pi) 

= € — 8 — 2 sm -J (€ — S) cos ^ (e H- ^) 

= (e - 8) - (sm e - sm B) (6) 

where e and B are given by (4) and (5) m terms of ri + rg, c and a , and this 
is Lambert's theorem for elliptic motion 

60 It IS evident that (4) and (6) do not give € and B without ambiguity, 
and this point must be examined, We suppose always that Pg-Pi <360'', 
1 e that the arc described is less than a single circuit of the orbit , and we 
assume, that the eccentric anomaly is reckoned from the pericentre m the 
direction of motion Now it is consistent with (3) to take i(e + ^) between 
0 and TT and we also have (e — ^) between the same limits Hence lies 
between 0 and tt and ^B lies between - -Jtt and + But the equation of 
the chord P^Pa referred to the centre of the ellipse shows that it cuts the 
axis of X m the point 

X = acos^(Pa — Pi)/cos J(Pa + Pi), y= 0 


R^lcitwns between two or more Positions 

so that, if Q IS this point, A the pencentre and the foci, 


[oh V 


^ ^ x-ae ^ cosHg- ^)- cos i(€ + B) sin Je sm JS 
AQ CO -a cos - F,) - cos J + A\) “ sm sm 

cos^(e~8) + cos^r6 + a) cosjecosja 
AQ w-a cos i (E, - i;,) ~ cos i {E, + E,) sm ^E, sin J 

Now sin Je and cos JS are always positive We may also take Ei less than 
^ an sin j^i positive, then sm is negative or positive according as 
w include the pencentre In the first equation 

e e t- an side is negative when the chord intersects the axis botweenr 
e pencentre and the first (attracting) focus, in the second when the 
mtersection falls between the pencentre and the second focus Otherwise 
oth members are positive Hence we see that sin is positive if (1) the 
axe contains the pencentre and the chord intersects F^A, or (2) the arc does 
not contain the pencentre and the chord does not intersect F^A, and that 
f contains the pencentre and the chord inter- 

sec s a , or (4) the arc does not contam the pencentre and the chord does 
no intersect F^A In other words, sinJS is positive when the segment 
orme y t e arc and the chord does not contam the first focus, and cos ie 
IS positive when the segment does not contam the second focus 


Let e, and ^ be the smallest positive angles which satisfy (4) and (6) 
The other possible values are 2w - and - S, If we put 

= €i - sm €i, nfi = Si- sm Si 
there are four cases to be distinguished, namely 

(®) « = 

when the segment contams neither focus, 

W t = ts + ti 

when the segment contams the attractmg. but not the other focus 

t = Stt/h - 4 - t, 

when the segment contams the second, but not the attractmg focus, 

t = 27r/n — t, + t 

when the segment conW both foci It is easy to see from § 48 that when 

^ cies are always 

forthe W ^1 ^ ^ geometrical conditions and can only be distmguished by 
further knowledge of the circumstances Usually it is known tbnf +>,<, ^ 

omparatively short and hence that the solution (a) is the right one ^ 
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60 - 62 ] 

61 The corresponding theorem for parabolic motion is easily deduced as 
a limiting case For when a is very large € and h are very small Hence 
(4) and (5) become 

ae-* ri + ra + c, ~ ri + rj - c 
At the same time, if we replace n by (§) becomes 
fj^t = (e® — 8®) 

= + »-a + cf T H*"! + »’s-c)* 

As this applies to the motion of a comet, and the mass of a comet may be 
considered negligible, we may therefore wnte 

%kt = (r-i + r-a + cf hF (n + rg - cf (7) 

which is the required equation It was first found by Euler As regards 
the ambiguous sign, the second focus is at an infimte distance and does not 
come into consideration But 8 is negative or positive according as the 
segment formed by the arc described and the chord contains or does not 
contain the focus of the parabola Hence the lower (+) sign is to be used 
when the angle described by the radius vector exceeds 180®, and the upper 
(-) sign IS to be used when this angle is less than 180°, as it almost 
always is m actual problems 

52 The solution of (7) as an equation m c is facilitated by a trans- 
formation due to Encke We put 

c = (^1 + ra) sm 7, 0 < 7 < 90° 
tmd 

Then (7) becomes 

3^ — (1 -h sin 7)^ T (1 — sin 7)"^ 

» (cos ^7 4- sin J7)» T (cos J7 - sin J7)® (8) 

First we take the upper sign, in which case 

3?; « 6 sin J7 cos® ^7+ 2 sin®i7 
= 6 sm ^7 — 4 sm® -J7 

If we put 

sin 47 ss n /2 sm J@, 0 < < 30° 

then 

3'»? = 2V2sm@, 0< 0<9O° . , (9) 

and 

sm 7 = 2 V2 sin i© V(cos J0) 

Hence 

c = (ri + ra)97/i . (10) 

where 

/u, = sm7/»7 = 3smJ@V(Gos|0)/sm0 * (11) 
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Since /t and 17 are both functions of @, /t can be tabulated with the «.i 
When such a table is available (cf Bauschinger’s Tafeln, No X-X-l 
known, c is immediately given by (10) 

In the second place we take the lower sign in (8), so that 

897 = 2 cos* ^7 + 6 sm*^7 cos ^7 

= 6 cos ^ — 4 cos* I7 

If now we put 

cos^=V2smJ@, 30°<i@<45° 

then 

3i7=2V2sin@, 90° < @<136° 

and 

sm 7 = 2 V2 sm J@ v^fcos |@) 

as before Hence (10) and (11) apply equally to this case, with the 
that 0 as given by (12) is an angle m the second quadrant inst/C 
first Except for this the solution is formally the same in botH 
different tables would be necessary The case of angular motion 
180°, however, seldom demands consideration in practice 

63 For motion along the concave branch of an hyperbola under 
to the focus we have (§ 30) 

n=a(eoo8h^,-l), r-, = a(eooshE^,-l) 
and we may suppose > E-, Hence 

n + r. = 2o {e cosh ^ (E^ - E{) cosh J (E^ +E^)-l} 
where = 2a (cosh^(e-8)coshi(e + 3) _ 1} 

e-B = Et-E„ oosh^(e + S) = eco8hH-^» + ^i) -- 

Again, the chord c is given by 

0* = o» (cosh E, - cosh E,y + a* (e> - 1) (smh E, - sinh E,y 
= 4a* smh* J {E^ E,) smh* i (E, + E^) 

+ 4a* (e* - 1) smh* J (E^ - E^) cosh* J {E, -I 
= 4a* smh*i (e- «) {- 1 + cosh* i(e + 8)} 
or 

0 = 2a smh J (« - S) smh i (e + 8) 

Hence 

n + rj + c = 2a (cosh e - 1) = 4a smh* Je 
n + rj-e = 2a(cosh8- l) = 4asmh*i8 
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But on the other hand if 

^ (1 + m) = nV 

nt-e sinh — j&a - {e smh Ei - jE^i) 

= 2e smh i {E, - E,) cosh J {E, + E,) - {E, - E,) 

= 2 smh i (e — S) cosh i (e + 8) — (e — 3) 

= smh e — smh 3 - (e - 3) (16) 

where e and 3 are given by (14) and (16) This is the form which Lambert s 
theorem takes m this case 

We may take i (e + 3) as defined by (13) positive , and i (€ — 3) is positive 
since E, > E^ Hence e is positive Now the equation of the chord referred 
to the centre of the hyperbola gives for the intercept on the axis 

a? = - a cosh J {E^ — ^i)/cosh ^ {E^ + ^i), y = 0 
or, (— cie, 0) being the attracting focus within this branch, 

a; + ae = — {cosh (e — 3) — cosh + ^)}/cosh ^ {E^ + ^i) 

= + 2a smh -Je smh -jB/cosh -^( 1^2 + -^i) (^'^) 

The left-hand side is negative or positive accordmg as the intersection falls 
beyond the focus or on the side of the focus towards the centre Hence 
smh ^3 IS positive when the angular motion about the focus is less than 180®, 
and negative when it exceeds 180° Thus the sign of 3 is determmed. If 

we put , , ... 

772^2 = (ri + n + c)/4a, wia® = (n + ra - c)/4a 

then , _ , 

smhj€ = + mj, sinh-J-S — + ^2 

or / — - — - 

exp + + V77ii*+1, exp ^3= ±m 2 + Vma +1 

smh € = 27 Wi Vmi® + 1, smh 3 - ± 2w« Vma* + 1 

Hence (16) can be wntten (Log denoting natural logarithm) 

nt - 2mi Vm?Tl + 2ma Vma* + 1 

- 2 Log im , -h ± 2 Log + Vma" + 1) 

where the upper or the lower sign is to he taken accordmg as the angular 
motion about the attracting focus is less or greater than 180 

64 The corresponding theorem for motion- along the convex branch of 
an hyperbola under a repulsive force from the focus can be proved similarly. 
In this case (§ 32) 

r*! — a (e cosh Ei + 1), ri == a (e cosh E^ + 1) 
n + r, = 2a {cosh i (e -b 8) cosh - *> + 



56 


Rekbtiom hetwem two or more Positions [oh v 


wheie 

e — S = Hi — Hi, cosh J(f + S) = ecoshi(jB'a + £,) (18) 

and as m § 53 

c = 2asinhi(e-S)suihi(e+ S) 

We have therefore 

+ r-a + c — 2a (cosh e -h 1) = 4a cosh* J e (19) 

’’i + ^2 — c = 2a (cosh B’hl) = 4sa cosh® J B (20) 

Then by ^32 (22), = 

nt = e smh + (e sinh E^ -h E^) 

— 2e smh ^ (£[ 2 "" El) cosh ^ (j^a ")■ Ei) + E^ — Ei 

= 2 smh i (e- ^) coshi (€+ a) + e - S 

= smh € - smh 8 + € - S (21) 

where e and B are given by (19) and (20) This is analogous to the other 
forms of Lambert's equation 

Puttmg as before 

^ 1 * = (n + ^a + c)/4a, Wa® (ri + r, - c)/4a 
we have of necessity 

cosh Je = + wii, cosh iS = + 

but there is again an ambiguity m the values of e and 8 Now we may take 
Et>Hi and i(e-B) positive, and we may define i(e + S) as the positive 
value which satisfies (18) Hence e is positive and exp (^e) >1 To the 
equation (17) now corresponds 

a - a« = - 2a smh Je smh ^8/cosh ^ (^, + Hi) 

showing that S is positive if the chord mtersects the axis at a point on the 
side of the focus towards the centre It must be noticed that this focus is, 
as before, the focus within the branch and not the centre of force Hence 

exp ^8 > or < 1 according as the angular motion about this focus < or > 180“ 
It follows that 

®*P (ie) = + m, -I- 's/mi* - 1, exp (f 8) = + m, ± Vm,*- 1 

smh « = 2 oti — 1, smh 8 = ± 2«ii Vnij*- 1 
and hence that 

w« = 2mi - 1 T 2m, - l 


+ 2 Log(«ii + Vtoi* — 1) + 2 Log(»nB + Vin,* — i) 
where Log d^otes natural logarithm and the upper or the lower sign is to be 
t^en a^ordmg as the motion about the internal focus (not Se centre 
of force) IS less or greater than 180° 

an wIm of 

yp® a, w en two focal distances are given m position and nothing 
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more is known about the circumstanees, the discussion of § 48 shows that 
the ambiguities in the expressions for the time of describing the arc corre- 
spond to the distinct solutions of the geometrical problem Hence they 
cannot be decided without further information In practice, howeyer, it 
rarely happens that the angular motion about a focus exceeds 180*^ and 
this limitation, by which the upper sign can be taken, will be generally 
understood 


66 A quantity of great importance in the determination of orbits is the 
ratio, denoted by y, of the sector to the triangle The case of elliptic motion 
IS taken first Since % “ hjcthi where h is the constant of areas, twice the 
area of the sector is, by (6), 

ht = ah (e- S-(sine-sin8)} 

But if (iTi, 2 / 1 ), 2 / 2 ) are the extremities of the arc, twice the area of the 

triangle is 

= ah {sin E 2 (cos — e) — sin Ei (cos ~ e)} 

= ah {sin {Ei — ^ 1 ) cos {E^ -1- ^ 1 ) sin {E 2 — Ei)j 
= ah {sin (e — 8) — (sm e — sin 8)} 


by (3) Hence 


g — S — (gm 6 - sin &) 

" sin (e - 8) - (sin €- sin 8) 


( 22 ) 


This expression contains a implicitly and this quantity is to be eliminated 
Let 2/be the angle between r. and r, and let g, h have the meaning assigned 
to them in § 49 Then 

1 6 a* sin* i € sin^S = (n + r, + c) (n + ra - c) 

= (» 1 + r,y - n‘ - n* + 2rira cos 2/ 


=s 4rir9 cos®/ 


whence 

Also by (4) and (6) 

and therefore 
Again, by (22), 


2ci (cos ^ — cos A) — 2 cos/ / t*! 7*2 

r, -1- ra = 2a (sm® ie •+ sin® ^8) 
=:2a(l-cos^fcos h) 

n + r* — 2 cos /cos y ^ T-yr 2 == 2a 



y ~ sm 25 f -2 sm^fcos^ 


ant 

sm^r 2cosyVrxra 
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67 In the case of the branch of an hyperbola concave to the focus of 
attraction, twice the area of the sector is by (16) 

ht = ah (sinh e — sinh ^ - (e - 8)} 

since h = *^(ij,p)^nah And, if (aji, y^), (iCg, 2 / 2 ) are the extremities of the arc, 
twice the area of the focal triangle is 

2A == ajgyi - a?i2/2 

= ab {sinh Ei (cosh E^ — e) — sinh E^ (cosh E^ — e)} 
ab {sinh {E^-E^-e (sinh E^ - smh -£^ 2 )} 

= ab {smh € — sinh h - smh (e •“ S)} 
by (13) Hence 

V = smh 6 -smh 3 -(6 -3) 

^ smhe- smh3~ sinh(e-8) ^ ^ 

Now w^e have by (14) and (15) 

16a** sinh* J e smh® = (rj + — c® 

= 4rir2 cos*/ 
or 

2 cos (cosh k — cosh g) 

where 2A = e + 8, 2^ — 6 ^ 8 Also by addition of the same equations (14) 
and (16) 

ri + rg = 2a (cosh g cosh £ — 1) 

and therefore 

Vi + ?'a - 2 COS /cosh gs/viv^- 2a sinh® g 

But by (27) 

y^ntj {2 smh g cosh h — smh 2g) 

= a nt /sinh g (2 cos/ Vr-jra) 

and therefore 

y® (n + ? a - 2 cos /cosh g = 2iit^l (2 cos (28) 

since n“a® = p On the other hand 

smh (e — 8) — (e — 8) 


y^i = 


Hence 


yHy-i) = 


smh e — smh 8 — smh (e — 8) 

smh 2g — 2g 

2 smh g (cosh h — cosh g) 

a smh 2g - 2g 
2 cos /Vrjra 


sinh^r 
smh 2g — 2g 


’(2cos/Vri»,)» (sinhsr)® 
As in the case of the ellipse we write 

+ 


( 29 ) 


1 + 2 ? = 


2 cos 




(2 cos /Vrira)® 
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and thus (28) and (29) become 

= w?j {I — smh® \g) (30) 

y * — = rn? (smh 2^ - 2g) / smh® g (31) 

This pair of equations in y and g must be solved by some process of approxi- 
mation so that the value of y may be found 


58 The case of the branch which is convex to a centre of repulsive 
force at the focus (— ae, 0) needs slight modifications Twice the area of the 
sector IS by (21) 

ht = ah (smh e — smh ^ + e — 8) 
while twice the area of the triangle is 


2A = aJiyi-^3yi 

= ab (smh (cosh Ei + e)’- smh E^ (cosh E^ + e)} 

= ah (smh {E^ - E^) + 2e smh ^ (^2 - -^ 1 ) ^^^sh ^ (^E^ -h E^)] 
= ah (smh (e — ^) + smh € — smh 8} 
by (18) Hence the ratio of sector to triangle is 

_ smbe-sinh^ + e-^ 

^ smh (e — 8) + smh e - smh 8 

In this case we have by (19) and (20) 

16a* cosh* Je cosh* ^ 8 = (r^ + rg)* — c® — 4rir2 cos®/* 
or 


and 


2 cos / = 2a (cosh h + cosh g) 


+ ^2 = 2a (1 f cosh h cosh q) 
where 2A = € + 8, 2^ = € — 8 Hence 


2 cos/ cosh ^ Vrira - (r, + = 2a smh® g 

But (32) may be written 

y = w</(sinh 2^ + 2 smh g cosh h) 

= a%tj smh g (2 cos/V r^r^) 

and therefore 

y« (2 cos/ cosh g Vr^- - r,) = 2/x'<’/(2 cos 
Since n*a*= / Also by (32) 

1 sinh(e-8)-(6-8) 

^ smh (e - 8) -H smh e — smh 8 

smh 2g - 2g 

2 smh g (cosh g + cosh h) 

— a smh 2g — 2g 
2 cos/V rjrg smh g 


(32) 


( 33 ) 
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V»a-V) = 8 inh 2 gr- 25 r 

(2eos/Vnr,)» smh>g 

If as before we write 


(34) 


1 + = - 


n + 




2 cos/ Vrira ’ (2 cos 

then (33) and (34) become 

mV (coah^ - 1) (36) 

ys _ ys ^2 2y - 2y) / sinh* ^ (36) 

and these again, when solved by a method of approximation, give the value 
of y in this case when r^, and /are known 

69 Some useful approximations can be obtained from a proposition 
which is easily proved Let X be any regular function of t If we neglect 
powers of t beyond the fourth order we may write 

X = Ofl ”4" Otfit "1“ €L%1^ 4" “1“ 0/4,1^ 

X= 2(Xa4‘6a8^+ 12a4i^ 

Let JTi, Zfl, Xi be the values of X when i = — Ts, 0 and Ti Then we have 
three pairs of e< 3 [uations, obtained by substituting these values m the above 
From these six equations the coefficients can be elimmated and the 

result expressed in determinant form is clearly 

= 0 



1 

“Ts 

T 3 » 

-T8« 

Ts^ 

X, 

1 

0 

0 

0 

0 

X, 

1 

Ti 

Ti» 

Ti* 


X. 

0 

0 

2 

-6t8 

I2T32 

X, 

0 

0 

2 

0 

0 

X, 

0 

0 

2 

6 tx 

12 tx* 


The determinant can be calculated without difficulty, and the result after 
dividing by 12 tiT8 (ti + r^) is 

0 = 12XaTi + JiTi (ti® - TjTa - T3®) 

- 12Za (tx 4- n) - Za (tj + t,) + 3tiT, + r,*) 

+ 12 Z 8 T 8 + Z 8 T 8 (t 8 ^ - T 1 T 3 - Tx®) 

If we put Ta = Tx 4“ ^8 and write 

mx-T8T8-rx», 12^=TxT84-Ta^ 

this becomes , a t \ 

0 - X,r, (1 - - r.x. (1 + ^■) + X... (1 - -if) 


(37) 


( 38 ) 
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60 Now in the case of the motion of two bodies in a plane we have 
a = -iuieli\ y=-iiylr'' 

Hence substituting a; and y auccessivelj for X in the formula just obtained 
we have, to the fouith order in the intervals of time, 

0 = a^Ti (1 + /ill/ ri^) - ajjTa (1 - fiAijr^^) + a^T , (1 
0 = j^iTi (1 + /iili/ } 1*) - j/jTa (1 - fiAil + i/jT, ( I -f fiA,! 1 1’) 

The solution of these equations in the ordmaiy form gives 

Tj (I + iiAJrf) _ T.(l -fiA,lr/) _ t,(1 +tJ'A,l7,‘) 

^2^3 ““ ^ 33/2 ” ^3^1 H" yj 1/2 “ ^ 2^1 

But the denominators are respectively double the areas of the triangles whoso 
sides are pairs of ri, rg, 73 Hence we have the formulae of Gibbs, 

ti!i] = 

Ti (1 + yAJVi') Tj (1 - fiAiIra’) Ta (1 + fiAajrf) '' ^ 

where, according to the customary notation, [tj? J denotes double the cirea of 
the tnangle whose sides are n, rj, and ^ 1 , A ^ have the values found 

above (37) This expresses the ratio of the triangles correctly to the thud 
order of the time intervals 

A second interesting example is provided if we take Z = r® In this c<ise 
we have (§^ 25 and 26) 

Hence the formula (38) gives 

= — (AiTi + jIjTj + J-sTs) 2/4 / a 

— ~ {■’’l — T,=) + Tj (tiTj + Ta”) + Tj (TjTa — Tj“)} /t /0(t 

= - (StiTjTs - Ti» + rp - T,’) /i/ 6 a 
= — {STiTaTj + 3 tiTj (t, + T 3 )} fi/ 6 a 

= — fJ-T-iT^TsI a 00 ^ 

The form (40) applies to an ellipse and gives the means of calculating an 
approximate value of a when r„ n, r, are known It must be .idaptcd 
to the hyperbola by changing the sign of a For the parabola the iight-hand 
side vanishes and we have the relation between the three radii vectoios 

n’T-i - + rj^T-j = 2/1 (^iT./» 1 + + iljT./lj) 

which holds provided we may neglect terms of the fifth order in the time 
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61 Returning to the formulae of Gibbs (39), m which the denominators 
are correct to the fourth order, we have 


TlIlllJ = 1 T , M? _ 

T, [^2? ,] 1 + Mi/n® n® 

Tg [ riT-al 1 . ^8 , 

Tj [nr,] 1 - ixA^lri 

TaC^arJ 1 +/aiii/n° ^ 

Ti [nn] 1 - Ma/^'* ’'i“ ’’'i 

to the third order But to the first order 


i = i _ ?ri 
n’ n" ^8* 


Hence 


n’ 


, Srg 
ra> rj* 


Ta 


T, [rgr,] 


ra* 


-diTj) 


ra^ ra^ 


= 1 + ^ Airs 

Ti [nr,] 

For the coefficients we easily find from (3*7) 

12 (A, + A,) = T 1 T 3 + Ta* + TxTa - T3* = 2 (Ta" “ r,^) 

12 (Ai + A, 2 ) = TjTa + Ta® + TfiTg — Ti® - 2 (Ta® — Ti®) 

12 (^sTl + -diTa) = Tj (TjTa — Ta®) + Tg (TaTg - Ti*) = Ti® + Ta® 


and therefore 




(41) 


These formulae axe correct to the third order and if the temm involving 
ra be omitted they express the ratios of the triangles in terms 0 t e smg e 
distance n to the second order Hence their value for the determination of 

orbits 
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62 Without loss of accuracy the ratios can be e\piessed lU 
two distances and instead of and Vq The forms 
may be derived thu§ we have to the first order 

ri = 7o-r2Ts, = 

whence 

rj- ri = rsTo, -f ?■ , = 2?o + (t^ - Tj) 

and therefore 

1 


or 


^ 1 3r, 

(u + r,y 8?/ 167-2^ 




8 




. ?4_(n ZlZ 

(n + r^y (n + r,y T, ' 


In the terms of the third order we have simply 

— T ^iOjLZ^l) 

Hence the ratios of the triangles to the reqiiiied order become 


[^1^2] _Ta 
[^2^] 


1 + 




I 

[nrj T, [ 4 m , . ,, 4 a(/,-j,) , ■) I 

[n^'s] tJ 3(r, + r,>'^’^‘ (n + ^i)‘ ^ 

where, if ti, are the times corresponding to the distances 7 ^, r 2 > t*', , 

Ti = ^3 — Ta = 

Equivalent but rather simpler expressions in teims of the extreme KiU 
may be obtained by observing that 


whence 


l=i+?Lv 3r, 


4. 


^3-' 

3/, 


By substitution in (41) it is easily found that 


[^an] Ti I 12ri« ^ f27^» “ '^s") 

_ T3 ^ 1, iL 


_ ’’1 j-i , H' t/— r,’ 

Tj( T-ji 


From the method by which all the expressions of this kind have been <l 
It IS clear that the results apply equally to all undisturbed orbits ell it 
hyperbolic ’ * 
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THE ORBIT IN SPACE 

63 Hitherto we have considered the relative motion of two bodies only 
as referred to axes in the plane in which the motion takes place It is now 
necessary to specify the manner in which the motion in space is usually 
expressed 

We take a sphere of arbitrary unit radius with the Sun at its centre 
The ecliptic for a given date is a great circle on this sphere That hemi- 
sphere which contains the North Pole of the Equator may be called the 
northern hemisphere On the echptic is a fixed point 7 which represents 
the equinoctial point for the given date and from which longitudes are 
reckoned in a certain direction The plane of the orbit is also represented 
by a great circle which intersects the ecliptic m two points One of these 
n corresponds to the passage of the moving body from the southern to the 
northern hemisphere and is called the ascendvag node , the other node is 
called the descending node The longitude of fl, or 70 , may be denoted also 
by fl it IS an angle which may have any value between 0° and 360** The 
angle between the direction of increasing longitudes along the ecliptic and 
the direction of mcreasing true anomaly along the orbit is called the in~ 
chnoition and may be denoted by i It is an angle which may he between 
O'* and ISO** 

Let P be the pomt on the great circle of the orbit which represents the 
radius vector through the perihelion and Q any other point on the same 
great circle representing a radius vector with the true anomaly w, so that 
PQ=^w We may denote the arc CIP lying between 0 ° and 360® by ew, so 
that nQ = a) + w This angle, reckoned from the ascending node to any 
point on the plane of the orbit, is called the argvment of the laMtude It is 
possible to regard <» as an element of the orbit, but it has been more usual 
to define the element w, which is called the longitude of perihelion, as the 
sum of the two angles H 4 - o) although only one of these is measured along 
the ecliptic The angle w 4 -w;orn + 6 >-l-i«;is called the longitude in the 
orlnt We have thus defined the three elements, the longitude of the 
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idmg node, the inclination of the orbit and the longitude of penhelion, 
ired to fix the position of the orbit in space and with these it is 
®ary to mention the date of the ecliptic and equinox to which they 


i The motion must now be defimtely related to the time Let be 
loch arbitrarily chosen and T the time of perihelion passage Then, 
ug the mean motion, the mean anomaly correspondmg to the epoch is 

■3fo = » (to - T) 

ither j^o or T might be legarded as an element of the orbit, but in the 
of a planeta^ orbit it is more usual to employ the mean longitude at 
yoch, e, which IS defined as the sum w + Jfcf, Thus at any time t if 

+ w IS the longitude in the orbit and E the eccentric anomaly, the 
on of the planet is given by 

tan J (m - w) = ^(j~j tan ^E 


E-esmE = M = n(t- T) 

= w (t — i,) + e — or 

lean motion and the mean distance are connected by the relation 24,) 
na^ = = E' (1 + m)^ 

m IS the mass of the planet (negligible in the case of minor planets) 
impl^e elements can now be enumerated and illustrated by the case of 


Epoch 

% 

Mean longitude 

e 

Longitude of perihelion 

•or 

Longitude of node 

a 

Inchnation 


Eccentricity 

e 

Mean motion 

n 

Log of mean distance 

log a 


Mais (»i=l/i093600) 

1900 Jan 0, O'" gmt 


293“ 44' 61" 36 
334 13 6 88 

48 47 9 36 

1 51 1 32 

0093 30895 
1886" 51862 


Equinox 
‘ 1900 0 


0 182897033 


imber of mdependent elements is six, correspondmg to the six eon 
Dfmtegmtion which enter mto the solution of the equations of motion 
■eing m their general form three in number and of the second order ’ 

2 eccentricity is 1 and the mean distance 

‘ time^ n I ^ indicated by the perihelion distance g 

. time of perihehon passage T is given instead of the mean longitudl 
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at a chosen epoch Thus preliminary parabolic elements of Comet a 1906 
(Brooks) are shown as follows 

T 1905 Dec 22 29263 gmt 

89° 51' 53" 7] 

n 286 24 22 1 V 19060 
^ 126 26 7 sj 

q 1 296318 

66 If axes 0 (ajj, 2/x, ^i) be taken such that Ox^ passes through the node, 
0\ji hca in the plane of the orbit, and Oz^ is m the direction of the N pole of 
the orbit, the coordinates of the planet (or comet) are 

= r cos (w + w), yi = ^ sin (w + w\ == 0 
when its true anomaly is w Let the axes be turned about Ox^ so that Oyi 
takes the position Oy^ in the plane of the ecliptic and Oz^ is directed towards 
the N pole of the ecliptic Then 

x^-xu 2/a = 2/i ^ + 2/i siai 

Next let the axes be turned about Oz^ so that Ox^ passes through the equi- 
noctial point and Oy^ is in longitude 90° Then 

K ^ cos II — sinL II, yz = 2/8 cos O + a?a sin D, = ^2 
Hence the relations between (a?j, 2/j, ^a) 2/i> ^ 1 ) given by 




2/1 

■^1 

it'd 

cosH 

- cos % sm IX 

sin ^ sm IX 

2/8 

sin IX 

cos % cos IX 

— sm ^ cos IX 

2^8 

0 

sin ^ 

cos ^ 


This scheme will give the heliocentric ecliptic coordinates of the planet 


It 18 convenient to write 

sina sin J. =cosIl, sina cos-d =-cos^smIl 
sin V sin B' = sin D, sin V cos B' - cos ^ cos D 


for then * / yi , . 

= r sin a sin (-A H-oi + w) 
yg = r sin 5' sin (jB' + q) + tw) 
z^^T sm ^ sin (o) H- w) 

if E Li Bi are the geocentric distance, longitude and latitude (the 

t* * * n nf the Sun which may be taken from the 

last always a very small angle) ot tne oun, waicu u . a 

Nautioa/Ahmnac, (md A,\. ^ are the geocentric distance, longitude and 
latitude of the planet, 

A cos X cos /9 = jR cos A cos JJ, + r sin a sin + <a + w) 

A sin \ cos ^ = jB sin L, cos Bi + ramb sm(B' + o + w) 

Asm/S =JR:sinJ5. +rsmi sin((» + w) 
whence the geocentnc ecliptic coordinates of the planet 
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66 Were the elements given with reference to the equator instead of 
the ecliptic, and this is sometimes done (though not often), the same 
formulae would give equatorial coordinates with the substitution of R A and 
declination for longitude and latitude To obtam equatorial cooidinates 
from echptic elements another transformation is necessary Let the last 
system of axes be turned about Oobi so that comes into the piano of the 
equator and the new axis OZ4, is directed towards the N pole of the oquatoi 
Then the obhquity of the ecliptic being denoted by Cq, 


^4 = 3 ^ 4 = 2/3 cos 60 “ ^3 sin €0, = Zs cos Cq + yz sin eo 

From the above relations between 2/3, ^3) and (a?i, yi, Zj) it follows 
that (j?4, 2/4, z^) and are related by the scheme 



^1 

yi 



sin a sin A 

sin a cos A 

cos a 


sin h sin B 

sm h cos B 

cos 6 


sm c sin G 

sin 6 cos G 

cos c 


where it is easily seen that 

sin a sin A = cos 

sin a cos -4 = ~ cos i sin O 

cos a = sin i sin n 

sm 6 sin JB = cos eo sin €l 

sm h cos B — cos e© cos ^ cos D> — sin Cq sin t 

cos b = — cos Go sin ^ cos Q — am cos ^ 

bin csmC = fain eo sin 

sinccos G = Slneocos^eos^2 4 cobe„ Sln^ 

cosc = -sin €0 sin ^ cos 12 4 cos 60 cos ^ 

The heliocentric equatonal coordinates of the planet now become 
m, = r sin a am (j1 + b + w) 

^4 = ?• sin 6 sin (£ + 0 ) + w) 

Hi = r sm c Bin {C + a + w) 

Thus, for example, the above elements for Comet a 1906 lead to 
®4 = »■ [9 803389] sm (243° 29' 42"3 +m;) 
y 4 = r [9 999830] sm (331 33 15 1 +• w) 

^4 = r [9 887772] sm ( 60 14 19 5 + w) 
referred to the equator of 1906 0 


^ geocentric equatorial coordinates of the planet and 
k ’4. 1 j*® correspondmg geocentric coordinates of the Sun, which mav 

be taken directly from the Naut^oa^ Almamo or other ephemens Thus 

-=Z + ii4. y=r+y„ z=Z^z^ 
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But 

a? = A cos a cos 8, 2 / = A sin a cos 8, = A sm 8 

where A, a, 8 are the geocentric distance, right ascension and declination of 
the planet These coordinates can therefore be calculated from the equations 

A cos a cos 8 = X + r sm a sm ( 4 © + 

A sin a cos 8 — F 4 r sm 8 sm (B 4 6) 4 w) 

A sm 8 = ^ 4 » sm c sm ((7 4 G> 4 w) 

This form of equations, introduced by Gauss, is very convenient for the 
systematic calculation of positions in an orbit 

67 The direct transformation of the elements from one plane of refer- 
ence to any other may be made as follows Let represent the first 
plane of reference, 71 (7 the second plane and BGP the plane of the orbit 
The first set of elements are 7 jB = 0, BF=co and 180° = i The new 
elements are 7 i( 7 =fl', and G = %* Also the position of the new 

plane of reference relative to the old may be defined by 7 A = Hi, A and 
the arbitrary ongin 71 by 71 A = Hence the sides and angles of the 
triangle ABG are 

d = G) — 6 =Qf — Oq, c — Hi 

A = B==180°-i, 

Now the analogies of Delambre maybe written in the single formula, easily 

remembered, 

sin {45° ± (46° — ^5 T _ sin (45° T (45° — jB ± A)} 
sm (45° ± (45° - i c)} ” cos {45° 4 (45° - i C)\ 

where the ambiguities ± 4 must be read consistently but independently in 
two sets of three Hence taking (1) all lower signs, (2) all 4 signs, (3) all 
— signs and (4) all upper signs in the above formula, we have 

sm J (fl' — Ho 4 o) — G)') sin = sm J (H — Hj) sm ^ (i 4 ^i) 
cos J (H' - Ho 4 o) - G)0 sm i = cos sin i(i-h) 

sm i (H' - Ho - 0 ) 4 <o') cos = sm i (^ “ i (^ + h) 

cos ^ (H' - Ho - ft) 4 (o') cos = cos - h) 

These formulae will serve directly if for example it is required to refer the 
elements of a minor planet to the plane of Jupiter's orbit instead of to the 
ecliptic Or again, if H, o) and i are the elements referred to the echptic 
and equinox at the date T and H', g>' and i' the elements for the equmox 
4 we may put H, - Uu h = and Ho = H, 4 where is the germ-al 
precession Hence when these quantities are known the effect of precession 
IS given by 

^a)=‘t8isxi (n- Hi) ami (t + vi) Ism i(%- w.) 

- n, - + A®) =tanHii “ Hi) cosK» + 
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where A® = ©' — and (by Napier’s analogy involving J? + (7 and A) 


tan J (i — %') = 


cos ^ (Q + ~ 2ni — >/ri) 

COS-^(Il-Il' + A/ri) 


tan^TTi 


68 When the interval t is moderately short, however, these rigorous 
equations for the effect of precession are not required and it is more con- 
venient to use differential formulae We now consider as the fixed 

ecliptic of 1850 0 and f^iAG as a variable ecliptic Since 

cos G=^8id. A smB cos c — cos A cos B 

— sm (7 d(7 = (cos ^ sm 5 cos c + sin A cos B) dA — smA sin B sm c dc 

= sin G cos b dA — sin a sin B sm Gdc 
or 

(;2(7s=— cos5 + sm a sm jB dc ( 1 ) 

Also, smce 

sm (7 sm 6 = sm 5 sm c 

smCcosS d5 = sm5cosc (ic — cos (7 sm 5 dG 

= sm B (cos c — cos (7 sm a sm h) dc + cos G sm b cos h dA 
or 

sinO d6 = cosOsm5 d A -1- sm jB cos a dc (2) 

Similarly, smce 

sm (7 sm a = sm A sm c 

sm (7 cos a , cZa = cos A sm c dA + sin A cos c dc — cos G sm a dG 

= (cos A sm c 4 - cos (7 sm a cos b) dA 

+ (sm A cos c — sm cos G sm a sin b) dc 

= cos a sm b dA + sm A cos a cos b dc 
or 

smG da- sm h dA + sm A cos h dc (3) 

By a slight change of notation we now put fto, and ^o for the elements 
at r= 1850 0, n, ® and z for the elements at time T+t (instead of fl', ®' 
and i') and define the position of the ecliptic and equinox at T -l- ^ relative to 
those at T by fli — H, = tt and Ilo == H + so that 

a = ®o-a>, 6 = 0-11 — '^, c = Oo — n 

A = 7r, 5 = 180"-io, G=z 

Hence by substitution m (1), (2) and (3) 

di— — cos (fl — n — nfr) dTT — sm (®o — sm Iq dlL 

sln^ d(fl-Il-'»|r;r=costsm(Xl-n-^)d7r-cos(®o-fi))smto dll 

-sm^ sm(fl-n-'>|r)d7r-cos(n-n-'>/r)sm7r dll 
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But in the coefticients of dD. we may put ^ = to, g) — ©o and tt = 0, this being 
the mutual inclination of the fixed and moving ecliptic Hence we have 
simply 

d% /di = — cos (O — n — dTrjdt 

dO^ldt = dyfr/dt + cot t sm (fl — 11 — dirjdt 

do) /di = — cosec t sin (fl — 11 — dir I dt 

These are to be mtegrated between ^ and t = < 2 , and the coefficients of 
dirjdt are variable with the time Provided the interval is no more than a 
few years, it is sufficiently accurate to proceed thus Writmg 

^2 -ii-(t2-t^)coQ(Cl-Il.-‘f)dirldt 

Ha = 111 + («2 - ^i) {dyfr/dt + cot t sm (XI - 11 - dirldt] 

©2 = G)i — (^2 — ^i) cosec t sin (XI — n — dir / dt 
we take H + i/r, dirjdt and dyfr/dt from appropriate tables (e g Bauschmger’s 
Tafelriy No xxx) with the argument T + i{U + ^i) With XI = Xli and t 
approximate values of XI 2 , ^2 can be obtamed and the calculation is then 
repeated with the corresponding values -J (Xli + Xia), i (^1 + ^ 2 ) substituted for 
n and i 

69 It 18 impossible to correct the first observations of a moving body 
for parallax m the ordinary way because its distance is unknown But the 
line of observation intersects the plane of the ecliptic m a certain ^mt, 
called by Gauss the locus fictus, the position of which can be calculated If 
the observation is then treated as though made from this point the effect of 
parallax is allowed for and also the latitude of the Sun 

Let the observation be made at sidereal time T at a place whose geo- 
centric latitude is Let «, 8 be the observed R A and deduction, reduced 
to mean equinox The geocentnc equatorial 

observation are (p cos ^ cos T,/> cos <^)smr,psm^),p eing e , , 

at the place, and the corresponding echptic coordinates (ph,, pK pK), where 

s= COS Z COB h = COS <f> cos T 
hft = sin Z cos6 = cos ^ sin T cos €o + sin<#) smeo 
= sin 6 = sin cos €« - cos sm T sm eo 

6, being the obliquity of the ecliptic and 1. b the longitude and latitude of 
the Zenith Similarly 

Bx = cos \ cos = cos 8 cos a 
Hi sin \ cos - cos 8 sin acos €o + sin 8 sm €o 
Hi = sin = siJi 8 cos €o — cos 8 sm a sin €o 

rlirpction cosmes of the line of observation, \ being the geocentnc 

»d l.«.a= ot tU <.W«i «bj,c. Ike ^ 

iJi, and B, the geocentnc radius vector, longitude and latitude of the Sun. 
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Hence m heliooentnc ecliptic coordinates the equation of the line of obser- 
vation IS 

a; + .Z^cosXiCos^i- h^p _y R^smLi cos - h^p 
Sr W, 

z + Bi sin Bi — h^p 

^ 

where A is the distance from the place of observation to the point (no, y, z) 
positively in the direction away from the object If then this line intersects 
the plane of the echptic in the point (the locus fictus) 

X— — B, cos L, y ’^‘—'Rsm.L, z — Q 
A = sin B^j Hr 

- cos Z = - ii. cos Lr cos Br+phr- Qi^p - sin Br) Hr! Hr 

- sm Z = - iJ, sm Xi cos Z, + pA, - (A,p _ sin S,) Fj/ir, 

But these exact equations can be simplified, regard being had to the small 
quantities mvolved For Z, < 1" m general, so that sinZi = Zi, cos Z, = 1 
Also we may put p =pZj where p is the solar parallax, 8" 80 Hence writing 
B = Zi + dZi, Z Zi + dLr, we have 

^ = B^(hrp-Br)IHr 

-OOsLr dR+RrSinlr dLr=pRrhr-(hrp-Br)BrHrlHr 
-sinZi dZ,-ZiCosZ, dZi=t=pZ,A 2 -(A,p-Zi)Z,Fs/F, 

whence 

-dRrlRr^pihr COS Z. + Sin A) - (A,p - Z,) (F COS Lr + Hr Sm Lr) I Hr 

dA (A, sm A - A, COS Z,) - (A,p - A) (F. sin A - Hr cos A) IH. 
or again ^ ' * 

- dZi/A =p cos 6 cos (Z, - 1) - (p sin 6 - Z,) cos (Zi - X.) cot /3 
dA = p cos A sin (A - 0 - ( p sm 6 - Zi) sin (Zj - \) cot B 
A/A = (psm6-Z,)/s in 

Ilere both p and Br are naturally expressed m seconds of arc Thus dZ, the 
additive correction to the Sun’s longitude, is appropriately expressed m’ the 
wnMti(m*is -BaufocaZ Almanac gives logZ,, to which the additive 

d logZ.=^ 2ol&> = Xt43234-10] 

observation actually been made from the locus fictus it 
would have been made later m time by the mterval required for light to 
tmvel the dist^ce A But the light equation, or the tiL over the mean 

of K Earth, IS 498«5 Hence the additive correction 

to the time of observation is (in seconds) 

,,._A 498»6 A,,. 

Z, 206266" - A 

The reduction to the locus fictus is a refinement rarely employed m practice 



CHAPTER Vn 


CONDITIONS FOR THE DETERMINATION OF AN ELLIPTIC ORBIT 

70 There are certain properties of the apparent motion of a planet or 
comet on the celestial sphere which bear on the problem of determimng the 
true orbit and which can be considered with advantage apart from the details 
of numerical calculation which are necessary for a practical solution. They 
are closely connected with the direct method of solution devised by Laplace, 
but they equally contain principles which are fundamental to all methods. 

Let (a?, y, z) be the heliocentric coordmates of the planet, (Z, F, Z) the 
heliocentric coordinates of the Earth Then 

Z = — ' 

/I = A;* (1 + m), = A;® (1+ mo) 

m and being the masses of the planet and the Earth Let (a, h, c) be the 
correspondmg geocentnc direction cosmes of the planet, so that 

ic = Z + ap, y^Y-^hp, z=^Z + cp (1) 

p being the geocentnc distance of the planet The observed position of the 
planet is given m nght ascension and declination (a, 3), and if the eqnatonal 
system of axes be chosen, 

a = cos a cos 3, 3 = sin a cos 3, c = sin 3 

Since 

a? = ^ -f" Cbp + ^dp + dp 

paj^ — PoZ/jK* dp + 2dp + ctp = 0 

or 

Z (p/r* — + dp + 2dp + a (p + P'P/t*) = 0 

and similarly 

Y (p/r^ — P>qI^) “h ip + 26p + 6 (p + /ttp/r*) = 0 
Z(jilr^ — pLofR*) 4“ cp + 2dp + c(p + /ip/r*) = 0 
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These are three equations m p, p and p+p,plr^, the solution of which can be 
written down at once in the form 




a 

a 



a 

a 

X 


a 

a 

a 

b 

b 

7 


b 

b 

7 


b 

b 

b 

c 

c 

z 


c 

c 

Z 


c 

c 

6 


the value of p not bemg required 

71 The determmants in (2) can be calculated when the first and second 
derivatives of the three direction cosmes are known Now 

a — — smacosS a — cos asm 3 B 

a = — sin a cos 8 a — cos a cos 8 a®+2smasin8 a8— cos a cos 8 8®- cos a sin 8 8 


0 = cos 8 8 — sm 8 8® 

The derivatives a, a, 8, 8 are most simply calculated from a series of obseivod 
values by Lagrange*s interpolation formulae If the number of observations 
is three, made at the times ti, < 2 , ^ 3 > 'vve have according to this rule, 


whence 
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or, if we choose t = the time of the middle observation, 


a = a2 


T1T2T3 a 


T 1 T 2 T 8 a 
where 


Ti^ai + Tc(Ti-T,) aa + T,^ olq — Ti*(a2-ai)-f T,*(aa--aj,) 
2ti aa-2T2 02 + 2x8 Og = - 2 ti ( og - a^) + 2 ts ( a-, - a2) 

'ri=^3 Tg — ^3 — T^ — t2'“ti 


These formulae, which apply equally to the declinations, mutatis mutandis, 
are only correct if the observations are made at very short mtorvals of timo 
and are ideally accurate Since the accuracy of observations has practical 
hmitations, moderately long intervals must be used and a greater number 
of observed places is necessary for satisfactory results Our immediate 
concern, however, is rather with general principles than practical methods 
of calculation 
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72 It IS now possible to calculate the quantity I given by 

1= a a a a & X 

b b b b h F 

c c c c 6 Z 

and we then have by (2) 

= (1 + m,)im - (1 + m)/r» (3) 

The mass of the planet, must be neglected in a first approximation to the 
orbit and this is one relation between p and r In essence it is fundamental 
m all general methods of finding an approximate orbit A second relation 
IS available because we know the angle *1^ between R and p, namely 

7^ = + p2 4- 2Rp cos yfr (4) 

while the projection of JR as a yector in the direction of p gives 

Rcosir^aX-t-hY+cZ, (0<ylr<180^) 

If r be eliminated between (3) and (4) an equation of the eighth degree in 
p results, and it will be necessary to examine the nature of the possible roots 
For the moment we suppose that the appropriate value of p has been found 
Then the corresponding value of p is given by (2) and the components of the 
velocity can be calculated, since by (1) 

on = X + ap -h ap, y = ¥ ’i- bp ‘h hp, z = Z + cp + cp (5) 

where X, F, Z must be found from the solar ephemens by mechanical 
differentiation Thus when p and p are known, (1) and (5) give the three 
Jiehocentric coordinates of the planet and the three corresponding components 
of velocity at a given tune t From these data the elements of the planet’s 
orbit, assumed for the present purpose to be elliptic, can be calculated without 
difficulty 

73 Since equatorial coordmates have been used hitherto,* the elhptic 
elements of the orbit will also be referred to the equatorial plane If new 
coordinates (f, 77, f) be taken so that the axis of f passes through the node 
and the axis of f through the N pole of the orbit, the transformation scheme 
IS (cf § 65) 

? 

V 

? 
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Hence in the plane of the orbit, 

f = X sm fl'sm y cos Of sm ^ cos ~ 0 
5 = a? sm D/ sm —y cos XI' sin 2 ' 4- ^ cos i' = 0 
giving for the determination of XI' and 

sm X 2 ' sm z' _ cos Xl' sm __ cos %' 
yz — yz xz — xz scy — xy 

Also, if ^iis the argument of latitude (or rather of declination), 

f — 1 cos = a? cos XI' 4- y sm X 2 ' ( 7 ) 

and 

17 = — a? sm XI' cos ^' 4- y cos XI' cos ^' 4- ^ sm 
or 

rsmu — z cosec i' (8) 

by the above equation for f Similarly, if F is the velocity and x angle 
between F and the radius vector produced, 

f = Fcos(if 4- ;)^) = djcosX2'4-y sinXl' ( 9 ) 

^ = Fsm (ti 4- %) = ;2r cosec i' (10) 

Thus V and x> ^ 'W’ell as r and u, are determined Now if is the true 
anomaly at the point, the polar equation of the orbit gives 

p-r{l+eQosw) ( 11 ) 

p cot = re sm (12) 

since tan x “ rdwjdr But the constant of areas is 

A = Frsm;)^ = V(/ti)) = ifcVp . (13) 

givmg p and hence e and w The mean distance a can be deduced from the 
known values of p and e, or directly from the relation 

V^ = 2filr--fila (14) 

and the mean motion n from the equation fi = Jc^ = Also the element tsr' 
is given by«r = +11 — w Finally the epoch of perihelion passage is deter- 

mined by the two equations 

n{t—T)=jS — esmE (15) 

E being the eccentnc anomaly at the pomt of the orbit observed 


74 We now return to the consideration of the solution of equations (3) 
and ( 4 ), following the method of Charher, which gives the clearest view of 
the geometncal conditions of the problem The first of these equations is 
based on the assumption that the pomt of observation is moving under 
gravity about the Sun The point which so moves is in reality the centre 
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of gravity of the Earth-Moon system and, strictly speaking, the observations 
should be reduced to this point and not the centre of the Earth But this is 
a matter of detail which our immediate purpose does not require us to stop 
and consider Similarly we may neglect the mass of the Earth as well as that 
of the planet and put jR = 1 Then the equations become simply 

Zp = 1 - l/r« (16) 

r®=l + 2pcosf + (17) 

where I and yjr are known The position of the planet becomes known when 
either p or r has been found, and it is simpler to elimmate p Thus 

pfQ + 2Zr® (r® — 1) cos + (r® — 1)® 
or 

ZV-(Z2+2Zcost + l)r«-H2(Zcosf -|-l)r»-l«0 (18) 

Now the coefficient of is 

2 (I cos ^ -h 1) = {(1 - l/r«) (r^ - 1 - p^) + 2p^}jp^ 

- {(1 - 1/r*) (r^-l) + p“ (1 + l/r^)}/p“ 

which IS obviously positive, whether r is greater or less than 1 And the 
coefficient of r® is essentially negative Hence, by Descartes’ rule of signs, 
there are at most three positive roots and one negative root The latter 
certamly exists because the last term is negative (the equation being of 
even degree), and two positive roots must satisfy the equation, namely + 1 
(correspondmg to the Earth’s orbit) and the root required There must 
be a fourth real root, and therefore m all three real and positive roots, one 
real and negative root and four imagmary roots But the third positive 
root may or may not satisfy the problem 

Now by (16) r is greater or less than 1 according as I is positive or 
negative If then the two roots which are m question lie on opposite sides 
of 1, the spurious root can be detected and a unique solution of the problem 
can be found But if they he on the same side, they cannot be discriminated 
between in this way, and an ambiguity exists If we divide (18) by (r — 1), 
we obtain 

f(r) = (r + 1) — (2Zr^ cos i/r -l- r® — 1) (r-* + r -H 1) = 0 

Thus 

/(0) = -hl, /(+l) = 2Z(Z-3cos^) 

so that the roots are separated by +1, and a unique solution exists, if 
Z (Z 3 cos IS negative 

75 The geometrical interpretation is instructive The equation (16) 
for different values of the parameter Z represents a family of curves in bipolar 
coordmates, the poles being E (the Earth) for p and 8 (the Sun) for r The 
planet lies at the mtersection of one of these curves with a straight line 
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drawn through in a given direction But there may be two intersections, 
and this will happen if /(+ 1) or 

pH (Z - 3 cos >/r) = (1 - l/r») [1 - l/r3 + f ( 1 + pa _ ^)} 

IS positive This expression changes sign when we cross the circle r = 1 and 
again when we cross the curve 

l-l/r» + f (l+p=*-r“) = 0 

Putting pa — 1 ^ ^ 2r cos ^ we get for the polar equation of this curve with 
the ongm at S 

4 — 3rco8^ = l/r* (19) 

or in rectangular coordinates, 

ra(4-3a?) = l 

showing that the curve has an asymptote 3i» = 4 Moving the ongm to E 
we find at once that ^ is a node, the tangents being y = + 2a, The whole 
curve consists of a loop crossing the BE axis at the point r = 6604, <#> = tt, and 
an asymptotic branch, and is shown as the “ limiting ” curve in the figure 
The plane of the figure is that containmg B^ E and P (the planet), it is 
only necessary to show the curves on one side of the axis because this is one 
of symmetry 

A few curves of the family (16) are also shown in the figure, for values 
of I which indicate sufficiently the different forms When ^ = 0 we have the 
circle r = l, called here the “zero” circle It is evident that when I is 
negative r < 1 and the curve lies entirely withm the zero circle, while when I 
IS positive r > 1 and the curve lies entirely outside this circle When I has 
a large negative value, the curve consists of a simple loop surrounding 8 and 
an isolated conjugate point at As — decreases from oo the loop mcreases 
m size until, when Z = — 3, the loop extends to E, where there is a cusp 
Afterwards as I approaches 0 the loop, still passing through P, approximates 
more and more closely to the zero circle 

When I IS positive the form of the curves is rather more complicated It 
must be remarked that I cannot be greater than +3 For 

lz=(r^ — l)/r*p = (r”^ + + r"®) (r — l)/p 

But r > 1 and r — 1 < p Hence the limit is estabhshed and we have only to 
follow the values of I from + 3 to 0 At first the curve consists of a small 
loop passing through E As the value of I falls the loop expands, tending 
to enfold the zero circle Finally, when Z = + 0 2959, it reaches the axis again 
and forms a node on the further side of B As the value of Z falls still further 
the curve breaks up into two distinct loops The larger contmues to expand 
outwards at all points and recedes to infinity, while the inner, always passing 
through E, contracts until finally it becomes the zero circle These features 
in the development of the family of curves will be evident m the figure 
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It will now be apparent that the limiting curve and the zero circle divide 
space into certain regions and that the solution of the problem of determining 
an orbit by the method indicated is unique or not according to the region in 
which the planet happens to be Thus we distinguish four cases 

(1) If the planet is within the loop of the hmitmg curve there are two 
solutions 

(2) In the space between the loop and the zero circle the solution is 
unique 

(3) Outside the zero circle and to the left of the asymptotic branch of 
the limiting curve there aie again two solutions 

(4) If the planet lies to the right of the asymptotic branch of the 
limitmg curve only one solution is possible It happens that newly dis- 
covered mmor planets are usually observed near opposition and therefore 
this IS the case which most commonly occurs 

76 There is another curve which has considerable importance in the 
problem of determmmg an orbit by a method of approximation and to which 
Charher has given the name of the “smgular” curve We may find it thus 
If we eliminate r between the equations (16) and (17) we have 

lp = l^(l + 2p cos ^ + p®) ^ 

which 18 an equation givmg the values of p for a hne drawn through E in 
the direction Two of the values become equal and the hne touches the 
curve (16) if 

I ~ 3 (cos-i^r 4 - p) (1 + 2p cos ^lr + p*)"^ 

= 3 (cos yjr + p)/r® 

Hence the locus of the pomts of contact of the tangents from E to the family 
of curves (16) is 

(1 - l/r»)/p = 3 (cos yjt + p)/r^ 
or 

2r“(r»-l) = 3(p«4-r*-l) 

or again 

.3p^ = 2r»- 5r* + 3 (20) 

This IS the equation of the smgular curve If we change from bipolar 
coordmates to the polar equation with the ongm at 8, we obtain 

3 (1 — 2r cos ^ + r®) = 2r^ — 5r® + 3 
or 

r® = 4-3cos^/r (21) 

Comparison of this form with the equation (19) of the hmitmg curve shows 
at once that these two curves are the mverse of one another with respect to 
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the zero circle From this relation the foim of the singular curve, which is 
shown in figure 3, becomes apparent 

The importance of the singular curve arises thus In general a Ime 
through E meets a curve of the family (16) either in one pomt (besides W) 
or m two distinct points In the latter case the coordinates of the planet 
are regular functions of the time and can be expanded in powers of the time, 
but each is expressed by two distinct senes between which it is impossible to 
discriminate When, however, the planet is situated at a point on the singular 
curve, the two distinct series coalesce and each pomt of the smgular curve 
corresponds to a branch point where we may expect the coordmates of the 
planet to be no longer regular functions of the time This is m fact the 
case Charlier obtained the equation of the smgular curve by noticing that 
along this curve expansion of the coordmates as power senes m the time 
ceases to be possible 


77 If the masses of the Earth and of the planet be neglected, ( 2 ) may 
be written m the form 


~p_2p^ ^»(l/r^-l/E0 

Aj Aj A3 


( 22 ) 


where Aj, Aa, A® represent three determinants and As/Zc^Aj It is clear, 
as we have alreadj^ noticed, that r<Il if I is negative and r>R if I is 
positive Now the equation of the plane of the great circle tangent to the 
apparent orbit at (a, 6 , c) is 


a 


a a 


= 0 


(23) 


h h y 


c c z 


The coordinates of the Sun on the celestial sphere are (— XI R, — YjR, — ZjR) 
and of a neighbounng pomt to (a, 6 , c) on the apparent orbit (a + at + ^ai^^, 

^ (j 4 . ) Hence the ratio of the perpendiculars from these points to 

the above plane is - A,/jR ^^3 = - 2/^A;*<“E Thus I is negative if the 
Sun and the arc of the planet’s orbit he on the same side of the great circle 
touching the orbit, and positive if the Sun and the arc are on opposite sides 
In the first case r<R,m the second r>R Hence we have the theorem 
due to Lambert, which may be expressed by saying that an arc of the orbit 
of an infenor planet appears concave to the corresponding position of the 
Sun, but the arc described by a superior planet appears convex This test 
makes it immediately apparent whether a planet or the Earth is the nearer 
io the Sun 

It may happen that A 3 vanishes It is then necessary to express 
the coordmates of neighbouring points on the orbit to the third order 
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(n ± + lat\ b± , c± ) The result of substituting in the left- 

hand Sidt of ( 23 ) is 

± a a a 
h h h\ 
c c c \ 

ind the double sign sho'svs that the curve crosses the tangent great circle In 
tht langu igt ot plane geometry theie is a point of inflexion on the apparent 
Mroit 2 nu\s it A \amshes either i=R or Ai = 0 Thus such a point of 
inflexun t^ccurs either ’\\hen a comet reaches the same distance from the Sun 
as ’’be Edith or '^hen the great circle which touches the orbit of a planet 
passes through the position of the Sun 

78 When the apparent orbit of a planet reaches a stationary pomt the 
cur\e tit her crosses itself and forms a loop, or 'without ciossmg itself it pursues 
a tw i-^ted path, passing through a point ol inflexion At such a point, as we 
hav* ]ust seen the tangent m general passes through the Sun There is a 
related theorem, due to Klmkerfues, which applies to the case of a loop 
Let F , P,, Pi be three positions of the planet m space, Pi, Pi* P's the corre- 
•^ponding p ►sitions of the Ekirth and B the position of the Sun If the first 
and third positions correspond to the double pomt on the loop, PjPi and P3P3 
art parallel and he in tme plane Let BP^ meet the chord PiPs in pe and SE^ 
meet tht chord P P3 in If is the time taken to describe P1P2 or PjPg 
and t the time along P.P.or P2P3, ^ is the ratio of the sectors SP1F2, 
SP.Pz or »tr\ nearh the ratio of the triangles SPiP2> ^PsPs* that is 
Pip- P-P But similar!} ti ^2 is nearly equal to the ratio Pi^a 62 P's 
Hence PiP„ and PiP„ are di\ided by and 62 m approximately the same 
ratio and therefore e.pz is parallel to PjPi and P3P3 Consequently the 
three pLmes P SP^, P2e2^P2p2, P3SP3 have a common hne of intersection, 
name!} the hne through S parallel to P^Pj and P3P3 But on the geocentric 
sphere these three planes correspond to three intersectmg great circles The 
first and third intersect m P, the double pomt on the apparent orbit Hence 
the great circle joining an} mtermediate pomt on the loop to the corre- 
sponding position of the Sun also passes through the double pomt, at least 
ver} approximately 

It may be inferred then that if any three points on such a loop be jomed 
to the ujrrespondmg positions of the Sun, the three great circles will meet in 
one pt lilt ’w hich is also a pomt on the apparent orbit 

79 There is some interest m finding the geometrical meanmg of the 
three ^determinants A,, Aj, A3 m (2) or (22) Bruns has noticed that 
A,= *here k is the geodetic curvature of the apparent orbit on the 
sphert and V the \elocity in this orbit at the point {a, 6, c), so that 

= + 6" + c^ 
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But we shall now express these determinants in terms of the small circle 
of closest contact or circle of curvature This passes through the points 
(a, 6, c), {a -Vat, h-Vht,c -Vet) and {a-V at^ -V^aP, h-v , o-h ), and the 
equation of its plane is 


X 

y 

z 

1 

= 0 

a 

6 

c 

1 


a 

6 

c 

0 


a 

6 

c 

0 



or 

Now 


X (he - be) -Vy (ca - ca) -h (ah — ab) = ^^ 


(24) 


a^ + h^ +c 2 =1 
aa-Vhb-Vcc = 0 
aob + 66 + CO = — 

by successive differentiation Solving these as linear equations in a, 6 , c, we 
obtain 

aAg = 60 — 6 c — F* ( 6 c — 6 c) 

and two similar equations But (a/V, hjV, c/F) are the direction cosines of 
the point Pi on the tangent 90*^ from (a, 6 , c), and the pole of the tangent is 
(tto, K Oq) where 

Fao = 6c - 6c, F60 = ca - ca, Fco = 06 - ah 

so that 

he --‘ho- aA 3 + F^ao, 

and 

S(6o-6c)"--A3«+F« 

The equation of the circle of curvature (24) becomes then 

(aAa + OoF®) X -V ( 6 A 3 + 60 F®) y 4* (cAj + CoF®) ^ = A 3 
Hence, if o) is the angular radius of this circle, 

cos®a) = A3V(A3"+n 

and therefore 

A 3 = F® cot © 

This then is the geometrical meaning of the third determmant 

80 Next we take Ag If (A, B, C) are the geocentric direction cosmes 
of the Sun^ X — — AR, Y = — BR, — GR and 

Aa = - P (60 - 6 c) 4 B (ca - ca) 4 C (ah - a 6 )} 

= -Rj^{A (be -bo) + B(ca-ca) + G(ab- ab)} 

= -B^{r(Aa„ + Bh-i-Gc,)} 

= - E7 (Aa, + Bb, + Oco) - EF(A<i, + £ 6 . + Go,) 
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Here J B, C d»'e of course constants Now (Co, Co) is the pole Pq 
tangent at P c) The arc PPo passes through the centre of the circle 
of cur\a’'ure and ^^hJe P is initialh describing a circle of angular radius to 
about *h:^ Ltnt^» P is descrbing a circle of radius 90° — co about the same 
cent’-e II the .e'«x,’t\ ut P, \shich is in the direction of the pole of PPo 
opp«>sitf P IS V 

V i a. CO, V =-a r, b, F'=-6/F, Co/7'=-c/F 

Hence 

A_ =s A I’" T + P 1’^ o >t ct> (d-tr + Bb + Cc) 

Ag un 

A = — B.V { Bb^ + Ccq) 

= - PrcuSjij’Po =— Pl^^sinr 

S Vh p*)'it’<in of tne Sun on the sphere, and t the perpendicular aic 

iruni > to thk tangfiit PP a^ P tu the apparent orbit (positi\e if drawn from 
the siiia si»ie of PP, as P^ or the centre of cur\ature) Also 

^ Bb-^ Cc=y cos SPi = F sin V 

wheie i -t |.e^pt*iid calar arc fiom S to the normal PPo to the apparent 
It P ipi^it*\e if U^awn from the same side of PPo as Pj) Hence 

A. = — Prsmr-i-Pr® cotwsmz^ 

Th *• significance of the three determinants has been 

l» *♦ rr jo^ u iTid riiav %\nte (2) m the form 

p 2p fjijr^ - 

II ^ P ( r® cox CO sin V — V sin t) cot co 

‘•r in c barest ho'w this method of determining the orbit 
‘i* a k» >»\bdc:» at the simple quantities T, V, t, v and co, which can 
''s hfd n 1* rt nee to an} particular axes To these must be joined 

* * r I ii f4' Anic+i enjojs the same property 

1 Ti ^■r Ui irktd <5 75) that I cannot be greater than +3 Now 

f = As = - F* cot 0 ), ^'^P sm r 
H \< ► 1' ^ a ^ ip nor plant t, 

F* < 3A®P i tan «o sm t i 

• n ^ a 111 2 " t** tht appa^'ent velocity when co and t are known, or to the 
T > r tht pitn wnen I and t are known 
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DETERMINATION OF AN ORBIT METHOD OF GAUSS 

81 Since a planetary orbit requires for its complete specification six 
elements, it is to be expected that three positions of the planet, i e three 
pairs of coordinates, observed at known times, will suffice to determine its 
path And this is in general true, though there are exceptional circumstances 
m which‘ further observations may be necessary The formulae are a little 
simpler when ecliptic coordinates are employed, and though this is not 
essential we shall take as the data of the problem 

the times of observation ti, ia* ^ 

the longitudes of the planet Xi, Xj, X 3 
the latitudes of the planet A, A 

the longitudes of the Earth Li, L^, X 3 

the Earth’s radii vectores 

The angular coordinates are referred to a fixed equinox which will apply to 
the resulting elements The Earth’s longitude (which differs by 180 fi'om 
the Sun’s longitude) and radius vector can be derived from the Nautical 
Almanac or other national ephemeris the Earth’s latitude can be neglected, 
or, if desired, allowed for by using the method of the locus fictus (§ 69) 

At the time U be the heliocentric distance of the planet and pi its 
geocentric distance Referred to a fixed system of rectangular axes through 
the Sun let (^c^, yi, z^) be the coordinates of the planet, (At, C^) the 
direction cosmes of and (Oi, <k) the direction cosines of p^, so that 

^lc^^a^p^ + A^R^, 2/1 - hpx + BtB^, = Cipi + G^R^ 

82 Smce the three positions of the planet lie in a plane passing through 
the Sun 

Vx =0 

^2 2/2 ^2 

sDi ys ^3 


or 
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But {yzz^-y^z^\ and {y^z.-y^z^) are the projections on the yz 

plane of the areas [rgrs], [rjrJ and [nra] Hence 

a?! [ror ] - [n^ 3] H- [7 ,rj = 0 

or 

[^ 2 ^ 3 ] i^ipi + -^1-^) *" [^ 1 ^ 3 ] (U 2 P 2 + + [^ 1 ^ 2 ] (^^3^3+ -^s-^s) = 0 (1) 

And similarly 

[? ^n] (61P1 + BiRj) — [7 irs] (b^pz + Bg R^) + [? i? 2] (^sPi + B3R3) 0 (2) 

[7 2^3] (Cipi + CiRi) — [ri^s] (cgpg + Oj>Rq) + [rjra] (c^p^ + C2R3) “ 0 (S) 
These are the fundamental equations expressing the condition for a plane 
orbit From them one pair of the six quantities p,, can be eliminated m 
fifteen wajs The result immediately required is obtamed by ehminatmg 
Pi and p 3 , namely 

E^ 2 ^ 3 l-^l ' Ui, Aj jOgj [? l7 jJpo[U], Ug, Ogj [? i 7 Uj, Ag, ttj | + |^7*| jRg |fltl , A 3 , GT^ | =0 

where the determinants are indicated by their first Imes, from which the 
second and third lines are to be obtained by changmg the letters without 
changing the suffixes, e g 

I Oj, Ai, a , = Oi Ai 0 , 

Bi bs 

Cl Cl Ci 

We have now to notice that these determmants are proportional to the 
perpendiculars to the plane 

, Ui iZ Os I = 0 

\hyh, 

' Ca « Cs 

or the plane passing through the points (o,. 6 ., c,), (a„ b„ c,) and the origin, 
from the pomts (4,. 5., G,). (a„ c,), (A,, O,) and (A„ £„ (7,), and these 

are the representative points of the directions of p„ ^ on the sphere 
of unit radius The perpendiculars to the plane are therefore the sines of the 
perpendicultt ara to the great circle through (o,. 6 ., c,). (a,. b„ c^) and if these 
arcs are JS, , B, , Ba respectively (due regard being paid to sig^) our 
equation becomes 

[r, r ] Pj sm = [rar,] sm B,' - [r, r,] sin B, + [rir-a] sm B/ ( 4 ) 

83 The pomts on the sphere just named are E^, E„ representing 
the heliocentric directions of the Earth and Ijnng on the echptic, and -Pj 

representing the geocentric directions of the planet The grkt circle men- 
tioned lb P,P Let this circle mtersect the ecliptic in longitude Ha and at 
the inclmation % Then me have the same relation between any one of the 
perpendicular arcs and the longitude (reckoned from H^) and latitude of the 
point from which it is drawn as exists between the latitude of a point and its 
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nght ascension and declination, the obliquity of the ecliptic being replaced 
by ri2 That is to say, 

sm ^2' = <50s 7)2 sin — sm 972 cos ft sm (Xg — 
sin ft' = - sm 7)2 sin (Xj - ft) 

sm B2 = - sm 7711 sm (X2 - ft) 

sm ft' = “ sm 7)2 sin (Xs — ft) 

and as regards the points Pi, P3 

0 = cos 7)2 sm ft - sm 7)2 cos sm (Xi — ft) 

0 = cos 7)2 sm ft - sm 772 cos ft sm (X3 - ft) 

The latter give, by addition and subtraction, 

2 tan 772 sm (Xj + X2) — ft} = sm (ft + ft)/cos ft cos ft cos ^ (Xg — Xi) 

2 tan 772 cos [i (Xj + Xg) - ft) = sm (ft - ft)/cos ft cos ft sm ^ (X3 - Xi) 
and determine 772 and ft We now put 

Cl = — Pi sm Pi'/sin ft', C2 = - PirSin ft', Ci-’-Ra sm Xg /sm ft 
and 

The equation ( 4 ) then takes the simple form 

^2 = -Ci 7 ?i + 02-0371, 

Now this is a purely geometrical relation involving the intersections of any 
plane through the Sun with three lines drawn in given directions through 
the positions of the Earth If we imagine the plane to move into coincidence 
with the ecliptic, Ci, Ca, c, remain unaltered while m the limit p,, ps, p» vanish 
and Ti, r^, r, become comcident with Ri, Rt, Ra Hence if we put 

N, = [RaRa]l[R^R>] = -Ss sm {L, r- L,)IR, sin (X, - A) 

Na = [R^Ra'i|[RlRa] = RaSm (La - h)IRa sm (Xj - X,) 

the equation 

0 = -Cift+C 2 -C 3 iV 3 

must be an identity, and this can be verified Hence by the elimination of c, 
P2 = Ci(Xr.-rh) + c,(iV^,-n,) (S) 

which IS the required equation for p2 

84 . Since / 3 a' is the perpendicular arc from Pa to PiP, it le geometncally 
evident that if the observed arcs of the planet’s orbit are of the first o^^er of 
small quantities (and we assume them to be small) Pa « a q’lan i y o e 
second^order Hence the equation ( 4 ) shows that if we are to obtain a value 
of Pa which IS a real approximation and not merely illusory we must at the 
ouSet employ values of the ratios of the triangles which are correct to the 
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second order m the time intervals Accordingly we use (41) of § 61 and 
neglect the terms of higher order than the second , that is to say, 




Ti — 4—4, t2 = 4“4, t3 = 4 — 4 

It IS necessary to neglect the mass of the planet and put = this can 
safely be done m calculating a preliminary orbit, for which the pertuibations 
are entirely neglected The equation (6) for p, therefore becomes 




completely deteimmed quantities But if S, is the angle 
(< 180 ) between pj and produced, 

where '*=>' = ■^’ + Pa® + 2 iJsp 3 cos S, (9) 

cos fis = cos = cos ySj cos (Xg — Zj) 

I^mbeiSs^helremts^rrt^^d^Cgra? 

results The nature of the r^ts ofTh^? f ® 

discussed in S '74, TJ + rt equation has already been 

“ir* A* 

= 

sinSg sma: sin(Sj_^) (10) 

or “ ^sin»Sg 

andtt, r = + 

and therefore if we put 

moCOSg'sr^^+J'^COS 6a 
wioSing'^iJjjSinSa 

wh.,. » g.„. a. ^ 

msin<« = sin(^r_g) 


(11) 
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and this is the equation of Gauss This form of equation does not avoid the 
possibility of an ambiguity arising from two distinct roots, which is inherent 
in the problem But when only one appropriate root exists, it is easily found 
by successive approximation In the most common case, that of a minor 
planet observed near opposition, ^ ~ o' is small and a first approximate value is 
given by 

sm* q 

When z is found the corresponding first approximations to and are given 
by (10) 

86 We have now to find the corresponding values of pi and ps For 
this purpose we return to the equations (1), (2) and (3), and elimmate 
p 3 and Rq The result can be written down at once in the form 

pi 1 Oi, Os, J.3 1 + [rars] Ri | Ai, a^, = [rir8]p2|aa,a8,^8|H“[nn]-^|-d2,ct3,-d3l 


nipi I Oi, Us, wd3 1 + riiRi | ili, as, J.3 1 = pa | -^s | + | -dg, Oj, Ag | 

where the determinants as before are represented by their first lines, the 
other rows being obtained by change of letters without change of suffixes 
Since the same form of equation must remam true, the directions of pi, pg, Pi 
being preserved, when the plane of the orbit is made to coincide with the 
ecliptic, in which case pi = pa “ 0 and %i becomes JVj, the equation 

NiRi j Aif cLgyAg I = R^i j A^f Os, Ag [ 

must be an identity Hence 

7 ?ipi I Ui, as, ils I = pa 1 0^2? I + (iVi — Wi) Ri I An Os, Ag \ 

Now 

|ai,a 3 ,ilj|= cos A cos Xi cos ^3 cos X3 cos is 
cos sm Xi cos Pg sm \g sin Lg 
sin 01 sin 0 g 0 

= cos 01 cos 0g {— tan 0i sin (X3 — Lg) + tan 0g sin (Xi — Zb)} 

the axis of z being drawn towards the pole of the ecliptic and the axis of 
X towards the First Point of Aries Similarly 


Hence 


I Oa, Os, As I = cos jSa COS 0g {- tan ^2 sm (Xj - Lg) + tan 0g sm (X»- 

I Ai , Oj , A3 1 = sm ^3 sm (Zj - Lg) 
e 

nipi 00s / 8 i = MiPiCOB (Ni — Wi) Mi 


L,)] 

( 12 ) 


~ tan sm (\ - L,) - tan ft sm (X, - X,) 

JSitanftsin(i,-iO 

" tan ft sm (X, - i,) - tan ft sm (X, - X,) 


where 
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Similarly the result of eliminating pi and Bi from the original equations is 
to give (interchanging the suffixes 1 and 3) 

71, p, cos = Mapz cos 02 + (iVs - Tlj) Mi (13) 

where 

__ tan 02 sm (Xi ~ Li) — tan 0i sm (Xg — Li) 

•* “ tan 0s sm (Xi - L^) - tan 0i sm (X^ — Li) 

jRj tan 01 sm (L^ — L^) 

** tan 0i sm (\i — A) — tan 0i sm (X-g — Li) 

The coefficients as well as iV"i, are constants throughout 

the process of approximation, but must be taken at this stage from the 
approximate forms (6) and (7) Then (12) and (13) give values of pi and 
corresponding to the approximate value of p^ already obtained 

86 The heliocentric distances, longitudes and latitudes of the planet are 
next deduced by the formulae 

7 4 cos hi cos — Xi) = pt cos 0^ cos (Xt — X^) + 

r,cos6tSm(Zi — Xt) = p4C0S)QiSin(X4 — Xt) (14) 

Ti sm b^ = p^ sin 0^ 

(^ = 1, 2, 3), which aio at once found by taking the axis of x successively along 
Rs and 22,, the axis of js being always directed towaids the pole of the 
ecliptic But these coordinates give the position of the plane of the orbit, for 

tan ^ sin (Zj — fl) = tan hi 
tan ^ sm (Zj — fl) = tan 63 

where i is the inclination and D. the longitude of the node , 01 111 a form more 
suitable foi calculation 

2 tan t sin { (Z^ -}- Z,) - fl} = sm {hi + 6j)/cos hi cos cos {I i-li 
2 tan i cos (Zj + Zj) — O} = sm {b^ - 6,)/co8 bi cos 63 sm i (I i-h 

And now the three aiguinonts of latitude Uj, giving the diftciences of the true 
anomalies, can be calculates i, fox 

tan Uf = tan {Ij — H) sec ^ » ( 16) 

(j = 1, 2, 3) In the case of a comet, it is the piactico to take < or > ISO*" 
according as the latitude is positive 01 negative , m the case of a planet, Uj is 
placed in the same quadrant as Zj — fl If we calculate rii, 7?, fioiu 

7iSin(W3- *0* * rjsm(wj-'ai) 

we shall not obtain improved values of those Ratios, because these equations 
have a purely geometriciil basis and merely serve as* a useful oontiol on the 
accuracy of the calculation, the values already obtained should be leproduced 
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87 W"e h^^'Ve xxow amved at prehmmary approximations to the values ot 
the geocentri^J ^istia,ixces pi, pa, p8, the heliocentric distances rj, r® and the 
arguments of l^"hitiucie tAa, ^ From these quantities we might proceed to 
deduce a set of elements But our results are not accurate for two 

reasons (1 ) tHe efFeot of aberration has been ignored, and (2) the expressions 
(6) and (7) employed, for rii and Wj weie of necessity only approximate The 
effect of aberra^bioxi. may be stated thus The light observed at time t left the 
source whose <iist€4,n.ee is p at the time t — At, where 

At = 498« 5 p/1 day = [7 76116] p 

in days, 49S® 5 being* the light-time tor unit astronomical distance Had the 
source moved, m tHe interval At uniformly with the velocity of the observer 
at time t, its position at time t would be correctly inferred from the observa- 
tion, without cori'^ction, since in that case there is no relative motion between 
the source a^nd the observer If now we coriect the observation for stellar 
aberration according to the ordinary rule the observer’s motion attributed to 
the source is eliminated and we have the direction of the observed body at 
time ^ from the obsei-ver’s position at time t This is the most convenient 
procedure in the present case, because it enables us to retain the Earth’s 
coordinates ait the times of observation t throughout the calculation 

and to make no subsequent change in the planet’s observed coordinates (X, fi) 
supposing them to Ibe corrected for stellar aberration at the outset This 
avoids many changes which would otherwise be necessary m the calculation of 
subsidiary quantities- It only remains when approximate values of q become 
known to correct the time t by subtracting At in so far as these relate to 
actual positions in the orbit In particular, the corresponding corrections 
must be applied to the time intervals ti, Tjj, 


88 A bettor a-pproximation to the values of Wj, might now be made by 
using the formtilao of Gibbs or those of § 62 and with these values the whole 
calculation might be repeated But we proceed at once to introduce the 
accurate fonnuluo for the ratio of the sector to the triangle, (25) and (26) of 
§ 55 in the ctxso of an elliptic orbit The sectors are 

i Vi [»-sn] . iys [n 

and are proportioxiail to tj, Ta, Tj (now corrected for aberration) Hence 


Here 


^2 

= - , 

Ta 


Ua 


=yi I* 


(17) 


(18) 


y2® = w?aV(^2 + sinH^r2) 

Vu'" “ 2 / 2 ® = -w^ 2 “ ( 2^2 ” sm 2prg)/sin» 
by the formulae quoted, and in the present notation 

1 + 2^2 = (r j. -I- /2 V cos ^ - Wj), cos ^ {u^ - wO}' 
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The corresponding equations for 3/1, can be written down by a symmetrical 
interchange of suffixes Vaiious methods have been devised for the convenient 
solution of these equations, generally mvolvmg the use of special tables 

In the absence of such tables, and they are not necessary, we may proceed 
thus Writing the cubic equation m the foim 

(^g) = 0, Q (2g) = S(2g- sin 2^)/4 sin* 
where Q{2g) approaches the value 1 as ^ approaches the value 0, we compare 
it with the identity 

(X® - X-3) - 3 (X - X-i) - (X - x-0“ = 0 
Thus y = c/(X - X“0 if 

X^-X-^^S 3 

that is, if c = 2mVQ = J Hence if X-* = cot 3w\/Q = cot ^ and if 

X = cotj7, 3/ = ^1^^ tan 7 But from the other equation in y we have 
sin \g = i\Jl tan S if y = m cos 8/^1 

Accordingly we thiow the equations in y into the following form 
cot /3 = ^mtJQ 
tan'* ^7 = tan 
cos 8 = tan 7 
tanS 

Then, calculating the function Q with an approximate value g' of g, the lesult 
of solving these equations in turn is to lead to a new and closei appioximation 
g^' With this new value the process is repeated until no change is found 
between the initial and final values The true value of g has then been 
ai rived at, and finally (the value of 3 being taken from the last lopetition) 

y sssm'cos 3 /a/^ 

Since 2g is the difference between the eccentric anomalies, the first appioxi- 
mation to its value may be taken to be the difterence between the tiue 
anomalies, that is, between the arguments of latitude When 2q is small, as 
it usually is in the practical pioblem, the direct calculation of the function 
Q (2y) IS inaccurate (cf § 34) But if we wnte 

log Q(2ff)’= log soc iflr - log bee \ g 

the error committed is piactically negligible when 2g < 90°, and the direct 
calculation only presents a difficulty when 2g is much smalloi than this limit 
The venfication of this approximate formula may be left as an exercise 

It IS unnecessary to repeat the solution of (19) until the value of g is 
exactly reproduced This point may be explained in gonoial tor ms as it is of 
wide application Suppose the equations to be solved are («), n-q (y), 
p and q being any functions These correspond to two cuives P and Q 
Starting with the approximate value Xi we find yi =jp(a7i) and hence (^i, y^ 
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the point Pi on P Next we find similarly (^a» Vi) the point on Q This 
gives the new value of x and with this we find successively {x^, 2 / 2 ) the 
pomt Pa on P and (ajg, the point Qa on Q But if the successive values 
a?i, iPa, d?s do not differ greatly, the chords PjPg, QiQa ho close to the curves 
P and Q and their intersection nearly coincides with the intersection of the 
curves In this way we find for the correction to the third value x^ 

X X^ — (iCa ” ” (^3 ” ^)1 

In the above case two solutions of (19) with application of the correction just 
indicated will generally suffice for the accurate determination of g and y 


89 When the values of yi, y^j y^ have been thus obtamed we have new 
values of th and by (17) The next step is to recalculate pg by (5) and 
Ps hy ( 12 ) and (13) Hence n, rg, and k by (14), new values of 
n and ^ by (15) and finally Wg, Ws by (16) This brings us back once more 
to the equations (18) in y If the result of solving them with the improved 
values introduced is to leave and practically unaltered, our object is 
attained Otherwise it is necessary to repeat the above steps until a satis- 
factory agreement is reached 

When this stage has been arrived at the problem has been solved, and it 
only remams to calculate the other elements of the orbit, H and % havmg 
been obtained in the last approximation The three equations 

p = rj{l + ecos(wj-co)}, 0 = 2 , 3) 

are linear in p, e cos cd and e sm oo The symmetrical solution gives 
jg = Tir^r^ S sin (% — u^j'Z sin (Ws — 

— e cos G) = 2 (sm — sm 2 * 3 )/^ sm (wg — 

e sm o) = 2 7 2 ^ 8 (cos — cos u^j't 3 sm — Wa) 

whence e = sm<^, G) = tir-n and a =p sec* <l> This, however, is not the simplest 
solution The areal velocity h = (§ 26) and hence 

JcT^ \/p = [^1^3] 2/2 = ^2 n^3 sm (W3 - wi) (20) 


Thus, p bemg known, we have 


£ + £ 
rt n 


- 2 = 2e cos i (wi 4- — 2cd) cos ^ (% - Ui)] 


ri n 


= 2e sm J (tfii 4- W 3 - 2o)) sm ^ (z^ - u^)j 


( 21 ) 


which also give e and (0 Fmally, if the mass is neglected, the mean motion 
IS n = and the mean longitude at the epoch is (§ 64) 


€ = © 4- n 4- jEy — e" sm JSj - w (i/ - (22) 

where 

tan i tan -<o), (j = 1, 2 or 3) 


The times tj are here corrected for aberration (§ 87) 
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90 The method explained m principle in the last chapter reciuiics no 
assumption as to the eccentncity of the orbit Its practical convenience is 
greatest, hoi\ever, when the eccentricity is comparatively small On the 
other hand the majority of comets move in orbits almost strictly parabolic 
For these it is important to have approximate elements aftci the first 
observations have been secured, in order that an ephemeris may be calculated 
to guide observers as to the position of the object For this purpose the 
method of Olbers (published in 1797), which depends on the assumption of a 
parabolic orbit, has continued in use to the present time Although only 
five elements have in this case to be determined we still use three complete 
observations of the comet giving the longitude and latitude (Xj, at the 
three times tj We again take {Rj, Lj) as the corresponding radius vectoi 
and longitude of the Earth and pj the geocentric distance of the comet, so 
that as before 

Xj = ttjPj + AjRji ^ 

Here yj, are the heliocentric coordinates of the comet, (oj, 6^, C;) the 
direction cosines of p^ and (A^, jB^, 6 j) the diiection cosines of Rj In the 
ecliptic system of axes adopted, 

aj = cos Xj cos hj = sm Xj cos , c, = sin 

We shall express p^ in terms of pi and for this purpose it is possible to 
ehmmate p^ and R 2 from (1;, (2) and (3) in § 82 The same result may, 
however, be deduced from the condition that the orbit is plane in another way 

91 If B IS the Sun, E^y E^, E^ the three positions of the Earth, and 
(7i, Gzy O3 the three positions of the comet, 8 y C^, Ca, C, arc coplanar Hence 


P 3 . 


tetrahedron 8 E^ Gi G^ 
tetrahedron 8 E 2 G^ 


0 0 0 II 

A2R2 R^Ri ^2-^2 I 

Oipi+Aii^, hipi-\-BiRi, 1 

Cl2p2'\~ A2R2i 6aP2’f"^2-^> ^2^2"!” I 

0 " "o 0 1 

A2R2 B2R2 G2R2 1 

0/2p2'^A2R2i h2P2'^B2R2» C2p2H- Og JR 2 , 1 
(hpi’^A^Riy h^pz+B^Rsy Czps'^GzRii 1 
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•^2 -^2 

ciiPi+iliJfii, 6ipi-f -Bi Cipi“{'CiIti 
di h% Cfl 


B, G, 

Oi2 C2 

d^Ps'b b^pZ'\“Pz^Zi O^Pz’^^zP’Z 


or, representing determinants by single rows, 

[n^a] {f>3 1 Os, -dg, Oa 1 +i^ I Ai, -da, 02 !} + [rgrs] | Oi, -da, ^a | + i2i | -da, ^. 3 , 0^1 } =0 
But if, leavmg the directions of pi, pa, pz unaltered, we move the plane of the 
orbit into coincidence with the ecliptic, we see that m the limit 

[22j22a] Pz I -ds, da, Cla 1 + [-Ka-Kg] Bi | di, da, CE-a | = 0 

must be an identity Hence 


Now 


[r^rzi lOi. da, Oa 
[n^a] I Os, da, Oa 
— Mpi + m 


. . ([^-Ks] [rzrzil |di, da, Oal ^ 

Ml I 03. da, aaT^ 


^1} da, 

Oa 

= 

COS Xg cos ySg, 

cos Xg, 

COS Xa COS ft 

biy Xa, 

hz 


SinXg cos )9g, 

sm Xa, 

sm Xa COS ft 

Cg, Ca, 

Cz 


sm ft , 

0 , 

sm ft 


= sin cos ^2 sin (Xg — A) — sin /Qa cos ySj sm (Xi — Xa) 
and the other determinants can be written down by simple substitutions 
Thus 


Jlf- 


Vara] sm jgg cos /3a sm (Xa - Xg) - sm 02 cos A sm (Xg - X g) 
Vg? a] sm cos /3z sin (Xs - Xa) - sin A cos )02 sm (Xg - Xg) 


( 1 ) 


and 

_ R Sin^,,SlIl(.Li-Xa) 

1[-Bi jRJ ) 81“ A cos y8, sin (X, - X,) - sm /8, cos fit sm (X* - La) 


In the practical problem the time intervals are usually small and it is 
possible to substitute the ratio of the sectors for the ratio of the triangles, 
both for the comet and the Earth, so that 


^ ta 

Thus m = 0 and with sufficient accuracy we may write 

p. = Mp, (3) 

where M has the value given by (1) and (2), unless the comet is near the 
Sun and describes large arcs m comparatively short mtervals The effects of 
parallax and aberration are entirely neglected 


92 The next step is to express n, r, and the chord o joming the 
extremities of these radii m terms of pi We have 


n» = 2fa,/3, + ^iJ.)’ = pi'* + -Ri’ + 2piiSiCos/5,cos(Xi-X0 - (4) 

r,» = 2 (Ma,pi + AtBtY = JlfVi’ + •««’ + ^^pi^ cos /3, cos (X, - X,) (5) 
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and 

= 2 [{Mck - flti) pi + 

= h?p^ + 5^^ + ^pihg cos ^ (6) 

where 

= 2 (ifos - di)® = j3f ^ + 1 - 2M {sin ySi sin ^ 8 , + cos cos cos (X , - X,)) 

^2 = 2 (-^ 3 JSs “ + Ri^ - cos {L, - A) 

hg cos ^ ~ ^^3 {Jl/ 2 a^A^ ” 2 dj id.^! Ri {JIi /' 2 dj^ i 2 
= j3f cos /S 3 cos (X 3 — Z 3 ) - i2i cos (Xg — Xi)} 

— cos A (i?j cos (Xi — Zs) — JKi cofa (Xj — Zi)l 
If jS^i( 7 IS drawn equal and parallel to E^Gi it is clear that CG^ = ExE^=‘ g^ 
CC, = 0,G, = c and COg - 180'’ - 

But Euler’s equation gives 

6 k (is “ (^1 “I" “I" 0 ” (^1 H" ^3 — c)^ 

and this must be satisfied by the appropriate value of pi in (4), (5) and (6) 
This value must be found by a process of approximation and for a suitable 
startmg point we may consider c small in companson with 7*1 + 7,, 71 — 74 
and i^i = 1 Then 

6A(<j-ii) = (r,+rj)^ 3c/(r, + r^) = 3 VS cVn 

or 

2JsP (i, - tiY/h^ - (pi^ + 2pi cos <l> g/h + g^/h^) {p^^ + 2pi cos cos (Xj - Zi) + 1}^ 
With approximate values of the numbers which occur in this equation it is 
easy to find by tnal a value of pi which is correct at least to ono decimal 
place Then with this value of pi it is possible to calculate c in two ways 
(i) directly by (6), (ii) through n, r, given by (4) and (5) and inscited in 
Euler’s equation, which may be wntten (§ 52) in the form 

3fc (t, - «,)/V2 (r, + r,)^ = sm c = 2 V2 (r, + r.) sin J@ V cos je (7) 
or solved by special tables Two values of c thus coirespond to a hypo- 
thetical value of Pi, and the latter must be varied until the discrepancy 
between the former is made to disappear A rule analog'ous to that given in 
§ 88 leads quickly to the desired value of p, For if the values p/, p" load 
successively to the differences AjO, AjC in c, it is easy to see that the value 
of pi to be inferred is given by 

Pl = P" + {Pl - Pl') A30/(AiC - AgC) 

In ordmary cases the correct result is quickly obtained in this way 

93 When pi and p, = Mpi have been obtained it only remains to de- 

termme the elements of the orbit The formulae of § 86 are a«ain 

appropriate, namely ® 

Tj cos hj cos (Ij — Lj) = pj cos cos (X^ — Z^) + 

Tj cos Ij sm - Lj) = pj cos sm (Xj - Z^) 

sm 6, p^ 
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(^ = 3), for the heliocentric distances, longitudes and latitude of the comet 

Here should reproduce the values finally arrived at in the course of 
determining Also 

2 tan ^ sin + 4) — fl} = sm (hi + 63)/cos hi cos cos ^ (8) 

2 tan ^ cos {i (^i + Z3) — 11} = sin (h^ — 6i)/cos hi cos h^ sin J (Zj - Zj) (9) 

(0 < 7 < 90® if Zj > Zi, 90® <%< 180° if Zj< Zj) give (1 and i The arguments 
of latitude are given by 

tan Mj = tan (Z^ — fl) sec % 

(7 = 1, 3), where in this case 0 <Uj < 180° if 6^ > 0 By the equation of the 
parabola 

»Jq = ^Jrl cos 4 (ui - w) = Vn cos ^ {v^i - a>) (10) 

whence 

— Vn _ sin i (ill + - 2ft>) sm j (u^ — Ui) 

cos i -H 1/3 — 2a)) cos i (u^ — tfO 

or " 

tan ^ (% + W3 2a)) = cot i (^ — ^^l) (11) 

V^3+ V^l 

which gives o) = -bt — fl and also the perihelion distance Finally, T being 
the time of penhelion passage, we have (§ 29) 

— {tan i (w, — oi) + J tan** i (a;^ - o))} V2/^- (12) 

(ji = 1, 3) This completes the determination of the five elements 

94. It is to he noticed that while the first and third observations have 
been completely used, the second observation has only entered partially into 
the calculation In fact the five elements have been determined from six 
given coordinates in a unique way because Xg, have not been used 
independently but only in the form cot^aSin (X^ - Za) in the equation (1) 
for M Consequently it cannot be expected that the elements will satisfy 
the second place exactly and the magnitude of the discordance is an im- 
mediate test of the derived orbit The second place is therefore calculated 
by finding (§ 29) = -Wa - co from (12) (^ = 2), rg = gsec» and hence the 

coordinates of the comet by means of 

p 2 cos cos (Xa - <Q) = COS COS (Xg - fl) 

Pi cos sm (Xa - 11) = Vi sm Wg cos ^ — J?a sin (Xg - 11) 

Pi sin A = Ti sin Ui sin i 

If the residuals are small the elements may be considered satisfactory If 
the residuals appear large, on the other hand, there are several possible 
reasons for the fact There may be an error in the calculation, there may be 
an error in the observations, or the assumption of a paiabolic orbit may be 
unjustified The evidence of further observations must be the final test 
But without additional material it is possible to improve the orbit obtained 
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by reconsidenng the quantities which were ignoied m the course of finding 
the first elements Parallax and aberration may be allowed for In the 
place of (3) may now be written 


pi = mjpi) 

where Jlf and m are ^ven by (1) and the following equation At this stage 
an approximate value of is known and [rsrj/[r.rj can be calculated with 
greater accuracy than by means of (2), for example by the application of the 
formulae of Gibbs or by diiect calculation of the ateas, since the sides of the 
tnangles and the mcluded angles are now approximately known Thus the 
approximate M in (3) can now be replaced by the impiovod value ilf -l-wi/p, 
and the remaindei of the work can be repeated fi-om this point There are, 
however, shorter practical methods of removing a discrepancy in the middle 
place, which serve the purpose well enough since a provisional orbit is in 
general all that is required 


96 The eccentricities of planetaiy orbits are ui general small and hence 
a circular orbit may prove a useful approximation to the true path, just as a 
parabolic orbit is a useful prelimmary step towards the orbit of a periodic 
comet As the eccentiicity vanishes and the position of perihelion ceases to 
have a meanmg, the number of elements to be determined is reduced to four 
and two complete observations of position only are required Thus if a 
rmnor planet has been found on two photographs of the sky and no othei 
observations are immediately available, a search ephemens based on a 
circular orbit may be a useful guide in examining other plates which may 
have been taken at the same or at other observatories 

To consider the pioblem in a general form let CXi, F„ Z.) <X, F, Z) 
be the geocentric coordmates of the Sun at the times of Observation'Ll 
and let (h, wh, Mj), (^a, »*a. «a) be the direction cosmos of the observed 
directions of the planet The axes may be any fixed system with the Sun 
at the origin The planet is observed to he on the lines 


(x + Xj)/li - (y + = (z + 

(a- + X^yij = (y + FJ/tuj = (^ + Z^/n^ = p^ 

Pi , Pa being the geocentnc distances Hence, if a is the radius of the orbit, 
a* = (hpi -Xiy+ (m,p, - Y^y + (uipi _ Zf 

= Pi ’ - 2pi (^jZi + «ii F, + jiiFi) + A,-* + IV + Zy 
= pi* — 2pj (Ja Aa + OTj Fa + ritZ^} + Aj-* + Yy + Zy 
and, if n is the mean motion and fa - ti = t, 

a cos nr = (i,p, - A,) (l,p^ - X^) + (m,p, - F,) (iHaPa - Fj) + {nip^-Zy) (rt^p^-Z,) 
= p.pa cos 61 - Pi (fi Aa + »ii Fa + «, A,) - p, (i, A, + m, F. + a, Ai) 

+ AiAa+FiFa + AiAa 
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where 6 is the angle between the observed directions Since ^ is a small 
angle the equation 

cos ^==^1^2 + + ^1^2 

IS unsuitable for its determmation, but the proper modification depends on 
the choice of coordinates Similarly % cannot be accurately determined 
from cos nr 

If we now put 

-d-i — 4" TYi-i Y\ “I" tiiZif A.^ = 4* ^2*3 Y 1 4" 

^2 4" ^iZqj Sq ~ ^2-^1 4" Yi 4" yi^Zi 

we have 

a^ = pj2_2J.ip,4--3ri"4‘ Yi^ + Zj_^ 

= p 2 — 2A2P2 4" ^2 4 “ Y2 4* Z2 
a" cos nr = p^p^ cos 4- Z1X2 4- Fi Fa 4- Z^Z^ 

Hence 

4 a* sin* iwT = pi^ 4- pa® - 2pip2 cos ^ - 2 (Ai — Bi) pi — 2 (-da “ ^3) P2 

4- (Z, - X,y + ( Fa ^ F,)* + (Fa - Zf 

= cos* i ^ (Pfi - pi - i (^a “ -^1 - -52 4- Bi) sec* 

4- sin* i ^ (ps 4- Pi — i (da + di — ^a — A) cosec* J 

4-(Za-Zi)*+(Fa-Fi)* + (Fa-F,)* 

— K^2”-^i“^2+*5i)®sec*i :i(da 4- di- jBa— 5,)* cosec*-^^ 
The equations, which must be solved by trial, can theiefore be reduced to 
the form 

sm i/tj =s ifi/a, Pi = a cos '>fr^ 4- di 
sin = Mi/a, pi = a cos -^Irg + A2 
4a* sm* ^nr = cos* J ^ (p2 - Pi - hf 4- sm* ^0 (pa 4- pi — 63)* 4- c 
where (without the transformations appropnate to the coordinate system) 
Jfi*=:Zi'’4- Fi* 4- Fi* - di*, JI/a* = Z/4-F3*4-Fa*~d3* 

&1 = (d^ - di - -5a 4- Bj)/2 cos* 

= (da 4- di - J^a - ^i)/2 sm* {9 

c = (Za - Zi)* + ( F, - Fi)* + (Fa - FO* 

- (da - Ha - di 4- Hi)*/4 cos* i ^ - (da - Ha 4- di - H0*/4 sin* J 5 

A trial value of a gives, by (13), '^i, and hence pi, pa, these lead to a 
\ alue of n and the process is continued until values are obtained consistent 
with the relation ?2*a* = In the case of a minor planet log a — 0 4 is 
indicated as the appropriate initial value With the above formulae the 
calculation can be performed directly m equatorial coordinates, and little 
will be gamed by introducing the ecliptic system When a and n have been 
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found, /5i, /jg are also known by ( 13 ) and hence the heliocentric coordinates of 
the planet 

iXk=kp2-X^, 3/8 = ^ 2 / 32 - 72 , 

96 Gauss has given a method for findmg a circular orbit, based on 
ecliptic coordinates Let (^, Zi), be the heliocentric distances and 

longitudes of the Earth at the times ti, and (Xj, / 9 i), (\g, the cor- 
responding observed longitudes and latitudes of the planet If in the plane 
triangle SEiFi the angle at Pj is denoted by Zi and the extenor angle 
at by 3 i, P^SEi = Si — and 


a sm 2^1 = i 2 i sm Si ( 14 ) 

Similarly in the triangle SE^P^, with similar notation, 


asin^2 = i?2SinSa ( 15 ) 

The directions of the sides of the two triangles are now represented on a 
sphere of unit radius, SE-^y 8E2 being represented by Ej, E^ on the ecliptic, 
SPi, SP2 by two pomts Pj, P. If (?i, represent Pi Pi, P^Pg, these 
points he respectively on the great circles E^P,, E^P^ and the arcs PjGi, 
Pg^Tg are Sj and 3 o Let the circles E^Gu E^G^ cut the ecliptic at the 
angles 71, 73 Then the projections of the radius through G^ on the radius 
through Pi, the radius through the point on the echptic 90 ° in advance 
of Pi and the radius through the pole of the ecliptic give 


and similarly 


cos cos (Xi — Zi) =r cos ^1 
cos ^1 sin (X^ — Zj) = sm ^i cos 71 
sin A = sin Si sin 71 


cos A cos (\, - Zg) = cos 82 
cos A sm (Xg — Z2) = sin 82 cos 72 
sm A =: sin 82 sm 72 

whence S, S. and 7, Let the circles A’ P., &P, meet in 2 ) at an angle v 

np p “r analogies of Delambre applied to the triangle 

in which the side E,E, is L, - X. and the adjacent angles are 7,, ^ -7,, 


or more exphcitly 




sm ' 

hx 
14 + 

e- 

^ - 72 ± 7iY 

2 Ji 

cos 1 


(M) 

} 


sm sm i (^ + ^) = sm i (4 - A) sin i (7, + y^) 

sm iv cos i = cos i (4 - L,) sin i (7, - y^) 

cos J, sm i sm J (Z,~L,) cos i (7, + ^0 

cosi, cosi = cos i ( 4 - 4 ) coBi(y,-y,) 
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whence and ^ But since the arc — and DEi- <i>u 

DPi and DPg = <^a — + ^2, while PjPg = w (^a — /j), n being the 

mean motion Hence 

cosw(«ii-«i)=cos(^i-5i+-s:i)cos(<^2-S2+2ra)+sin(<^i-3i4--2ri)sin(<^)2-5a4-^a)cosi7 
or better, since n {t^ — is a small angle, 

sin* J V (ia - i,) = cos* i v sm-* i (%i + ^ 2 - ^ 1 ) + sin* ^9? sm* i (^2 + + js^i) (16) 

whore 

— 8a — (^1 — 3,), %a = 0a "* ^2 + (0i — 3i) 

The solution is conducted in the usual way Since Bn 3a are known an 
assumed value of a gives < 3^2 by (14) and (15) Then Xu 
known, the value of n is deduced from (IG), and the process is continued 
until values are found which satisfy the relation nW = k* When this has 
been done, the values of z^ have also been found, and hence the geo- 
centric distances are given by 

pi sin Zi = Pj sin (Si - Zi), sm z^ = Pa sm (Sa — ^a) 

but these distances are not actually required Since the arc PiP, on the 
sphere is S, — Zi and makes the angle 71 with the ecliptic, we have the 
heliocentric longitude and latitude of Pj (as m the case of Gi) given by 

cos 61 cos {li - i,) = cos (Si — Zi) 
cos hi sm (ii - X,) a=a sm (Si — Zi) cos 71 
Bin 61 == sm (3i — Zj) sin 71 

with similar formulae for ( 1 ^, h^) the heliocentric longitude and latitude of 
the planet in its second position 

97 If (li , 61), (^2) W have been thus obtained the remaining elements 
are easily found For by (15) of § 86 the node and inclination are given by 

2 tan 1 sin (-J (k -f- ^a) — fi} = sin (hi 4- 6a)/cos hi cos cos ^ (I 9 - k) 

2 tan ^ cos (Z, + k) - H) = sin (ij “■ 6 i)/cob hi cos b^ sm -J- (k - Z,) 
and then the arguments of latitude by 

tan Ui = tan (Zi — SX) sec %, tan * tan (k — O) sec ^ 

with the check w*- Wi =» 11 (Z^ - Z,) As the fourth element the argument of 
latitude Ho at a chosen epoch be taken, and this is simply 

Uq » Wi + 71- (tn — ij) Ui 4“ 11 (Zo ” ^) 
where may be antedated for planetary aberration 

If, on the other hand, the heliocentric coordinates (x^ ^i) and z^) 

have been found as in § 96 , and %' is the inclination of the orbit to the 



102 D^mmnation oj Pataholic amd Ctrmlar OrhUs [cH ix 

plane z — 0 and XI' is reckoned in this plane from the axis of ^ towards the 
axis of y, the plane of the orhit is 

X sin Xi' sm — y cos Of sin % cos = 0 

and as this is satisfied by the two points on the oibit we have 

sin Q! sin __ cos Of sm %' __ cos 

The solution can then be completed as befoie, the arguments u being now 
reckoned in the plane of the oibit from the node m the plane z—0 

The meaning of the quantities , 6^ and c in § 95 may be seen thus Let an 
axis of z be taken peipendiculai to pi and p,, and an axis of ^ midway between 

the directions of pi and pa, so that (Zj, Wj, ni) become (cosj^, —sin 0), 

(L, Wi, n,) become (cos^^, sin 0), and (Z„ Yi, Zf), (X., 7*, Zf) b(‘eoine 
(i/, 7/,ZA(Z/, 7/,^/) Then 

sec 3^ 

= ( 7/ “ 7/) cosoc 3 0 

If the difficulties of reducing this apparently simple piobhuu to a practictU 
form of calculation aie carefully considued, in view of the small quantities 
which occui, the merit of the method in § 96 will be better undei stood The 
reader must realize that the geneial problem of determining orbits fioui 
observations close together in time is essentially a question of authmetieal 
technique, and not of any particular mathematical difficulty This is well 
illustrated in the history of the problem, especially in the eigliteiuitli cerituiy 

It IS to be remarked thht the problem of finding a cnculai orbit to 
satisfy the given obseivations cannot always be solved That a solution is 
not necessanly to be expected with aibitiary data can be readily M(*en, 
though the equations, not being algebraic, are too complictited to niakt‘ a 
general discussion of the conditions feasible It is (‘nough to say that eases 
have occurred in practice in which a circular approximation to thc^ oibit has 
proved impossible Th(‘ numbei of minor planets ah<‘ady disooveusl is 
approaching a thousand, and the most fiequent eccentricity is in the n{‘igh- 
bouihood of 0 12 
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CEBITS OF DOUBLE STARS 

98 There exist m the sky pairs of stars the components of which are 
separated by no more than a few seconds of arc, and frequently by less than 
one second So close are they that they can only be seen distinctly in 
powerful telescopes, if indeed they can be clearly resolved at all Such pairs 
are so numerous that probability forbids the idea that the contiguity of the 
stars can be explained by chance distribution in space They must be 
physically connected systems for the most part and it is to be expected that 
the relative motion of the stars will reveal the effect of mutual gravitation 
That this IS actually true was discovered by Sir W Herschel 

The motion is referred to the brighter component as a fixed point The 
relative motion of the fainter component takes place m an ellipse of which 
the prmcipal star occupies the focus (§ 24), unless there are other bodies in 
the system, or there proves to be no physical connexion between the pair 
The apparent orbit which is observed is the projection of the actual orbit on 
the tangent plane to the celestial sphere, to which the line of sight to the 
principal star is normal, and since the point of observation is very distant 
compared with the dimensions of the orbit the projection can be considered 
orthogonal Hence the law of areas holds also in the apparent orbit, which 
is equally an ellipse But m this orbit the brighter star does not occupy the 
focus its position gives the means of determming the relative situation of 
the true orbit 

The observations give the polar coordinates, p, Q, of the companion, the 
pnncipal star being at the origin The distance p is expressed in seconds of 
arc and the linear scale remains unknown unless the parallax of the system 
has been determined The position angle 6 is reckoned from the North 
direction through 860® m the order N , E or followmg, S , W or preceding 
The planes of the actual and apparent orbits intersect in a line called the line 
of nodes and passing through the principal star The position angle of that 
node which lies between 0® and 180® will be designated by H Thus if the 
line of nodes is taken as the axis of f, 

^ p cos - fl), -j; = p sm {6 - fl) 

f 
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On the other hand, in the plane of the actual oibit, the longitude of peiiastion 
\ IS the angle measured fiom this node to penastron in the direction of 
orbital motion Hence in this plane, if the line of nodes is taken as the axis 
of 

n = r CQQ {w + sin {w H- \) 

where r is the radius vector and w the tiue anomaly of the companion But 
it ^ IS the inclination of the two planes to one another, f = and 77 = y cos i, 
so that 

p cos (^ — n) = 7 cos {w + \) 
p sin (^ - fl) = r sin {w + X) cos i 

Here the limits contemplated for % are 0° and 180'^ If 0“ < i < 90'^, 6 and w 
increase together with the time and the motion is diiect If 90'“ < i< 180'', 
6 decreases with the time and the motion is retrograde This is a depaituie 
from the more usual convention according to which % is always less than W 
It IS then necessary to state whether the motion is diioct oi letrogiade, and 
in the latter case to leveise the sign of cost Ordmaiy visual obseivations 
of double stars, however, must leave the position of the oibital plant' in one 
respect ambiguous, since there is nothing to indicate whether tht* nod(‘ as 
defined is the approaching or receding node The two possible planes inteisoet. 
in the line of nodes and are the images of one anothei in the tangent plant' 
to the celestial sphere 

In addition to the three elements, fl, X, t, now defined, foui other olemt'iits 
are required These are a, the mean distance in the true 01 bit, (‘xprtssed 
like p in seconds of arc, e, the eccentricity of the tint' orbit, T, tlit' t»mu* of 
penastron passage, and P, the period (or n = 27r/P, the mean motion) ex- 
pressed in years 

99 The measurement of double stars is difficult and the t'arly measun's 
were very rough indeed As the accuracy of the obseivations is not high 
refined methods of treatment are seldom justified and graphical proc<'Hse« 
have been largely employed The observed coordinati's may be plotted on 
paper and the apparent ellipse drawn through the points as w(*ll as may be 
Let Obe the centre and S the position of the pnncipal stai Th(‘ problem 
consists in finding the orthogonal projection by which the actual orbit is 
projected into this ellipse and the focus F into the point S 

The direction of the line of nodes can be determined by the pniuiph's of 
projective geometry Conjugate lines through the focus F form an oithogonal 
involution They project into an overlapping involution of conjugate hnus 
through S Of this involution one pair is at light angles and as in this cast' 
a right angle projects into a right angle it is clear that thi' lint' of nodt's is 
parallel to one of the pan Let SA, SA' , SB, SB' be two pairs of coiijugutt' 
lines through >S When the appaient ellipse has been drawn tht'se can bt* 
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found by drawing tangents at the extremities of chords through S , or< by 
inscribing quadrangles in the ellipse, for each of which jS is a haimonic point 
On GS as diameter describe a circle, centre K Let A( , jBi, be the 
points m which the conjugate lines intersect this circle and let A-^A(, 
intersect in 0 Corresponding points of the same involution on the circle 
are obtained by drawing chords through 0, and if OK meets the circle in 
Nt N\ SKy SN' are the orthogonal pair of the involution pencil required 
Let GABKA'B' be a transversal of the pencil drawn parallel to SN' so that 
AA\ BB' subtend obtuse angles at S This is an mvolution range of which 
Ny since it corresponds to the point at infinity, is the centre, so that 
AN NA' — BN NB' On NS take the pomt F such that NF^ is equal to 
this constant product Then F is the intersection of circles on the diameters 
AA'y BB' and AFA'y BFB' are right angles Hence if NF be rotated about 



GN until FS IS perpendiculai to the plane GNS (the plane of the apparent 
orbit) right angles at F will be orthogonally projected into the mvolution of 
conjugate lines at The position of the focus F of the actual orbit has 
therefore been found, and the orthogonal proiection by which the true and 
the apparent orbits are related 

The true orbit may be plotted point by point on the plane of the paper, 
with its centre C and focus F For if P' is a point on the apparent orbit and 
P the corresponding pomt on the true orbit PP' is perpendicular to GN and 
PFy P'S meet on GN In particular, if X' (fig 5) is a point where GS meets 
the apparent orbit, the corresponding point X in which the perpendicular 
through X' to GN meets GF is a vertex of the true orbit and OX = a The 
eccentricity is given by 


GS GF 


[oh X 
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and the inelmation by 


SN 


where 0 < t < ^tt if the motion is direct and Jtt < t < tt if the motion is 
retrograde Also H (< 7 r) is the position angle* of GN and X is the angle 
between CN and €F measured in the direction in which the motion takes 
place The five geometrical elements of the orbit have therefore been found 


100 It IS to be noticed that this method does not require the ellipse 
which represents the apparent orbit to be actually drawn When the observed 
positions have been plotted five points may be chosen to define the ellipse 
These points need not be actual pomts of observation it is better if they are 
graphically interpolated among the observed positions Let them be denoted 



by 1, 2 3, 4, 5 Draw a Ime through 1 parallel to 23 The second point in 
which this line meets the ellipse can then be found by Pascal’s theorem with 
the ruler onlj This gives two parallel chords and hence a diameter 
Similarly a second diameter is drawn and the two mtersect m the centre C 
of the apparent ellipse Again, by a similar use of Pascal’s theorem, the points 
in which the Imes 1^, 2^, 3<S> meet the elhpse agam are determmed Thus 
gives three pairs of hnes each of which determines a quadrangle inscribed in 
the ellipse If tw o of these be completed the sides of the harmonic triangles 
which meet in 8 determine two pairs of conjugate Imes From this point 
the construction follows as before The point X ' m which 08 meets the 
apparent elhpse can be constructed by projective geometry But it is 
unneceasarv If F’ is the second focus of the real orbit and P the point 
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corresponding to any one of the assumed points on the 
FP 4* PF = 2a and CF=i ae Hence a and e 


apparent orbit, 


101 Wh^ the apparent elhpse has been drawn the eccentricity is 
known for If meets the ellipse m Z', the projection of the vertex of the 
true orbit, tSjGX =e since the ratio of segments of a line is unaltered by 
orthogonal projection Let CY' be the conjugate diameter to OX' and 
therefore the projection of the minor axis of the true orbit If the oblique 
ordinates parallel to GY' are produced in the latio 1 V(1 -e») an auxiliary 
ellipse will be constructed which is clearly the projection of the auxiliary 
circle to the true orbit and has double contact with the apparent orbit G8 
being the common chord But the oithogonal projection of a circle « an 
ellipse of which the major axis is equal to the diameter and is parallel to the 
line of nodes, while the minor axis is the dnect projection of the diameter 
Hence the major axis of the aiixihaiy ellipse is 2a, the minor axis 2a cost 
the eccentricity Sln^ and fl is the angle which the transverse axis makes’ 
with the N direction Ihe circle on the major axis as diameter is the 
auxihaiy circle of the tiue oibit turned into the plane of the apparent orbit 
Let X be the point in which this circle is cut by a perpendicular from X' to 
the m^or axis of the auxiliary ellipse The point X will project into the 
point X and therefore represents the position of penastron on the auxiliary 
circle Hence the angle (taken in the right sense) which GX makes with the 
major axis of the auxiliary ellipse, or line of nodes, is the angle X This is 
the graphical method of Zwiers ” 


It IS evident that the line of nodes and the inclination will be equally 
indicated by constructing the pio,ection of any circle in the plane of the true 
orbit Now the parameter p (or semi-latus rectum) is a harmonic mean 
between the segments of any focal chord Hence the circle on the latus 
rectum as diaraetei has radii along any focal chord which are equal to the 
harmonic mean of the focal segments The projection of this circle is an 
ellipse with its centre at 8, its majoi axis equal to 2p and lying m the 
direction of the line of nodes, and its eccentricity equal to sin % This ellipse 
^ be actually derived from the apparent orbit by laying off on radii through 
5 lengths equal to the harmonic mean of the intercepts on the same chord 
between 8 and the curve, since the ratios are unaltered by projection This 
principle, of which another use will bo made, is duo to Thiele 


102 Such graphical methods are tedious and may bo avoided by a slight 
calculation when the apparent orbit has been drawn Since the eccentricity 
IS known when this has been done, there lemain four geometrical elements, 
a, i,a, to be determined Four independent quantities are required and 
the four chosen by Sir John Heischel and others are 2«, the diameter through 
2d the conjugate diamotei, and ^i, the position angles of these diameters 
Ihe length of the choul through 8 pirallol to 8, or the projection of the latus 
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rectum of the true orbit, is therefore ^(1 - Hence the relations 
between the positions in the true and apparent orbits (§ 98) give 
a (1 — e) cos — ft) = a (1 — e) cos \ 
a (1 — e) sin (^i — ft) = a (1 — e) sm X cos ^ 

V(1 cos (x2 - ft) = - a(l - e-) sin X 
/S V(1 - e") sm {X2 - ft) = a (1 “ e") cos X cos % 
smce itf = 0° at periastron and 90° at the extremity of the latus rectum 
Hence ft is given by 

a' (1 — e“) sin 2 (xi — ^) + ^ sm 2 (;^s — ft) = 0 
or 

tan (Xi + X^- 2H) = tan (^i - X2) cos 2y 

where 

tan 7 = \/(l — e“) a//9 

This equation in ft is satisfied by ft + -Jw as well as ft But 
cos® 1 = — tan — ft) tan (%2 — ft) 

and this rejects ft + -Jtt since cos i < 1 and determines i The first and third 
of the abo\ e set of four equations give both a and X with its proper quadrant 
and the second or fourth gives also the proper sign of cos i (according to the 
con\ention of § 98) The solution is then free from ambiguity, understandmg 
that Xi IS the position angle corresponding to penastron and Xi position 
angle tv hen the companion has moved through one quadrant m its plane 
beyond this point 


103 Another method employs the general equation 
03^ + 2hxy -h -h 2gx + 2/y + c = 0 

of the apparent orbit referred to the pimcipal star as origin Without loss of 
generality c may be put equal to 1 The othei coefficients are to be chosen 
to satisfy the observations as well as may be But an elaborate solution is 
not justified because the one accurate element in the observation, the time, 
is not mvolved m this stage The intersections of the ellipse with the axes 
and any hffch pomt give the result m the simplest way The elements of the 
true orbit can then be denved m a variety of forms Let us find the pro- 
jection of the circle on the latus rectum The above equation may be written 

2 c 

a cos* 6-{‘2h cos ^ sm d + 5 sin® ^ -h - (p cos ^ -h/sin ^) -h — = 0 

P P 


For a particular \alue of 0, p has two values, pi and one positive and 
one negative smce the ongm is inside the curve Hence, if p represents the 
harmonic mean. 


1 

p- 


1(1 

4Vpi pj '’4Vpi P 2 / 



= [(geos 6+ /sm dy — c{a cos® 6 + 2h cos 6 sm 0 -{■ h sm® P)} /c® 
— (— B cos* ^ -I- 2H sm P cos P - A sm* 0)l& 
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where, m the usual notation, 

A='bc-f^, H=fg — (^, B^ac-f 
Hence the equation 

Ba^ — + Ay^-\-c^ = 0 

represents the projection of the circle on the latus rectum 101), or an 
ellipse with axes 2p and cos i and its transverse axis coinciding with the 
line of nodes It is therefore identical with the equation 

(os cos Q 4 - y sin 11)® {y cos XI — a; sin XI)® 

p" ^cos® % ^ ^ 

and thus 

“ jB/c® = p“® cos® XI -h p-® sec® i sin® XI 

H/c® — ( p“® — p“® sec® ^) sin XI cos XI 

— A! p”® sin® XI H- p-® sec® ^ cos® XI 
or 

p“® tan® ^ sin 2X1 — — 2H/c® 
p“® tan® % cos 2X1 = (5 — J.)/c® 

2p-® -|-p“® tan® ^ = — (B + ul)/c® 
which determine XI, p and ^ 

Again, the perpendicular from the focus on the directnx is a — e) = pe~* 
Hence the intercepts on the line of nodes and on the line perpendicular to it 
between the focus and the directrix are p/e cos X, p/e sin X The projections 

of these intercepts, also at right angles, are p/e cos X, p cos z/e sm X But the 

projection of the directnx is the polar of the origin, or the line qas +fy + c = 0 
Hence 

{g cos XI + /sin XI) p/e cos X + c = 0 
(— ^ sin XI + /cos Xl)p cos ^/e sin X + c = 0 
so that e and X are given by the equations 

e sin X = -p cos % (/cos XI — y sin Xl)/c 
e cos X = — p (/sm X2 + y cos X2)/c 

Equations for the five geometiical elements in the above form were first given 
by Kowalsky 

The form of the equation which represents the projection of a circle is 
defined by the fact that the asymptotes of the projected ellipse are parallel 
to the projection of the circular hnes and therefore to the tangents from 8 to 
the apparent orbit It will be found that the projection of the auxiliary 
circle, refen ed to its centre, is m the usual notation 

(Bcc^ - 2Hicy + Ay®) + A® == 0 
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and that of the director ciicle 

(Bcc^ — ^Hayy + ^1^^) + A ( A + Gc) = 0 
while the eccentricity of the true orbit is given by 

l~e^ = 6VA 

104 In some few cases a double star has been observed over more than 
one complete revolution The period P is then known appioximately and 
the date T of penastron passage, when the companion is situated on the 
diameter of the appaient orbit through B Otherwise, when the geometrical 
elements have been determined, two dated observations suffice to determine 
these two additional elements For two obseived position angles 6^ 6 give 
the corresponding true anomalies Wi, and hence the ecccntiic anomalies 
JSi, Eii smee 

tan (6 - £1) = tan (w + X) cos tan ]E = g) 

Then 

n(ti—T)-Ei-esmE, n{t 2 - T) - E^ - e sm E^ 

determme n = 27r/P and T In practice a larger numbei of such equations 
will be employed m ordei to reduce the effect of eriois in the observations 
The law of areas can also be applied directly to the apparent orbit, foi if ai 
IS the area described by the ladius vector between the dates and Ai is 
the area of the elhpse, P = — ti) AJoi, and similarly T can be determined 

A primitive method which has been used for measuring the areas consists in 
cutting out the areas in cardboard and weighmg them 

When the parallax -car of a double star is known, a/tsr is the mean distance 
m the system expressed m terms of the astionomical unit Hence (§ 24), if 
w, m! are the masses of the components, 

^ (m + m') = 4i7i^a^l'BFp-‘ 

while = if the mass of the Sun-Earth system and the sidereal year aie 
taken as units For this purpose the mass of the Earth is negligible and 
thus, P being expressed in years, 

m + m' = a^fvr^P- 

is the combined mass of the system, compared with that of the Sun 

106 The appaient orbit can be reconstructed, on an arbitiaiy scale, 
from observed position angles alone This course was advocated by Sir J 
Herschel, who considered the measured distances of his day very infeiior iii 
accuracy With this object the position angles are plotted as oidinates with 
the time as abscissa Owing to inaccuracies the points will not lie exactly 
on a smooth cuive, but such a curve must be drawn through them as well as 
possible Let yfr be the angle which the tangent to the curve at the point 
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(t, 6) makes with the axis of t, so that deidt = tmylr But since Kepler’s 
law of areas is preserved in the apparent orbit, an undetermined 

constant Hence p = cot yjt) and the apparent orbit can thus be derived 
graphically from the (t, 6) curve The elements with the exception of a can 
then be obtained and finally a is determined by the measured distances, of 
which no other use is made in the calculation 

The opposite case may arise, and is illustrated by the star 42 Comae 
Berenices, in which the determination of the elements must be based on the 
distances Here the plane of the orbit passes through the point of observa- 
tion, i = 90 (or practically so) and the position angles serve only to determine 
n If the star has been observed over more than one revolution the period P 
may be considered known Corresponding to the point (a cos E, h sin E) on 
the orbit, the observed distance is 

p = a cos E cos X — 6 sin E sm \ — ae cos X 
= JS cos (jE -f- - oe cos X 

while 

n(t-T) = E^esmE 

If the observations are plotted for a single period, from maximum to 
maximum, the result is to give the curve 

a}:=^nt = nT+E--eBm E 
y == p ^ R COB (E + fi) — ae cos X 

which 18 a distorted cosine curve Maximum and minimum correspond to 
— and give 

= tiT - yS + e sin = as cos X 

nU = nT -f- 7r-/S - e sm ae cos X 

whence R and ae cos X, while in addition 

w (^2 - <i) = TT — 2^ sm 

These equations may be supplemented by a simple device Taking the 
origin of ss at the fiirst maximum let the curve 

y = Rco8a! — ae cos X 

also be drawn Let P be a point on this curve and Q the corresponding 
pomt on the fiirst curve such that the ordinates at P and Q are equal Then 
at P, a? = P + /?, so that 

QP ^E+/3 — n(t — ti)^eBmE + ^ — 7i(T — ti) 

Hence the curve 

y = 6 sin (a? - ^ - «,) 

can be constructed by laying off on each ordinate through P a length equal 
to QP This IS a simple sme curve, the form of which will serve to show 
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any irregularities m the (n«, p) curve from which it is derived The 
tude IS 2 e, represented on the scale by which 27r conespondh to the piuiod in 
X The value of e being thus known gives from Q and henct* a and X, 

since T. / 

a cob X = jR cos a sin X = it sin ^/^(l — e^) 

T\b then given by the maximum and minimum of the onginal cuiv(‘ But 
the sine curve has its maximum at ^=y 3 +j 7 r and its cential line is 
y=:^-n(T— < 3 ) These conditions mubt also be faiily batisfied by the 
adopted solution 

106 Graphical methods, such as those bkctched abovts only piovidi* a 
first approximation to the solution of a problem Heie in g<‘n('ial th(‘ obser- 
vations are too rough to make a closei approximation feasible But if it is 
necessary to improve the elements thus found, each observation gives on(‘ 
equation in the following wa^ Let da, dH, b(‘ the nriuiusl corrections 
to the approximate elements, a, O, For the time t of an obsirvation 
6 (or p) can be calculated Its value is 

a, a ) 

But the observed value is 

0 ^ = a 4- da, n f dft, ) 

If then the elements have boon found with such an acciuacy th«it s(juar(‘S, 
products and higher powers of da, dfl, can be ncglect('d, 


a linear equation m da, d£l, And siiuilaily with p Th(* (oeth( urits «ir(‘ 

dp 

da a 




ze 


1, 


= — ^ sm 2 (^ — £ 1 ) Un i, 


»() 


9p . 

m' 


= - /j Sin' (8 — li) tan i 


da 

30 
di 

9(9 1“ 

ax.' 

30 
3T" 

30 
3^' 


3e p‘ 

the verification of which may bo loft as an oxciciso 


,C0Stj 

= — Jp 8in 2 — il) Hin i tan i 

C/X 

~ cos 1 V( 1 — eO. 

P 

3p net” J 

97’““ r” 

|ep8m A’ + V(l-c”)g^| 

t~T 38 
n 3T 

3p t — T dp 

9»; n 3T 

‘At 1 \ 

9p ^ 9p /« , 

de 9X\? 

1 \ ap 

jsinw/- 
1 - ev / 
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107 In some csises the position of a binary system has been measured 
relatively to some neighbouring star G which is mdependent of the system 
Let A be the principal star, its mass, its coordinates at the time t, 

and similarly let B be the compamon, its mass, {x^, its coordinates 
A series of measures of AB gives 

iTa — iCi = p cos 3^2 — yi = psm^ 

while the measures oi AC give x^ — Xi, y^ — yu ys) being the position of G 
Let (f, rj) be the c G of AB, so that 


{ttii + ma) f s= + m^x^, (mj + r) = mj^i + m^y^, 

But the motions of G and of the c G of AB are uniform and mdependent 
Hence 

f = a?3 + a + 9^ =; -l- a' + 

where ^ are the proper motions of the c G relative to G, and (a, a') is its 
position relative to Q at the chosen epoch to which t refers Thus 

(mi + wig) (47j + a 4- = mja?! -f m^oo^ 

or 


ot "b ^(^2 — 0 

and 


similarly, where 


a' + /3'i -/(y2~yi)4-y8 - 2/i = 0 

/- ma/(7?ii + 


From a senes of such equations «, a', ^8, yQ' and f can be determined and 
therefore the ratio of the masses of A and B But if a is the mean distance, 
P the penod and ‘sr the parallax of the system AB, 


Wj + ma = 

and the masses of the individual stars, expressed in terms of the Sun, become 
known 


108 In certain cases the absolute coordinates of stars apparently smgle 
have exhibited a variable proper motion It is then assumed that the vana- 
tion IS penodic and due to orbital motion in conjunction with an undetected 
body The motion to be investigated is relative to the c g of the system, 
which itself 18 supposed to move uniformly In the plane of the orbit the 
coordmates are a' (cos E - e), h' sin E, and therefore in the plane of projection, 
when referred to the line of nodes and the line at right angles, they become 

x=^ a* (cos E ~e) cos \ — U sin E sm \ 
y = {a' (cos P — e) sin \ + 6' sm E cos \} cos % 

Hence the orbital displacement m the direction of the position angle Q is 
^—x cos (fl — Q) — y sin (fl — Q) 

^gcoQ E^-hBinE’-ge 
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where 

^ = a! {cos \ cos (O - Q) - sin \ sm (H - Q) cos 
A = - 6' {sin \ cos (fl - Q) + cos \ sm (H - Q) cos ^ } 


and Q=90° lor displacements inRA,Q = 0° foi displacements in declination 
The observations of one cooidinate, say 8, theiefoie give a s(*nos of e(iuations 
of the foim 

8 = So + cob B + h •iin Ji/ - r/e 


with 


B - e 8in B = n(t — T) 


From these e, n (or P), T, fis, S©, g and h can be doturmined Since g «ui(l h 
are functions of a\ H, X and i, these four elements cannot bo deiived fiom 
observations of one coordinate alone But fiom obseivations of the othoi 
coordinate, say a, the corresponding quantities g' and // can be found .ind th(‘ 
elements of the motion are then completely detenninatu, including a\ th(‘ 
mean distance from the c G of the system 

In the two notable examples of this kind, Sums and Piocyon, th(‘ 
companion was discovered aftei wards It thus became possibk' to hnd the 
relative mean distance a and hence the latio of the masses, sin< 


miCt*' = rnfa - a') 

Hence, the parallax being known, the individual masses of th(‘ (ompoiuuits 
have been deteimined It is to be noticed that, when the companion (<innofi 
be observed, the function of the masses which c.in bo found is + /a ) ** 

For this is equal to a'V'sHP® 
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109 Another class of orbits which are based on pure elliptic motion is 
presented by those systems which are known as spectroscopic binaries It 
IS now possible to determine the radial velocities of the stars in absolute 
measure with high accuracy This follows from the application of Doppler’s 
principle to the intei pretation of stellar spectra. On the simple wave theory 
of light this principle is easily explained A light disturbance travels out- 
wards from Its source in a spheneal wave front which expands in the free 
ether of space with the uniform velocity U Let a fixed set of rectangular 
axes be taken in this space, and let {ai^, *,) be the position of the source 

at the origfin of time Let (u^, Vi, Wi) be the velocity components of the 
source, supposed to be in uniform motion, and t the time at which a light 
disturbance is emitted Similarly let (j%, y„ z,) be the position of the 
observer, also supposed to be moving uniformly, (a,, Va, Wn) the velocity 
components, and t the time at which the specified disturbance reaches him 
For simplicity the motions have been considered uniform, but obviously they 
are immateiial except as regards the source at the instant t and the observer 
at the instant t Let the corresponding positions be A, B respectively and 
let the distance A£ — B Then 


= 2 4- MaT — (jBi + Mit)}® 


dt 


= 2«(«aJ-Ua) = FaJ- 


V, 


where (a, 7 ) are the direction cosines of A B and Fi, Fg are the projections 

of the velocities (ui, (%, Vg, w^) on this line But since the wave 

reaches B from A m the time (r — t), * 


R.Vir-,). 


dT_U-V,_, , Fa-F... Fa(F,-Fa) 

dt C^-Fa“ ■‘■ 'ET ■^17(17- Fa) 


Hence 
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Now (F'a— Fi) IS the component of relative velocity of A and B, measured 
in the direction of sepai ation of the two points This is a definite quantity 
But Fa IS a component of the observer’s absolute motion in free ethei, and 
this IS unknown Presumably it is small in comparison with IT, and the last 
term can be rejected as a negligible effect of the second order Or, on the 
theory of relativity, Fg is not only unknown but unknowable, and the effect 
IS completely compensated by a transformation of the ideal coordinates of 
space and time into another set which is the subject of obseivatioii All 
this has its counterpart in the theory of aberration, with which it is intimately 
related Whether the limitation is imposed by the impeifection of practical 
observations or by the ultimate nature of things, it is necessary to be content 
with the effect of the first order 

If the hght emitted at A has the wave length \, the fiequency of a 
particular phase in the wave train a,t A is U /X But the number of waves 
emitted m a time dt is received at B in the time dr If then the apparent 
wave length of the light received at B is X' and the apparent fiequoncy 
U/X', 

UX-^dt^UX'-^dr 

and therefore 

F 

dt~ '^U 

where F is the relative radial velocity of A fiom B Thus the application 
of Doppler’s pnnciple gives 

V^U AX/X 

wheie AX is the increase of wave length (or displacement measuied positively 
towards the red end of the spectrum) of a spectral line, of which the natural 
wave length in the star is supposed known Further details on the practical 
methods of reduction would be out of place here, and this explanation must 
suffice It is usual to express F in km /sec, and the velocity of light maybe 
taken to be 27= 299860 km / sec 

110 From the measured radial velocity must be deduced the ladial 
velocity of the star relative to the Sun, or rather relative to the centio 
of gravity of the solar system This requires the calculation of certain 
corrections, of which the most important are due to (1) the diurnal lotation 
of the observer, and (2) the annual elliptic motion of the Earth relative to 
the Sun The effects of peiturbations of the Earth and Sun are compaia- 
tively small 

An observer situated on the equator is earned by the Eaith’s rotation 
over 40,000 km in a sidereal day This means a velocity of 046 km /sec 
Hence the velocity of an observer in latitude ^ is 0 46 cos <f> km /sec always 
directed towards the E point If 6 is the angular distance of the star from 
this point at the time of observation, cos ^ = cos S cos {h + 90®), where h is the 
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decimation and h the W hour angle of the star Hence the additive 
correction corresponding to (1) is 

^ cos cos ^ — 0 46 cos cos S sin h 

Again, the Earth’s elliptic velocity is compounded (§ 26) of one constant 
velocity perpendicular to the radius vector and another e Fj perpendicular 
to the major axis, e being the eccentiicity of the orbit These vectors are 
directed to points in the ecliptic of which the longitudes are ® — 90® and 
F — 90®, where ® is the longitude of the Sun and F the longitude of the 
solar perigee Let {I, fi) be the stai’s longitude and latitude Hence the 
required correction for the Earth s orbital motion is 

Va = + 1^1 cos ^ [cos (i - @ + 90®) + e cos (Z - F + 90®)} 

Now Fj IS precisely that vector on which the constant of stellar aberration 
depends, so that if is this constant, 

Fi = k"U 1 206265" = 29 76 km /sec 

when the standard value of ky 20" 47, is adopted with the value of U given 
above Hence the correction for (2) is 

= 4- 29 76 cos (sm (@ — Z) 4 e sm (F — Z)} 

It IS evident that the process might be reversed and the value of k deter- 
mined by observing the apparent radial motion of one or more stars at 
different times of year This has been done at the Cape Observatory, with 
the result that the standard value of k was reproduced very exactly, an 
excellent test of the theory Indeed this is probably the best available 
method of finding the constant of aberration it will be noticed that the 
adopted value of Uy being a factor of both and F, will scarcely affect the 
resulting value of k 

When the necessary corrections have been applied to the apparent radial 
velocity of a star, the star’s radial velocity is obtained relative to the solar 
system This is affected by the motion of the latter relative to the stellar 
system as a whole Hence conversely when the ladial velocities of a number 
of stars scattered over the sky are known, it becomes possible to deduce the 
motion of the solar system relative to the average of those stars in absolute 
measure If, further, w is the parallax of a star, and ya its total annual 
pioper motion, its transverse velocity is when expressed in astronomical 
units per year Now with the solar parallax 8" 80 and the Earth’s equatorial 
radius 6378 249 km , the astronomical unit (or Earth’s mean distance from 
the Sun) is 149,500,000 km Hence this unit of velocity is equivalent to 
4 737 km /sec and the star’s transverse velocity is 4 737 /x/o- km /sec Thus 
the velocity of a star relative to the Sun can be completely determined m 
absolute measure This concerns questions of stellar kinematics which are 
now entermg the region of dynamics but lie outside our present scope 
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111 Repeated determinations of the radial velocity of a star yield values 
which in the majority of cases are constant within the errors of observation 
The motion of the star is apparently uniform But in other cases, perhaps 
a third of all the brighter stars, changes aie obseived which prove to be 
regular and periodic These are attributed plausibly to the motion of one 
component in a binary system Such spectroscopic binaries diffei fiom 
visual doubles only in the scale of their orbits, which prevents them fiom 
being resolved even m the most powerful telescopes, while their periods aic 
to be reckoned in days instead of years or even centuries It may appear 
that the spectrum of the second component should also be seen When the 
components are fairly equal m brightness, as in ^ Aungae, this is so , the 
lines of the spectrum are seen periodically doubled But with other stars, 
and this is the more common type, the companion is relatively so faint that 
only one spectrum is shown it is quite unnecessary to suppose that the 
companion is then an absolutely dark body Even when both spectra are 
visible the secondary spectrum is often difficult to detect and usually difficult 
to measuie As a particularly interesting example Castor (a Gemmoiuin) 
may be quoted The telescope reveals this star as a visual double, and the 
spectroscope shows that both components are themselves binary systems 
More complex systems can be inferred from spectroscopic measures alone 
Thus Polaris, which appears in the telescope as a single star, has been shown 
to be a triple system, consistmg of a close pair revolving round a more 
distant third body Here the motion will be considered in the fiist instance 
of one component of a binary system about the common centre of gravity, 
and it will be seen how far the elements of an elliptic orbit can be deduced 
from the measured radial velocities, these being based on the comparison of 
the stars spectrum with that fiom a teriestrial source (usually the spaik 
spectrum of iron or titanium) 

112 Since the period is generally short, the observations extend over 

several revolutions and the period P is determined by obvious considerations 
with fair exactness This being known, the observed velocities can be 
referred to a smgle period with arbitrary epoch and plotted as ordinates 
with the time as abscissa in a diagram called the radial velocity cut ve Such 
a curve is illustrated in fig a, while the relative orbit is shown m fig 6, 
corresponding points bemg indicated by the same letters The focus of this 
orbit is G, the centre of gravity of the system The line of nodes AQB, 
passmg through A the receding node and B the approaching node, is the 
Ime drawn through Q in the plane of the orbit at nght angles to the line of 
sight The points mark the position of penastron and apastron, and 

the angle from QA to QP^, measured in the direction of motion, is the longi- 
tude of penastron, <w The true anomaly at any point of the orbit being 
the longitude of this point from A Jr w Let ^ (0° < ^ < 90"') bo the 
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inclmation of the orbit, this being the angle between its plane and the plane 
which IS normal to the line of sight, and let e he the eccentricity 



The orbital velocity of the star is compounded (§ 26) of one constant 
velocity Fa transverse to the radius vector and another eFa perpendicular to 
the major axis These may be resolved along and perpendicular to the line 
of nodes The former components contribute nothing to the radial velocity 
The lauter are +FaCosw and +aFaCOsa) in the direction QE which is 
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drawn at right angles to GA This line makes the angle ( 90 ® - i) with the 
line of sight, and hence the radial velocity which is measured is 

F = 7 + (cos w + e cos m) Fa sin i 

where y is the radial velocity of the point 6r, that is, ol the system i elative 
to the Sun It is at once evident that F^ and % cannot be determined inde- 
pendently from the radial velocities alone, and the equation may be written 

F = 7 + Z (cos « -h 6 cos 6)), jAT = Fj sin i 

or again, 

F = 7' -H iT cos w, 7' = 7 4- iTe cos <» 
where Ky 7 and y are to be taken as constant 

113 When the velocity curve has been drawn the maximum and inim- 
mum ordinates are approximately known These are y = 7' + 
which require = 0, u = 180° The maximum and minimum points, A , By 
therefore coi respond with the receding and approaching nodes Tlio lnu‘ 
y = 7' can then be drawn in the diagram, inteisecting the velocity t‘uiv(‘ in 
Ey F These points require iA=90°, 270° and the concsponding pointH in 
the orbit are the extremities of the focal choid at right angles to th<,‘ line ot 
nodes The velocity cuive is thus divided at Ay Ey B, F into tom parts 
coiresponding to four focal quadrants, each bounded on one side by th(‘ luu 
of nodes The part which contains the periastron passage will be dosciibc^d 
in the shortest time and that which contains the apastion paswige will 
require the longest time The opposite cxtiemities of any focal choid give 
equal and opposite values to (1^—7') In particular, the penastiun and 
apastron points, Pj, P^, aie located on the velocity curve by the fuithei 
condition that their abscissae differ by ^P, the half penod, and the tHiints 
Xi, X2 corresponding to the ends of the latus lectum by the condition that 
they are equidistant in time from P^ or P, The four points Pj, P„ X,, Xa 
on the velocity curve are easily found graphically by tiial and enoi 

Again, let 0 be the centre of the orbit and COD the diameter which is 
conjugate to the diameter parallel to the line of nodes, so that the tangt^nts 
to the orbit at G and D arc also parallel to this line Hence F«7 at 
C and D on the velocity curve Let an axis of ^ be taken paialhd to GE m 
the plane of the orbit, so that 

r = y + |smt 
I ( F - 7 ) -= (^2 - ) sin I 

j f, 

Now the integral represents the area of the velocity curve moasuicd from 
the line y - 7 Hence by taking the limits at A, G, B, T) it follows that the' 
positive area of the velocity curve from 4 to (7 is equal to the negative area 
from G to B, and the negative area from JS to D is equal to the positive aiea 



112 - 114 ] Orbits of Spectroscopic Binaries 121 

from jD to These conditions, which can be tested by a plammeter or some 
equivalent method, make it possible to draw the line ■= 7 in the diagram 

At jSTi, iTfi, the extremities of the minor axis, the radial velocities relative 
to 0 are equal and opposite Hence on the velocity curve K-i and are at 
equal and opposite distances from the line 2 / = 7 equidistant in time 
from Pi or Pg Thus these points can also be found graphically without 
difficulty 


114 It IS supposed that the period P is known, and this gives the mean 
daily motion, //, = 27r/P The other quantities which can be derived from 
the velocity curve ^e five in number, namely T the time of periastron 
passage, -S' = Fg sm 7 the radial velocity of the system, o) the longitude of 
the node, and e = sin the eccentricity of the orbit The most satisfactory 
direct method of finding these elements is based on the representation of 
the curve (see Chapter XXIV) by a harmonic series in the form 

F = Fo + Srj sm 4- ^ 3 ) 


where t is leckoned from some arbitrary epoch This is always possible 
by Fourier's theorem But 

F = 7 + ir cos G) (e + cos w) — jfiT sm w sm w 
= 7 4- 2ir cos <0 cos® ^ e“i2J}(^e)cos^ilf 
— 27? sm G) cos 


by § 41, (28) and (29) Now ilf = /Lt (« - f) and therefore Fq = 7 and 
Tj sin ( jftP + jSj) = 2J5ri f (je) 

— cos (^//.T 4- ft) = 2 A'g 


where 


jSTi = jfiT cos o> COS'* <f>f Kiz = K sm co cos <l> 


( 1 ) 


There are now only four quantities to be determined, which may be taken to 
be Ku T and e Thus the four equations corresponding to^ «= 1, 2 are 
alone required those of a higher order are useful only when there is reason 
to suspect that the motion is not purely elliptic Now these give (§ 47) 


Ti sm {fiT 4 - ft) = Ki ^1 

8 ^ 192 ) 

- -Ti cos (/^T 4- ft) 

Se?" Se* \ ’ 

■"8"^ 192 )l 

rg sm (2/iP 4- ft) = Kie ^ 

) 

— rg cos (^fiT 4" ft) ( 

) 
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showing that T-j/rj is of the order of e Hence, by division, 
sin + /Sa) ^ e* \ 

n sm(/iT+/$,) 24 ■*'96 J 

rj cos (2/jlT + ff, ) / _ '^£'_ ^ 

n cos(/42’+/9i) 24 96“ J 

and, by subtraction and addition, 

^ sin + A -/gi) ^ 
n sin 2 (/x^r+ /5i) 24 9G 

^ ‘3in^^/f'T+/9a + /9i) ^ 
n sm2(//T-|- A) 4 

the last equation containing no teim in e Eccentiicitios an high as 0 75 
are met with occasionally, but even so it is evident that {fjbT’^ \h \ 

veiy small angle which can scarcely exceed 2“ and is geiunally lu^ghgihh 
If then 

-ySj 

it is possible to neglect and the last equations bcconu‘ 

7 , “ = 2I + 95 (•» ) 

^ ll + acot(4A-2A)} = c-l’ 

whence 

r/ (2? ■*■ W -2A) = e-^ 

From this equation e is easily found by trial .ind oiioi, <111(1 then a, wIik h 
gives T , is found from (3) The equations (2) givo K, and /v., vvlicnco finalh 
^ and 01 are denved by (1) The pioccss is tliwefmo voiy snnpl,., .-vcii 
without special tables, when once the h<uraonio repicsontation ol thi' voliHuty 
curve by two penodic terms has been obUincd This cun hi- doiit- vciy 
easily and with all needful .accuracy by taJnng a sufficiont nuiiibci of isnu” 
distant ordinates from the cuive 


116 It IB, however, more usual in practice to find appioxnnate* 
limmaiy elements by methods which are largely graphical and to imiiiovc 
them, if thought necessary, by a lenst-squaros solution giving diHciciitial 
corrections Thus 2K is the apparent range ol the velocity ( mv(‘, and when 
the penaatron point P, has been located on the cuive, T is known, while the 
area property which fixes the position of the Imo y = 7 has been i-xpla.ned 
113) The remaining elements to be dctoimmed ai(> theiefou- « and « 
and these are connected by the relation ATe cos a, = 7' _ ~ A number of 
interestmg properties have been used for the purpose 

orbit properties connected with a focal cIiokI of the 

orbit Let t, be the time at a certain pomt of the orbit and vi mid A’, the 
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corresponding tirue and eccentnc anomalies Let fej be the time at the other 
end of the focal chord through the point and 180° + w and the true and 
eccentnc anomalies Then 

(1 - e)* tan iw = (1 + ef tan Jj&x. jn («. -T) = E,-e sin E^ 

Hence ~ ~ iw’ = (1 + ef tan ^E^, iM(1k- T) = E^- earn 


“(1 -e) = (l+e)tanJjE'itan^^2 


and therefore 


e cos i (^2 + = cos ^ (^2 - 


Also 


f^(h- ti) = - 26 sm - U,) cos + Ej) 

= (E2 - -£^1) - sin (A'a - E^) 


Hence, if 27 j=: Eq-E^, 


tan ^ {E^ — El) == — j. (i _ e-i (cot \w + tan \w) 
= — cot <l> cosec w 


fM (ti — ti) = 2-17 — sin 277, tan sin w = — cot 77 

Similarly, if are the times at the ends of the perpendicular chord, where 
the true anomalies are 90" + w, 270'’ + w, 


(^4, — 0 = 277' — sin 277', tan ^ cos =» — cot 77' 

The angles % r}' are easily found, especially with the help of a suitable table 
of the function (a; — sin «), and hence (p or e and w = u-a> But the oidmate 
at the point gives y - y' = JTcos w and therefoie u, whence the value of a> 
can be inferred The equations 

tan iEi =. tan (45° -^<1,) tan ^w, (<, - T) = £-, _ e ein E^ 

tan ^E, = tan (45° - tan ( Jw + 46°), /j,(t3-T)=E,-e sin 
will give two independent values of T 


Sets of four points related in this way are easily located on the velocity 
curve, for they are given by y - y' = ± iTcos «, + iTsm « Thus the four 
points y-y'= +Z/v'2 are very suitable for the puipose Here t« = 46°, 
w = 46 - to Two special sets have been mentioned in § 113, namely, AB 
EF where « = 0°, w — o,, and P,P„ wheie w = 0° In the latter case 

y-y-±Aco8 6>, ±P:sin<». giving w immediately, t^=T, and e is given 
by.^ = y'-90° ° 


There are also properties connected with a diameter of the orbit 
If E IS the eccentnc anomaly at a point, P+ and P + are the eccentnc 
anomalies at the ends of the diameter conjugate to that which passes through 
the point Let t„ t, be the corresponding times Then 

(ti — T) =; E-t ^7r -- e COS E 
/^(ta’-T) = E + §7r>i-ecoaE 
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so that 

(^ + io — 2^) “ ^ + TT 
7 /* “■ iCi — iP) = e COS 

Now the points G, D, in which the line y = y cuts the velocity curve, satisfy 
this condition and the conjugate diameter being parallel to the line of nodes 
makes the angle — &> with the major axis Hence in this case 


and therefore 


— tan fit) = cos ^ tan E 


(^2 - “ ^P) = 6(1 + tan^ CD sec® c^) " ^ 

= 6 cos G> (1 — e® cos® cd) ” ^ cos 6 

which gives e — sin when e cos cd = (y — is known Also 
-e = (^ 2 - iJi - \P) sec \ii + - 2 P) 

which gives a relation between e and T 


Another pan of such points is K^, corresponding to the ends of the 
minor axis Since P = 0 in this case, 


iAt (^1 + ^2 - 2^) =: TT 

Let Uii Ui be the longitudes at jBTj, 1^2 Then the radial velocities at these 
points, relative to 0 , are 

± (cos Ui — qo 8 U 2 ) = ± K sin -J- (icg — Ui) sin ^ + Wi) = + iT cos cj) sin cd 

This quantity is therefore given by the ordinates at Ki, on the velocity 
curve, relative to the line y = 7 


117 The velocity curve also possesses interesting integral and differential 
properties which may be useful It is necessary to have a consistent system 
of units, and since those of time and velocity have already been adopted, the 
unit of length is fixed and the natural system is 

Hmt of time = 1 mean solar day = 86400 mean secs , 

Unit of length =86400 km =00005779 astronomical units, 

Umt of velocity = 1 km per second, 

Umt of mass = that of the Sun 


Now the constant of areal velocity in the orbit is 

p = 2-7ra6 /P = /za® cos d> 

so that 

a sin i cos ^ sm ^ = Kfjr^ cos <j> 

The argument relative to the areas of the velocity curve m § 113 can now be 
made more precise For the tangents to the orbit at G and P, refeired to 
the principal axes of the ellipse, are 

a? sin 6 ) + 3 / cos co = ± *J(p? sin® cd + 6 ® cos® cd) 
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and the perpendiculars on them from the focus S are 

^2 = ± sin 0) + a V(1 - e® cos^ ©) 

Measured from the line ^ = 7 -di be the aiea of the velocity curve from A. 
to (7, — Ai from C7 to i?, — A^ from B to D, and A 2 from D to -4 Then 

i (-4.1 + A 2 ) = cos cos® ©) 

(-4 1 — A^ = Kpr"^ cos<j> e sin w 

il 1 ^2 = K^fjT^ cos^ <f> 

When Ai, A^ have been measured in the proper units these equations deter- 
mine <l> (or e) and o) 


118 If 

axis of time, 


the tangent to the velocity curve makes an angle yjr with the 


tan yjr = 


uj r 

— = — X Sin it 
at 


dw 

dt 


and r being the radius vector in the orbit, the constant areal velocity is 

fia^ cos ^ ^ 

Hence 


tan imK cos <j> sin u (ajry 

= - fjbK sec® sm w (1 + e cos w)® 
and at special points on the curve tan yjr has these values 


A,B = 0°, 180° 

u= 90°, 270° 
Pi, P2 w = OM 80 ° 

Zi,Z3 = 90°, 270° 

W=± (90° +•(#>) 


tan = 0 

tan + fiK sec® <j>{l ±e sin o))® 
tan fjbK sec® sin © (1 + e)® 

tan ^|r fjuK sec® cos © 

tan t/t “ ? fiK cos <f> cos (© ± <l>) 


If tan yjr IS found graphically at any of these points attention must be paid 
to the scales in which ordinates and abscissae are represented These 
expressions can then be used in order to find © and <l> 

Since 

r oc (sin u cot 1^)^, w = w — © 

and u at any point on the velocity curve is given by the ordinate measured 
from the axis y = 7', it is possible theoretically to plot the actual orbit to an 
arbitrary scale, point by point This is scarcely a practical method, but 
deserves mention as the counterpart of Sir John Herschers method for 
double star orbits (§105) 
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^ 119 The values of the elements found by any of these graphical methods 
10 appioxinoate only They can be improved by the addition of differential 
riec ions, K to K, Be to e, Seo to w, BT to T and Sfi to /i Thus each 
oDservation gives an equation of condition of the form 


Vo- F«=S,y' + cosM BK-Ksmu B<o-Esmup^Be+^^BT+—Bn] 

\ae of d/i V 

and it IS easily found that 


dw 

= sin (2 + e cos w) sec- ^ 


— /A (1 + e cos wy sec* <j> 

= (< - 2') (1 + e cos wy sec® <f> 

It IS more usual to give 7, the radial velocity of the system, than 7', but this 
quantity can be derived finally from the relation y = y'-Ke cos &> 

When the elements of an orbit specified above have been obtained, 
by whatevei method, some infoimation can be gamed as to the dimensions 
and mass of the system An equation already found in § 117 gives 

a sin i cos ^ 86400 km 

when the unit of length there adopted is explicitly introduced Let m be 
the mass of the star whose spectrum is observed, and m' the mass of the 
other star Then 

+ = im-^ra')G 

wheie 0 IS a constant depending on the umts employed These bemg as 
Stated in § 117, the special case when = 1, m * 0, gives 

1 

“ (365 25)“ (0 0006779)*’ *ogC' = 6 18557 

Ct follows that 

{m + ot')-* sin* ^ = [3 81443 - 10] cos* 4> 

= [3 01625 - 10] A*P cos* <t> 

ind It IS only this function of the masses, involving the unknown itir.lmati/'n 
)f the oibit, which can be determined T^en only one spectrum can be 
>b6erved 


If, however, the radial velocity F' of the second component of the system 
;an be measured at the same time, which is possible when the two superposed 
pectra arc of comparable intensity, 

m(V — (V' — y) =: 0 
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One such equation will give the ratio w, when y is known and two will 
give 7 in addition without any knowledge of the orbit It has been supposed 
that the radial velocities have been determined by referring the stellar 
spectrum to a comparison spectrum from a terrestrial source, <\s mentioned in 
§ 111 When there is no comparison spectrum, as when an objective prism 
IS used, and the stellar spectrum shows double lines, it is still possible to 
deduce the orbit of the system from the relative displacements of corre- 
sponding lines But the orbit is then the relative orbit, a is the mean 
distance of the components from one another, and it is easily seen that 
(m -\r m!) sin® % must be substituted for the above function of the masses 


121 The true spectroscopic binary cannot be resolved in the telescope 
But one or both components of a visual double can, when bright enough, be 
observed with the spectrograph, and very interesting results can be gained 
in this way Let a, a' be the mean distances of the components relative to 
the centre of mass, expressed in terms of the linear unit 86400 km The 
astronomical unit contains T730 such units Let a'' be the visual mean 
distance and tr" the parallax of the system both expressed in seconds of arc 
Then 

ma = m'a' = — , (a + a') 
m + m ^ 


and therefore 


- 1730 


mmf 
m H- m' 


F = 7 + jST (cos e cos 0)) 

= 7 -h /xa sin i sec (cos a H- e cos ©) 

a" 

= 7 4- 1730 ft sm ^ sec cj) (cos u-\-e cos co) 

“sr 

while for the othei component similarly 

Oj* 

F' = 7 — 1730 ft sin ^ sec <f) (cos -h e cos o)) — 


m' 
m + 

m 


If then the elements of the visual orbit have been independently determined 
and the radial velocity of the first component alone can be observed at 
different dates, the two quantities 7 and (1 -f- wi/m') tar'' can be inferred If 
the radial velocity of the second component can also be observed, the parallax, 
the ratio of the masses and hence the individual masses themselves in terms 
of the Sun (§ 104) can also be deduced From the relative radial velocity 
alone, 

F- F' = 1730 sin i sec <j> (cos w + e cbs co) a"/'or" 
the parallax can be found, and hence the total mass of the system 

One question remains in the determination of the true orientation of a 
double star orbit m space, which can only be decided by radial velocity 
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observations For the spectroscopic binary % has been defined so that 
0 < % < while for the visual double 0 < ^ < w This difference does not 
affect sini, which is positive m either case Hence if Fj, F, are the 
radial velocities of the principal star at different times, the two expressions 

cos {Wi + (a) — cos (tOj + a>) 

have the same sign, where a> is the longitude of penastion of this star, 
reckoned from its receding node in the direction of motion But X is the 
longitude of penastron of the companion at its first node a (< w) Hence if 
the expressions 

Vi - Fa, cos (wi + X) — cos (Wz + X) 

have the same sign, X = <» This means that the prmcipal star is receding 
and the companion is approaching when the latter is at its node £1 If on 
the other hand the expressions are of opposite signs, X = <» + n- and the 
companion is receding at H 

Otherwise it may be possible to determine the velocities F, V' of the 
principal star and the companion respectively at the same time ' Then the 
expressions 

F— V', cos (w-h(o) + e cos co 
have the same sign, and therefore if the expressions 
F- F', cos («4; 4- X) + e cos X 

have the same sign, X = w, while if they have opposite signs, X = ro + w The 
same consequences follow as before Thus a knowledge of either F - F or 
F- F' removes the ambiguity with regard to the true position of the orhtal 
plane, which remains after the elements of a double star have been deter- 
mined from visual obseivations alone 
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122 It will be convenient m this chapter to recall some of the salient 
features of dynamical theory and to consider as briefly as possible the form 
of those transformations which are of the greatest importance in astronomical 
applications We shall start from Lagrange’s equations 


Let the system consist of a number of particles whose coordinates can be 
expressed in terms of n quantities ^ 2 , ,^n and possibly of the time t 

Let in be the mass of a typical particle situated at the point {sc, y, z) 
Then 


so that 


dsu doc 

^ ~ -I- — 

ot oqi 




doc 


qn 


Hence 


doc __ doc 
dqr ” dqr 




+ mx 


dx 

dqr 


where X is the component of the force actmg on m 
energy of the whole system, 


If T is the kinetic 


Hence adding all the equations of the preceding type for the three co- 
ordmates and all the particles, 


I (|-) = 2 (-ST 

dt \yqri \ 





Xow the forces which occur in astronomical problems are in general con- 
servative, and we can write 


2{Xdx+ Ydy + Zdz)^-dU 
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where dU i. a perfect diffeiential U represents the work done by the 

rat^r configuration to some standard configu- 
ration and IS called the potential energy We therefore have ^ 

(^\ ^ d(T-V) 
dt \dqr ) dqr 

But U does not contain g,, and hence, if we write T=^U + L. this becomes 

. »0 ( 1 ) 


d i'dL\ ax 
dt \a«_ j ~ agr^ ’ ~ 2, 


dt \dqrJ _ 

which IS the standard form of Lagrange’s equations 
The function X is often called the Kinetic Potential 


moving constraints (or some analogous feature) within the system ^-5 = = o 

mi ^ . 0 ^ 


In the absence of 
dn 

rriL ^ 

Then T IS a homogeneous (positive definite) quadratic form in q, g„ 
dl 


^ - /ax ax \ 

dt 9r) 


SO that 


dt 


(w.) 

. 3 -£ 1 

^'^djr H 

/ y. 0X 

\ 

\7 dqr 

V 


( 2 ) 


tq.^^-L = h 

where A is a constant of integration Eeplacmg LhyT-U where T is a 
homogeneous quadratic form m g. and U does not conLn g,, U ha^e 

h = 2T~{T-U) = T-^ U 

d.ow. tta J „ lb, „„ „f lb, 

ore generally, let X contain t explicitly through U and let T no lono-p 
be a homogeneous function in g, but of the form I 1 ^ 

homogeneous Quadratic fnTiptirm ti ^ i* 2 "b i + lo* where is a 

» J, Th» *”»•“» “<1 r. of no d.mon.on. 

9^ ) SZ 
dt dt[^-dqr^V'^di 

dtV^’ dq,^^)-dt 

“ ^ (2Ta -t- 2\) — ^ 
or since X=7’,+ x^ + y^_j 7 - ^ 

~{T,-T, + U)J^ 
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an equation which applies to relative motion When JJ does not contain t 

When U does contain t the equation 

T,-To = - U + j^-^dt + h 

is a purely formal integral because it is to be understood that any coordinates 
occurrmg in dU/dt are expressed in terms of t before integration This 
implies a knowledge of the complete solution of the problem But the 
equation is not without its uses Thus if U= Uo+ U\ where does not 
contain t and the effect of U' is small in comparison with the eftect of Uoy 
preliminary values of the coordinates in terms of t may be found When 
these are inserted in dU'/dt a closer approximation to the true integral will 
be obtained and the process can be repeated The true meaning of the 
equation is therefore connected with a method of approximation 


124 The above form (2) of the integral of energy is directly connected 
with the Hamiltonian form of the equations of motion whereby the n 
Lagrangian equations of the second order are replaced by a system of 
equations of the first order For we may write 


2 qr 





dL 

dqr~^' 


The n equations for pr are linear in qr and when solved express qr in 
terms of (q^ pr\ this symbol being used, wheie no ambiguity is to be feared, 
to denote all the quantities gi, ga, , g^, p^, , p^ Hence L and H can 

be expressed either in terms of (g^, qr) or of (g,., pr) Thus 


and therefore 


smee 


It follows that 


SH='Z (qr Spr - Pr %) 

r 

— A (Ak\ — Mi 
“ dt V 05 J ” ^ 

dH dH , ^ „ 

^’=djr’ 


(3) 


and this is the form of the equations which is called omomcal 


When L has its natural form, if = T + 17 If L does not c(mtain t ex- 
plicitly, neither does TT, and the integral of energy (2) becomes simply 77=// 
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[oh. XH 


dq, —Hdt 

T 

or 

d jpt =s ^ djpy, H. dt 

1 T 

If dB IS a perfect differential, the right-hand side of both equations must 
also be perfect differentials, and this requires that 

dt dq^ ’ dt dpr 

or the canonical equations must be satisfied Let us suppose now a trans- 
formation fiom the 'variables (q^, p,) to the variables P^) such that 

^P,dQr-Xprdq,==~dW ( 4 ) 

where ci5F is a perfect differential and W is expressible either in teims of 
(qr,Pr) or of (0,., Pr) Such a transformation is called a contact transforma- 
tion, or in the particular case when {qy) can be expressed m terms of (Q,) 
alone [by relations not involving (p,) or (Py)'] an extended point transformation 
If W contains t in addition we may write 

lPrdQ,-2p,dgr-^-^ dt = -dW-^-^ dt 

r r 01 ct 

SO that when d6 is introduced 


%PrdQr-(H-^^-^^dt=de-dW-^-^ dt 

Each side of this equation is a perfect differential provided dd is a perfect 
differential, and in this case ^ 


where 


P---^ O- 

J='r- Qr- 


P- = JT+^ 
Of 


dPr 


(5) 

( 6 ) 


Since these equations equally with the form (.S) express the conditions 
required if dO ia to be a perfect differential, they must bo equivalent to (3) 
Thus we see that any transformation of variables satisfying the condition (4) 
leaves the equations of motion in the canonical form 


126 In consequence of (4) 


■p _ dW 

" dQr’ 


Hence K will vamsh in virtue of (6) provided 

Tjf. dW 


dW 

oqr 


aF\ . 0Tf 


(?) 
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This equation is known as the Hamilton-Jacobi equation But when jST = 0, 

Pr ~ ^7 1 Qr ” 


where and hy (5), are arbitrary constants Hence if any function W 
can be found which satisfies (8) and contains n arbitrary constants (dr) m 
addition to (qr) and t, the solution of the problem is completely expressed by 
the 2/1 equations (7) written in the form 


dW . dW 

P'-dqr 


where (yS,) are n additional arbitrary constants 


(9) 


If H does not con tarn t explicitly we may write 


W^-OL^t^W' 


where TT' is a solution, containing (% — 1) constants (oLt) apart from On but 
not t, of the equation 


jjf dW' dW\ 


dq, 

The solution (9) is therefore replaced by 


( 10 ) 


dW' 

dOr 


Pr. 


dW 

da„ 


— t — fint 




(r = l, 2, 


, n - 1) ) 


( 11 ) 


127 In the set of equations (7) W is an arbitrary function of (Q„ g,) 
Instead of making W a solution of (8) let it satisfy the equation 





dW 

’ff"’ 0g,’ 


’ dqn) dt 


0 


where Hq is the Hamiltonian function of another problem also presenting 
71 degrees of freedom Hence as before 


Pr — ^ry Qr — ^ 


where (a^, /3r) are the 2n arbitrary constants of the problem defined by Iff, 
Hence the equations (5) and (6) become 


where 


_^d£: ry __ 

“"“0/3/ 

ot 


( 12 ) 


Thus if the Eq problem has been solved and the constants of a solution of 
the corresponding Hamilton- Jacobi equation are known, the same form of 
solution applies to the H problem with the difference that the quantities 
which remain constant in the first problem undergo variations m the second 
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Sod oftf ( 12 ) This IS the foundation of Lagiaoige's 

depends assent “SlJ 

constants which occur in a Son ff aT TS f 
which may be called a set of canomcal consSs 

other method^ than twSS^SlSof ^ H° 7 t 

different set of constants will be obtained Let “ 

such a set Then is some function of (c,, See ^ 


-4^=2 


BA, 


«,+ 2 


BA, 


0r 


9«. 

= t(^ 
•BA 


9«. 3/Sr B0, da,) 


= 22 (~^ a^ ^ _ a.ilm BK 5Ai\ 
r s\Ba, ZA, dff, 9/S, W, d^) 


= 2 {A„, AJ M 


9-4 5 


(13) 


where i: = if _ir,ag before, and 

{Am, A,} = 2 Ms 

r \ doir dfir 9/5^ d(X^ ) 

a f»„ ,t ,|„d, ^ ^ 

128 Let US consider the integral 

“/^ (~ ■®"+ 2 p, q,) dt 

by the fiist set of equations in § 124 We have theiefore 

~ ^ + '^PrBq,) dt 

tz yrn ITT * ■* 

satisfied And this piovea canonical equations are 

one ansd c-guiZ ranfS'^'S y ?*‘ " «»“*» 

the actual motion as compaied with anv ntjf^ ^ stationary value for 

the time at corresponding points is theLme^ neighbouring motion in which 


dt 



327 - 129 ] Dynamical Principles 

If however S denotes a change in t, 
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"|i 

Jo 


Hence when two neighbouring forms of motion, each compatible with the 
canonical equations, are compared, the complete variation between two 
positions 0 and 1 is 

Accordingly, if the initial time is taken as fixed and (o^, 0^) are the initial 
values of pr)i we have 


and 


dq, 


=-Pt> 


dtL, 




But this IS the Hamilton- Jacobi equation Hence the integral / is a par- 
ticular solution of this equation And further, since we have reproduced the 
equations (8) and (9) of ^ 126 except that J is written in the place of TT, we 
see that/ is that solution which contains the initial values of the coordinates 
as its n arbitrary constants 

129 Let us suppose now that H does not contain t explicitly, so that 
the integral of energy H^h exists Then if 

J = f Spr qrdt = f (L’h/i)dt 

« ^0 “ ^0 


(14) 


But 


and therefore 


SJ = 2 + f ' {tqr^Pr - 2 PrBq,) dt 

_ Jo •/ ^0 

2g, hpr - XprSqr = s g 8^, + 2 1| s?, 

BJ = ^2prS9'rj + J Sh dt 


This 18 the complete variation of J and it vanishes between fixed terminal 
points if Sh^O in each intermediate position, i e if the time is assigned to 
each displaced position in such a way that the equation AT = A is satisfied in 
the vaned motion Under these conditions the integral 


/= r(£ + k)dt== r\T- U+h)dt 

tn J tc 
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has a stationary value in the course of the actual motion aa compared with 
motion in any neighbounng paths ^ 

This integral is^lled the action and the proposition established is known 
as the of least action When T is a quadratic function of the 

velocities h = T+U and the integral becomes 




Tdt 


(15) 


and in problems which involve only one material particle this is simply 

(16) 

where y is the velocity of the particle (of unit mass) 

The integrals which we have found to be stationaiy are not necessanlv 
minima The necessary conditions in older that an int^l 

filr, qr)dt 

shall be an actual minimum are * 

(1) The first variation SJ vamshes between fixed terminal points 

(2) The function of 

^ (6r) =/(gr, qr + 6,) - 2 6, 

IS a minimum 

Jli'r ”o “d ““’“ft 

the dynamical conditions and is other thfn the ^th cms^Xld Tht n^^T 

— rT“r 

be 2n distinct functions of {q,, p^) The first erpres^Si is 


\dui du^n dum dui) J. d(ui, uj) 


vaai 3a,„ du;„ du^ ^ 

which IS called a Lag^cmge's hraohet and is denoted by fiti uJ\ 
expression is ^ 


(17) 

The second 


2 6(mi, Mm) 

■■ W r a (g„ p,) ( 16 ) 

[Mi, Wm] = - [Mm, Ml], (l^m) 

!“'>“»} = - K, M,}. (Z + w) 

\uu u{\ = {ui^ u{\ = 0 
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There are also relations between the two types of expression, and these 
we shall now investigate 

Let two linear substitutions be defined by 


and 


^dqr , $ dpr 
^ ^ dOr 


(19) 


where r can have all values 1, , n and I and m can have all values 1, , 2n 

The result of eliminating yr, yn+r is to give 

m r 9tti 

2m 

= 2 [ui, 

m 

But the substitutions can be reversed by writing 

^ dui ^ dui 

I oqr I opr 

The equivalence of these forms is easily verified since 

-ra^a^l |p,1 ^ 

I [_dqr dui\ I [dqr dui] 


When yr, y^+r are eliminated, these give 

% ^ /dui du^ dum dui\ 


^ V ^ 

^'‘7^r\dqr dpr Bqr dp'J 


= S (wi, uJi Xi 


( 20 ) 


The resultant substitutions (19) and (20) must therefore be equivalent, and 
accordingly their determinants, written in the forms 


1 1 

U— 1 

, [Wi, U^] 

and 

(^^, ^4^}, {Uu Wa}, , {Wi, U^n] 


[mj, «J, [«s, m,], 

, [Ug, U^n] 


{u>2, Uy]} {wa, t {'Wy, Wan} 

(21) 

[itan, Ml], [Mun, Ms], 



Wj|, {^291, Wa}, , {Wan* WgnJ 



are reciprocal This means that any constituent of either determinant is 
equal to the co-factor of the corresponding constituent in the other determinant 
divided by that determinant Any Lagrange's bracket is thus expressible m 
terms of Poisson’s brackets, and vice versa. 
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131 Let US now consider the explicit conditions for a contact tians- 
formation We have in this case 

S Pr dQ, - t p,dqr =XPrdQr--Z^Pr (|| clQi + || dP,'j 
a perfect differential Hence 

(f w) “ ^ 


always, and 




dL l|) “ 4 a?t) 

unless Z = m, in which case 

It IS at once evident that these conditions may be written 

fnr all 1 A ~ [Qz> Om] = 0 

tor all values of I and wi, 

\,Qu = 0 

for all unequal values of I and m, and 

for all values of I In other words, in the case of a contact transfoimation 
all the Lagrange’s brackets vanish with the exception of those which are of 
the form PJ, and these are all unity 

Let us now put 

Mr == Qry t^n+r = Pr, = 1,2, , n) 

Then the substitution (19) becomes simply 

SSr = Z^-pr , 

But this shows that all the Poisson’s biackets occunmg in (20) vanish 
except those which are of the form {m, and these may be wntten 

[Qi, Pif = 1 or (P,, $,}=-! 

The conditions for a contact transformation are therefore of the same simple 
form whether expressed m terms of Lagrange’s or of Poisson’s brackets 
Agam, the substitutions of § 130, 




-X^s.4.5^ 
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become identical when m = 7i + since z^+i = xi Hence 

?2r = 

^Qi dpr ’ dQi dqr 

But when ^ — n + w, they are identical except for an opposite sign throughout, 
since Wn+m — - -^m, and thus 

_ dQm dpr 

dpr ’ 3Pm Sg'r 

These relations hold for all values of Z, m or r* not exceeding n 
132 Let us consider the transformation 

Qr = qT + eqr\ Pr ==Pt + epr' 

where q^, pr are any functions of (q^, p^) and e is an infinitesimal constant 
If the transformation is an infinitesimal contact transformation, 

% cZ IT = S ((pr + ep/) d (qr + eq^ ) - Prdqr] 

T 

= « 2 (p/rfgr + Prdqr’) 

T 

IS a perfect differential Hence we may write 

e 2 {pr'dq^ - qr'dpr) = d{W — e Xprqr) 

r r 

dK 

where K may be any function of (g^, p^) Accordingly 

^ _ 3A- , dK 

^’~dpr’ 9^ 

and the general form of an infinitesimal contact transformation is given by 
n . 

^ («) 

wheie K is an arbitrary function of 

If for e we write SZ, the equations (22) become 

H dpr * 8t dqr 

and comparing this form with that of the canonical equations of motion we 
see that the progressive motion of a system from point to point corresponds 
to a succession of infinitesimal contact transformations 

The effect of substituting (Q^, Pr) m any function / of (qr, pr) is to 
produce an increment 

a /= 2 ^ M 

■’ rdqr^dpr 7 


( 23 ) 
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133 Let us consider a distuibed motion in which (g,, pr) become 
(g, + pr + Spr) at the time t If this motion is compatible with the 
canonical equations 

_dB _ dH 
^’'~dpr’ ag. 

we must have 


d 

dt 


iBqr) = t( 
s \ 


d^H 

dprdq. 


Sg, + 


dprdp. 


Bp,^ 


with similar equations for Bpr Now let us suppose that the new variables 
are those given by (22) These will lead to a particular solution of the 
varied motion provided 


d (dK\ ^ / d‘H BE d‘H BK\ 
dt V^J , \?PrBq, Bp, dprdp, dq,J 


_a_ _ /^ m 

Bpr , W. Bp, dp, dq,) 

, Va?. BprOp, dp, BprBq,} 


= (- 
Cpr , \ 


Ps 


dp* 


dK\ 

dqj 


^ f d^K ^ d^K \ 

s V^dprdp, ^"dpdqj 

dpr \ 9^ dt ) \dpr) dt \dpj 


o=-A® 

dpr \dt J 


with a similar set of conditions ansmg from the equations tor Spy But 
it IS evident that all these conditions will be satisfied if K is an integral 
of the system, for then K = 0 We thus see that if K is an integral, the 
equations (22) are a particular solution of the equations for the disturbed 
motion 


134 Let u be another integral of the undisturbed system Then u + Au 
must also have a constant value in the disturbed motion But by (23) 

Au = € {u, K] 

c 

when the disturbed motion is that obtained by the infinitesimal contact 
transformation derived from K Hence {w, K] must be constant, and we 
have Poisson’s theorem if u and K are two integrals of a system, the 
Poisson’s biacket [u, K] is also an integral It might be supposed that a 
knowledge of two mtegrals would thus lead to the discovery of all the 
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integrals of a problem This is not so in general The known integrals are 
more often of a generic type, particularly in the case of those gravitational 
problems with which we have to deal, and fall into closed groups For 
example, if we start from two integrals of area we obtain by Poisson's theorem 
the third integral of the same type and no further progress can be made in 
this way In order to obtain fresh mformation it is necessary to start from 
integrals which are special to the problem considered 

Let Wi, ^2, , 11211 be distinct integrals of the problem Then each 

Poisson s bracket of the type {un is constant throughout the motion But 
we have seen in § 130 that a Lagrange's bracket [iin can be expressed m 
terms of all the Poissons brackets Hence [ii^, is also constant through- 
out the motion But this gives no means of finding additional integrals of 
the problem, for in order to calculate wj it is first necessary to express 
Pr) in terms of the integrals (m,.) And this presupposes that the 
problem has been completely solved 
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136 The Hamilton-Jacobi equation corresponding to elliptic motion 
about a fixed centre of attraction is very simply solved when the variables 
are expressed m polar coordinates (r, Z, A), so that (I, \ having the same 
relation to one another as longitude and latitude) 

qi = l 

Then, after suppressing the factor m in the potential energy U and thciefoio 
treatmg the mass factor in the momenta as unity, 

17 = “ /i = (1 + m) = 


Pi = ry p2 — r^7 I 

H - T+U-^ {p-? + r-^p^ + r”2 sec^ X pf) - 


The Hamilton- Jacobi equation (§ 126) therefore takes the form, since H d()(‘s 
not contam Z, 


/0Trv 1 ,dwy 

[dr ) ^7^[dX ) 


r»eos»\l dl )~ ^ 



where 

easy 


W=W'-a^t Integration by separation of the vanables is 
For 



ftg-* sec® X 


then 


obviously satisfy the equation Hence 


^ dr -f (Ota® - a/ sec® x)- dX q- 
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IS an integral which contains the three independent constants «j, a^, 
Therefore the complete solution of the problem is given by the equations 


- A = ^ = - ^ (2«1 + /o ““ ^ 


dW' 1 

-/53 = ^^ = ^ “ j^a3sec3\((3£2®-a,2sec^\)“* 




where A are three additional constants The lower limit is also 

arbitrary It may be identified with the pericentric distance, and then the 
integrals depending on r will vanish at the pencentre 


136 We have now to determine the meaning of the six constants of 
integration Since the integral in the first equation vanishes at perihelion, 
A IS clearly the time at this point Also, by the same equation, 


r r® 


= 2ai {r - ri) (r - r^jr^ 

But at an apse, r = 0 and r = a (1 + ^) These then are the values of 7 i, rg, 
and hence 

, /4 = — 2a «!, ai — — 2a® (1 — e^) 

or , 

«! = - /i/2a, og = (1 - e^)] 

Also if we put ag/^a = cos % the second and third equations become on 
integration 

- /3a — — /i (r) + sin“^ (sin X/sin ^) 

— A 5= I — sin""^ (tan X/tan ^) 
or 

sin \ = sin i sin j/j (r) — ySg} 
tan X — tan z sin (Z 4- /3,) 

This last equation shows that the motion takes place m a fixed plane makmg 
the angle % with the plane X = 0, which may be taken to represent, for 
example, the ecliptic, with I and X as the longitude and latitude of the 
planet Thus the meaning of ag “ ofg cos % is defined, and — ^g is simply the 
longitude of the node The preceding equation then shows that fi (r) — is 
the angle between the radius vector of the planet and the line of nodes, 
1 e the argument of latitude But at perihelion the integral (r) vanishes 
Hence -^g is simply the angle in the orbit from the node to perihelion, 
or -cr-fl in the ordinary notation The canonical elements which we 
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have introduced can therefore be expressed m teims of the usual elements 
{T being reckoned from the epoch when the mean longitude is e) thus 
- fijla, - (e - ^)ln 

«2= VW (1 - e^)}, ^2= - OT + ft 

• a3=V{/^(l-0}c<^st, )Ss = -ft 

The homogeneity of these constants will be increased by introducing a = 
instead of cki This makes 2ai = — and W=W'-i- Hence 

will be replaced by where 

dw dW fiH fdW' \ 

^ da ^ da a^ a^ V dai J 



Smce the mtegral vanishes at peiihelion, and ^ = T at this point, 

The other constants are easily seen not to be affected by the change in «!, 
which can accordingly be replaced by 

a=^s/{fia\ ^ = 7iT = — e + ®r 
where e is the mean longitude of the planet at the time t — 0 


137 The expressions for a, Oa, Oj, A m terms of the ordinary 

elhptic elements which have just been found make it very easy to calculate 
the Lagrange’s brackets 


[ti, = S ^ 


du dv du dv) 


where v are any pair of the six elements a, e, ft, -bt, e Since aj are 
functions of a, e, ^ alone and >9, /Sg, are functions of ft, w, e alone, the 
Lagrange’s bracket for any pair of either set of three elements vanishes It 
IS equally evident on mspection that [e, e], [i, w] and [^, e] also vanish, the 
two constituents never occurring m a corresponding pair of canonical constants 
Hence the complete array of Lagrange’s brackets may be set out thus 



a 

e 

% 

ft 

'cr 

fc 

a 

0 

0 

0 

[a, ft] 

[a, nr] 

[a, e] 

e 

0 

0 

0 

ft] 

[e, nr] 

0 

i 

0 

0 

0 

[h 12] 

0 

0 

ft 

-[a, ft] 

-[e. ft] 

ft] 

0 

0 

0 

-or 

- [a, tsr] 

- [e, ®-] 

0 

0 

0 

0 

6 

-[a, 6] 

0 

0 

0 

0 

0 
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where the first constituent of each bracket taken positively is placed in the 
column on the left and the second constituent in the line at the top The 
brackets in the second diagonal really contain only one term and are at once 
seen to be 

[a, e] 

[e, <0-] = e \/yEAa/v'(l — e®) 

[^, = Vyu«(l - sini 

while the remaining three brackets contain two terms and are 
[a, n]=i V(T-e2);Vi(l — cos ^) 

[a, isr] = l V/I/a (1 - Vl - e^) 

[e, XI] = — 6 V/ia (1 — cos ^ 

The value of the whole determinant depends simply on the constituents in 
the second diagonal and is evidently 

A = [a, e]* [e, 'sry [^, n]2 

= I sm^ ^ 

138 It IS now easy to form the reciprocal determinant, the constituents 
of which are the Poisson’s brackets of pairs of elements On account of the 
large number of zeros in the above determinant a corresponding number of 
mmors vanish and the rest can he calculated without difficulty It can in 
fact be verified by simple inspection that the reciprocal determinant takes 
the form 



a 

e 


XI 

'GT 

e 

a 

0 

0 

0 

0 

0 

[ch t] 

e 

0 

0 

0 

0 

{e, ■or} 

{d>, fcj 

% 

0 

0 

0 

K xi} 

[%, w} 

e] 


0 

0 


0 

0 

0 

vr 

0 

- [e, -cr} 

- {l, ’ur] 

0 

0 

0 

€ 

- {a. e) 

e} 


0 

0 

0 


the first constituent of each bracket (written positively) being indicated in 
the column on the left and the second constituent in the top line as before 
It is also clear that the partial substitutions (§ 130) 

= [a, ixr}z^ + [a, 

= fi] Z4 + [e, 

^3 n] £^4 
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and 

^4 = [i, XI} a 

{e, nr] 

= {a, ej iPi + {e, e] ol^ -f [%, 6} jl < 
must be equivalent, and it leadily follows that 
[a, e) = l/[a, e] = - 2 Va/yu 

[e, -ar} = l/[e, -or] = Vl — ^je V yttor 

{^, XI} = l/[i, XI] = l/\//Aa{l — e“) sin ^ 

{e, e} = - [a, «•]/[», e] [e, ot] 

= (1 — Vl — e’) Vi — 

{i, -cr} = - [e, n]/[e, «•] [^, XI] 

= (1 - cosi)/V/u,a(l — e 2 )sm 2 
1^ ^1 = - [e. - [e. H] [a, ar]}/[a, e] [e, ar] ^ XI] 

= (1 - cos i)/V fia (1 — e®) sin ^ 

The SIX Poisson’s brackets are thus all known 


139 A solution of the Hamilton- Jacobi equation, involving the ai\ 
arbitrary constants a, or^, ag, ^ 3 , has been found for the case of un- 

disturbed elliptic motion relative to the Sun When the action of the othei 
planets is taken into account, the potential eneigy JJ becomes ?7— /f, 
where R is the disturbing function and is expiessed b^ 23) 

iJ = 2 m 

W r» ) 

Hence if becomes E^-B and consequently by § 127 the constants of the 
approximate problem aie m the more complete problem subject to vaimtions 
which are defined by the equations 


dR 

dt dB,’ 

Here B is supposed to be expressed m terms of the constants mentioned in 
§ 136, which refer to the motion of the planet consideied undisturbed, and 
the time as it occurs in the expiession of the coordinates of the distuibing 
planets When instead of the canonical constants aiising in the solution of 
the Hamilton- Jacobi equation the ordinary elements of elliptic motion ai(‘ 
employed, the equations for the variations are no longer of the above simple 
f'ypSj but take the more complicated form 


= ~ X lA A) 


where Ar represents any one of such elements Since we have found the 
expressions for all the Poisson’s brackets, the equations for the variation of 
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the usual elliptic elements can at once be written down m an explicit form 
They are as follows 


dcL . — . — 0jR 

di 


dt 

di 
dt 

dn^ 

d'i cos <f> sin ^ ^ jia 
dvf 


cot dR tan cos <f> dR 
fia V/^ta dt 

__ _ 1 _ _ dR tan J i 
cos cjy sin ^ V 9^ cos (j> s/ fjLti 
1 ^ 
di 

c ot <j> dR tan dR 

fJLil 


d't V uLii de cos (\> ^ 9^ 


(dR 

\9ct 9e / 


~ o /“T”' 972 tanJ0cos<jJ> dR 


^ ^ ^ tan dR 

d<^ sf /j.a de cos <f> */ fjLa di 

A slight simplification has been made by writing sm in place of e in the 
coefficients of the paitial differentials of R 


140 *lhe above set of equations for the variations of the elements is 
fundamental An important point must be noticed in legaid to them The 
variation of a entails a corresponding vaiiation of n which is determined by 
the relation = fx Now the disturbing function 72 is a periodic function 
of the mean anomaly and is expressed in terms of ciiciilar functions of mul- 
tiples of nt Hence the denvativo of R with respect to a would contain the 
same circular functions multiplied by t and this intioduction of teims not 
purely periodic would be inconvenient The difficulty is avoided by an 
artifice which should be carefully noted 

We consider n {q& distinct from a) to occur only in the arguments of these 
periodic terms Otherwise a is used explicitly or if it is more convenient to 
use n outside the arguments, n is simply a function of a given by 

Now e enters into 72 only in the form nt + e through the mean anomalv 
so that 


Hence 


de t 



dR 

da 





J'rn fdR\ 


da \M)a^ 
. 072) 

da de] 

. dn da 


^ootisl 
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dt dt \^Oj Jn= conbt 


If then we take e' instead of e, where 

de dn __ de 
dt dt dt 


e + nt 




Kidt 


the form of the above equations for the variations of the six elements will be 
unaltered, smce 

ZR^dR 

de de 

but their natural meaning will be so far alteied that (1) // in the mean 
anomaly is not to be varied m forming the derivative with lespect to ct, and 

(2) nt m the mean anomaly is to be replaced by jndt The secular terms 
which would anse from the cause mentioned aie thus avoided 

The value of n is deduced directly from the value of a, and we have 

Jndt == dt 

If this integral be denoted by p we have also 
d^p ’xj—j- ^ 




which gives the finite variation of this pait of the mean longitude in the 
disturbed orbit 


141 When e (and therefore <f>) is small, and this is commonly the case, 
the coefficients m the vaiiations of e and w which contain cot <jb as a factoi 
become large This gives rise to a difficulty which can be avoided by intro- 
ducing the transformation 

Jii — e sin 'ST, ki = e cos vr 

The result of makmg this change, which can be veiified without difficulty, is 
to substitute for the corresponding pair of equations 

dt 's/pa dk^ C 08 cf>'^Jfi d% 2cos2^^V^ de 

_ __ 4^ ^ _ hi ta n dR cos </> dR 

dt faa dhi cos di 2co840Vy!Ia ^ 
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Similarly, when the angle between the plane of the orbit and the plane of 
leference is small, a pair of coefficients in the vanations of ^ and become 
large, and the transformation 

“ sin ^ sin H, = sin % cos £1 

IS useful The result, which can be venfied with equal ease, is to replace 
the equations named by the pair 

dhz _ cos ^ dR cos ^ /dR dR\ 

dt cos 0 V fjba dk^ 2 cos^■}^ cos ^ V fjua VSw 06 / 

dk2_ c us^ dR k^ooBi fdR dR \ 

dt cos<j!>V/xa 0 A 2 2 cos® cos ^ Vyua \0ra- 06/ 

142 Another form of the equations for the variations of the elements, 
in which the disturbing forces appear explicitly, is of great importance Let 
Sj T be the components of these forces m the plane of the 01 bit along the 
radius vector and perpendicular to it, and W the component normal to the 
plane Let u be the argument of latitude and (\, /x, v) the direction cosines 
of the radius vector, so that (§ 65) 

X = cos w cos fl — sm w sm £l cos ^ 
yu. = cos u sm n + sm cos £l cos i 
v = 8mu sm i 

The direction cosines of the transversal and of the normal to the plane may 
be written 

^ 0ya ^ Q^nd ^ 19/a 1 dv 

du' du' du smw0A' smudi* sintA 0^ 

which must satisfy the conditions 



If cr be any one of the elliptic elements, we have also 

dR _ dR dsc ^ dy dR dz 
d<r doc dcr dy da dz da 

But the component of the disturbing forces along the axis of as is 
die du sin u di 


da \ du smu di J 


d(\r) 

9cr 


ady , 


\0w da/ sm'iA \di daj 


Hence 
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by the conditions mentioned Now 

? = a (1 — e cos E), tan 
M = «r — n + E — e sm E = nt e — 

In accordance with § 140 we treat n, as it occurs implicitly in Uy as inde- 
pendent of ( 2 , and replace nt by ^ndt 


Hence 


^ 0r 't B 

005 “bCL CL 

dR rW « /3^V Tjr 
^ ^ h 5 - = ^ Ir sin 

9^ smw \d%J 


an ^ ^du\dCi hi) 


sinw di du) 


(since X contains 12 both explicitly and implicitly thiough w) 


‘-7T 


, /a_\ ax\ _ I rF ^ /dx dx\ 
'Uanj 7 


rW 


- 7 T (cos i - 1 ) + (- sin 71 cos n sin %) 

= — 2? T sm* ^z — rW cos u sin i 

“‘y •h™«gh «, »o 

S-S?+rTt(Pl ? 2 + 1 ^ 2 ^ 

^ WW da- sinti 01 J 9^ 




Hence 


\3o- da-J 


^^=8 oesmB^g+rT^^^ 


9e ^ ^ 

= S a^esm Eji +aTBinw/8inB 
= aS tan ^ sin W+ «y sec (1 + e cos w) 
Since I and w are both functions of e - ■or 
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and finally 


0e de^ de 


= aS(- 


COS E + esmE 




s in w dE sm 
sin ^ 9e 1 - 


sm 

T^J 


= aS f— cos E -h T— — — + rTsin w f ~ 4 - -- 3 ) 

V 1 - e cos VI — e cos E 1 — e®/ 


e — cosE 
1 — e cos E 


. rn /I + e COS W 1 \ 


= — aiS' cos li; + 7 !r sm (2 he cos w) sec^ <f> 

It only remains to carry the expressions found for the deri\atives of R into 
the equations of § 139 for the variations of the elements The lesults are as 
follows 


= 2 ^a^//jL {S tan <}> sm zy + T sec (1 -I- e cos -m;)} 



From the first two equations we get for the variation of the parameter 

p = ct (1 — 6*) 

^ = cos2 - 2a8in<^~ = 2?ircos 


It has been convenient to derive the above important set of equations from 
those which involve the derivatives of the disturbing function But their 
form would be the same if the components of the forces were not such as can 
be expressed as the differentials of a single function Thus they hold, for 
example, in the case of elliptic motion disturbed by a resisting medium 

Since is constant, the equation for the variation of a maybe 

replaced by 

™ = — 3 (/Ssin (jbsin w + T(1 -h e cos zy)}/acos ^ 
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Also 

^ (e - w) = - 2r&7 V(/ia) - cos ^ ^ + r F sm M tan 


= {(a cos* <f)C03w- 2» sin 4>)S- rT sin w (2 + e cos w))/sin ^ /^{na) 
which gives the variation of the mean anomaly, 


dM d . fdn , 


part of the vanation of nt being included in e as explained m § 140 and 
mentioned above 


143 It has been seen in § 139 how the canonical solution of the problem 
of undisturbed elliptic motion leads to the canonical equations appropiiate to 
the form of motion which follows from the intioduction of disturbing forces 
With a slight change of notation, 

X = a = l = nt--/3 = e - tsr + 

^ = 02 = VW(l--e% = 

Os = Vlitta (1 - e^)} cos h=z - j3^z=Q, 
and the canomcal equations become 

dt dl ' dt ^ 


dt 

dt 


dJR 

'^9 ' 

' dh ' 


dt " 
dt' 


BE 

'dQ 

dR 

'm 


due to replacing the element 

QuledmJr^rhT’^t V i form 

quoted m § 139 be denoted by the vanation of I follows from 


and therefore 


dt ^ dL’ dL~dL~‘ 


Ji = lic-jnd£=lt,- f^>£->dZ = B^ + 


futctio^fV- VT since R is a 

“CT + n^, dRjdl IS the same thing* as --BRIBR 


Without changmg £ let the transfoi matron 
L-G=Pu Q-H^p„ = 


-h=(02, 
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142-144] 


be made Then 

XdL + a)iC?/?i + (Ozdp 2 “ (Z<ZX + gdG + hdH) = 0 

and this expression is therefore a perfect differential Hence by § 125 the 
transfonnation from the variables 

to the variables 

P\i Pa j 

IS one which leaves the equations of motion m the canonical form The 
angle \ = e + is the mean longitude, and ©i = — 'sr, Oa = — are the longi- 
tudes of perihelion and the node, reversed in sign 

Again, consider the transformation 

f = (2p)^ cos 6), 7)^ (2p)^ sin w 

In this case 

fodp = — 2p sin^ (od(o 4- sin co coscodp — codp 
= d {p(^ sin 2a> — o))} 

IS a perfect diffeiential Hence the variables L, p^, p^, X, o)i, ©a can be 
changed to 

L, fi, fa, X, ?7i, 

and the canonical form of the equations will still be preserved These 
variables have been used extensively by Poincar^ Since 

Pi = Z — (? = 2 ^/{pa) sin-* i(f> 

(sm<f> = e), fi, are of the order of the eccentricity, and are called by him 
the eccentmc variables Similarly, since 

pi= 0 — H—2 's/ifjLp) sin** 

^ 2 , V 2 are of the same order as the inclination, and are therefore called the 
oblique variables 

14:4 The account which will be given of the lunar theory m later 
chapters will be based on a method which is quite different from Delaunay's 
But the latter is in reality very general and therefore Delaunay's mode of 
iiltegrating the canonical equations of the previous section will now be 
indicated The form of the disturbing function will be taken to be 

R=^ — B — A cos (ill i^g + ^3^ + q)-\-Jii 

= — B A cos 0 + Ri “ Hq + Ri 

where jRj represents an aggregate of periodic terms similar to the one written 
down and n', q are constants The term B and the coefficients A are 
functions of L, 0, H only and in comparison with B these coefficients are 
small quantities of definite orders Let 

-f- -H ijh = ^ — %n't — q 
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Then the vaiiables 

4 Q, H, U g, h 

can be leplaced h} 

Z, ir^6ug, h 

provided 

(i,-^e,--l)dL+g d(G'-G)-hh d(H'-ff) = dW 
IS a perfect dijBferential , and this condition is clearly satisfied if 
G'=G H' = H — Z 

for then dW^Q If now jRi = 0, a solution of the problem can be found 
For conespondmg to the equation 

= cos {6i+%yt + q) 

the Hamilton- Jacobi equation takes the form 

■D A ( \ dW 

and a solution involving thiee constants C, g\ h* is 

W=at+ tr^l&dl - + q)+ g'G' + h'H' 

pzovided 

— B — A cos 6 -hC — ^ 4 ??' = 0 

This equation, which is in fact one integral, may be wntten 
0 = ^ cos Bi = B + 

The solution, b^ § 126, takes the foim (a,= C, g\ A', = c, - Q\ - E^) 

« + c + ii "' ^BiL = 0, = i,-' (B - liii't - q) 


G’ = const , 
E* = const , 


g=9'+H-^^,^edL 


The lower liimt of the integral involved is a function of (7„ Q', H' but the 

mte^ IS so defined that the integiund ^ vanishes at tks lilit tL 
solution can also be written 


L-\®, + S = %@ + H' 

C7 = 5, + ^cosd, -ffi = £ + «,n'® 
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At this point {G, g', h' , o,-Q', — ff') are absolute constants, resulting from 
the solution of a Hamilton- Jacobi equation when the Hamiltonian function is 
R-Ry Hence, by § 127, the further treatment of the problem depends on 
taking these constants as new variables, and solvmg the canonical system 

3c ’ dt dg' ’ dt ~ dh' 

4 

— = _ 3-Ri 

90 ’ dt dG" dt iH' 

But circumstances now arise which require further examination For 22, is 
now a function of the new variables, mstead of the old, and the form of the 
function IS important 

145 In the partial solution 

0 = 5. + A cos d, ^ = V {A» - (0 - = A sin <9 

where A are functions of @ (and the constants C, G', S'), and ®, 0 are 
functions of t to be determined The forms to be expected may be seen m 
this way The above equations give 

@=/(cosd), -/'(coa5)^ = A 

and therefoie 

t+c=j<l> (cos 0) de = 610^ + tt, sm r0 

when 0 vanishes with t + c Hence 0-0,{t + c) is an odd periodic function 
of B and therefore of X, ~ (^ + c) Thus, being some constant, 

6' = \ + S9,sin»X,, \=(9,(< + c) 
and 

0 -f (cos d) = ®„ + 2®r cos 7 X 

These forms, which without a critical examination of the conditions have 
only been made plausible, are actually found in practice It follows that 

Z = ii®, + t.2®,oos7-X, <?=<?'-m,®,+4,20,cos 7X, H=H'+i,®,+i,2@,cosrX 

^ ^ ^ JdG' ~6 q ^^^9 + ^0 + c) + 2^, sin rk 

7 7 / , /* 9^ sin ^ 

^ Wq + c) + 2A, sin rX 

and the original variable I is given by 

— — %Ji 

^ ^ y ■” — ^3/i.^)sln7X 
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Now, since 6 and 0 contain (7, (r', H\ these constants also enter into 
and therefore into the coefficients of t in the arguments of the terms m 
Hence t will appear outside the circulai functions m the derivatives of 
with respect to G, H' This inconvenient circumstance must be avoided 
by a change of variables Now 

d j ed% = ed%-(t-\-c) dG + {g-~g')dG' + {h -h') dH' 

by the form of the partial solution, and therefore 

d(Gt- j®de^=-@de- cdC + (g-g')dG' + {h- h') dH' + Gdt 

This is a perfect differential and when each side is expanded m the form of 
a secular and a periodic part, the same must clearly hold true for each pait 
separately, at least when the number of periodic terms is finite, and in 
practice the remainder aftei a certain number of terms must be treated as 
negligible But 

dd 

® ^ = (®o + S0; cos rX) (1 + cos rX) 

~ Aq H" cos tXj Aq = 0() + Oj 

Hence, when the periodic terms are omitted, 

Gdt - AodX -odG^g^{t-^c) dG' + c) dH' 

is a perfect differential, to which d (AqX) may be added , and therefore the 
variables 

a, G\H', o,g\W 

can be replaced by 

Ao, G\ H' , X, K, Tj 

where 

« = / + 5^0 (^ + c), 7? = A' + h, (t+c) 

This follows from § 125, which shows that at the same time must be 
replaced by Ri — G All is now expressed in terms of the last set of variables, 
and secular terms are thus leinoved from the arguments of the terms in R^ 

It is convenient to make a final simple transformation Smoe 
^ (iiX ~~ X) dAo + dAo + 1)^ dAo = — d (Aq + q)] + i^ri'A^dt 

h'X' — X — — 1^7) — i^n't q 

the variables 

Aq, G\ AT', X, K, 7} 

can be replaced by 

A' = 2,Ao, <?" = (?' + 22Ao, ir" = F'+2,Ao, V,>C,77 
but at the same time it is neceasaiy to add %^n'A^ to J2, - C Thus finally, if 

R' = R, - 0 + tjw'Aii 
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the system of canomcsal equations 


dA'_ 

dR' 

dO" 

dR' 

dH" 

dR' 

dt 

ax' * 

dt 

dfC ’ 

dt 

dr) 


dR' 

dfc 

dR' 

dr) 

dR' 

dt 

aA'* 

dt ~~ 

dG"^ 

dt ~ 

dE" 


IS obtained 

146 If the value of X' be compared with the expression for I m terms 6f 
X it will now be seen that 

^ X' + 2 ) sm rX 

and thus X' and I differ only by periodic terms The same is true of /c, g and 
7), h The periodic terms would disappear with A, as also those in @ and 0, 
and Aa would coincide with ©« and @ Hence the final variables are the 
same as the original variables when A = 0 The form of R' differs from that 
of R mainly m the complete removal of the term A cos (9, and naturally the 
most important term will be first selected for elimination Periodic terms 
will be mtroduced into the arguments of R\ but it is easily seen that on 
expansion they give rise to periodic terms of a higher order than A cos 6 

The same process can be repeated indefinitely, until all sensible terms are 
one by one removed, together with those of a higher order introduced at an 
earlier stage It has been assumed that is not zero If = 0, or 
can take the place of ii I There are also terms for which = ^^ = = 0 In 

the lunar problem these depend on the mean longitude of the Sun and are 
removed by a single preliminary operation analogous to the above 

Delaunays expression for the disturbing function contains over 300 
periodic terms, and their removal involves practically 500 operations of the 
above kind, reduced to the application of a set of formal rules This 
immensely laborious task was carried out unaided But the result is the 
most perfect analytical solution which has yet been found for the satellite 
type of motion in the problem of three bodies The solution is not limited 
to the actual case of the Moon since it is expressed in geneial algebraic 
terms The satellite type of motion may indeed be defined as that type for 
which the Delaunay expansions are valid It seems an interesting problem 
of the future whether such satellites as Jupiter VIII and IX will be found 
to satisfy this definition Their conditions differ widely from those of the 
lunar problem, in particular in the fact that the motions are retrograde 
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CHAPTER XTV 


THE DISTURBING FUNCTION 

147 The development of the distuibing function R in a suitable fonii 
gives nse to many difficulties, partly of analysis, paitly of ju actual computa- 
tion, and IS the subject of an extensive liieratuio* It is jiossihlc to dcsil 
here only with a few of the moie impoitant points 

The prmcipal part of the disturbing function foi two planets involves tlu‘ 
expansion of the reciprocal of then mutual distance' It is tluui'loic' 
important to consider the natuie of this expansion, oi latlu'i of in 
general where s is half an odd integei For this inoio gciu'ial foiin will 
give the denvatives of A”^ A® being a rational (pmntity, and thew* will 
naturally occur when A”^ is expanded in teims of any contunisl paiauu tci 
It IS convenient to consider first the case of two ciiculai, coplainu oibits 
Then, if H is the difference of longitude in the plane, 

A* = — 2ai a„ cos II 

Oi, ^2 being the radii of the orbits Let 

cii < aa, a == Oi/a^, iH = log z, - 1 

and therefore 

aa“2 A” = 1 H- a** — 2a cos // = (1 — olz) (1 —az’^) 

Hence the function to be examined is 

= (1 - az)-^ (1 - oLz-^ys = J 2 6,^ 

- oo 

= (1 + 0 ? - 2a cos H)-‘ = Ift," + 1 b,' cos ilf 

1 

Since the function is unalteied -whoii z and z-'- aio intfioh.iiigwl, A, 
and % may be tieated as positive The coefficients b,' au' called LauUuti 
coefficients By Founer’s theorem, 

6.' =~f(l- - a«->)-‘ z^-‘ dz 

2 

~ TT I ^ d" “ 2a cos cos it(/t 

* Of H V Zeipel, Encykl dei Math Wistt , vi, 2, pp 5f>0-(>G5 


(0 
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The first (complex) integral is due to Cauchy , the path of integration is 
taken round a circle of unit radius By introducing the Weierstrassian 
elliptic function 

p(M) = ^r_^(a + a-i) 

Cauchy’s integral clearly Becomes an elliptic function, and Poincar6 has 
shown how this function can be reduced to a calculable form But another 
method will be followed here 


The coefificients hg'' are easily developed as power series in a= For, with 
the use of gamma functions, 

and therefore, when jp = g + 


r (s + g) 


r(s)r(g+T) 


02 S -2 


r (s + g + 1) r (s + g) 


+ f r(s) T(s+^) rcm+Y) n^Ti) 

But this can be recognized as a h37pergeometric series, and when it 
expressed in the ordinary notation, 


5 + t, ^ + l, a^) 


^(5)f(^ + l) 


( 2 ) 


IS 


By the known properties of the hypergeometnc series, this expansion is 
convergent when a< 1 There are many equivalent forms, but (2) is enough 
for the present purpose 


148 Laplace’s coefficients aie subject to several formulae of recurrence, 
which facilitate their calculation That such exist follows from the known 
relations between sets of three contiguous hypergeometnc functions Instead 
of finding them directly, a more general function 

may be considered, for this reduces to 6/ when j = 0 In the integral (1) 
wnte jz - af, and then 

7rta-6/ = [(1 - (1 - ?-')-• r-’d? 

It follows that 

f (1 - (1 - ?->)-' rf? 

The equivalent forms 

[(1 - (1 - 
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show at once that 


(3) 





Again, 


^[(1 - 

= (1- (1- {(s-4-l)a2f"+-?+(t+ ;+ia2) (^+^+^>- 1) 

When these expressions are mtegiated along a path lying between the limits 
1 <. I 5*1 < «“*, where the functions are legular, the hist integrand lotnnis to 
its original value Therefore 

(^-s + l)a5,‘+^^-(^^-^ + ^a^)ft'••^ + (i^-y + 6-l)aA'-*^ = 0 (4) 

The identity 

(1-a^?)— ^ (l-rV 

= (1 - a^?)— ^-1(1 - f 1(1 + a‘) r 

gives similarly on integration 

(s +j) = s (1 + B';l, - ,aB\X\ >-saB\l\' 

and after eliminating the last term by means of (4) with 5 4-1 in the place of 

(t +3 +s)0 + s) = S [s + 0 + 9)a^] B\ - 5 0 + 2s) a B\\\ ^ (5) 

When y = 0, (4) and (5) give formulae which apply to Laplacc'^s coefficuuits 
Derivatives of the latter with respect to a can then bo oxpiess(‘d as hneai 
functions of 

149 Newcomb's method of calculating the cocfhcients 6^', togothoi with 
their derivatives in the form subsequently lequircd, can now bo oxplairu'd 
Let 

2s = », 8 = ~, D = «:^=2a>S 

aa-* doi 

and let 

c„* = 2-7 ^ = 2-? (a */V) 

This IS not Newcomb's definition of O-?, but it is the equivalent Thus 
^ ^ = {K'l - 1 ) + 4 + 2^1 C„'-^ + > 

and therefore 

j (yi - 1) + ^ 4- 2y} J + D*Cn"'‘^+' (6) 

so that these derivatives of a higher older are easily deduced ftom those of 
the next lower order Let 


= Cn'» VCn*”'* ? = B/* 
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where 


P so — 


(t+j + ^w- 1 ) « n I j _ (* ” + 1) “ 

i(l+o»)+j ’ t(l + a=)+j 


( 7 ) 


The development is to be carried to a definite order fixed by ^ = ^, say 11 
In the first place is calculated tor the required values of n,y by a direct 
method Next , Pn’-* are deduced in succession by (7) For i = 1, 
s = |, the formula (3) becomes 


(2y + 1) a c,!'-’ = - a = Ci“-'+> (1 - a 

or 

The first coefficient Ci®»® is calculated directly Then (8) gives (j = 1, 2, ) 

in succession The formula (5), when 4 = 0, gives 

0 + « c"' •’ = [|w + 0 + ^n) o^] -^n{j + n)a. 

or 

0 j (^ + a c® 

[i?i + 0 + a'] ^ 

whence (n = 3, 5, ) are found in succession It only remains to form 

= (^= 1, 2, ) and the calculation is then complete The 

successive derivatives are finally derived by the use of (6) 

The employment of a chain of recurrence formulae in practical computa- 
tions requires care, because they are apt to involve an accumulation of 
numerical error It is the ment of Newcomb's method here descnbed that 
it IS not only simple but very accurate 


160 The quantities which must be calculated directly are Ci®' ° and 
where n= 1, 3, , j = 0, 1, 2, , and k is the highest value of i to which the 

expansion is earned Now 

CjO* 0 = 6,0 = ^ f (1 + a-* — 2a cos dt 
a TT 1 0 

a complete elliptic integral which can be found in a great variety of ways 
Newcomb commends for the purpose the arithmetic-geometnc mean, which 
follows from the identity 

f {On^ COS'* <j} 4- 6^® sin® cl>)^^d<j>= [ (a^n+i cos® + 6®n+i sin-* d'xjr 
Jo Jo 

where 
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(ljatt‘4 
sm (j> — 


(‘H MV 


This IS obUin(‘(i inimo(ljatt‘4 b} tfho 1 lansfonn it mn ot <J,ni ^ 

sin yfr 

(^^i-fM^os f sin ^jr 

and can bo (‘\t(‘n(lofl ind<*hnit*oly by siioc < ssur -itops If n til^Mnii ituf tli,^ 
boquonccfa a,^, b,^ havo n (oininon hunt A and hint i thii fh, \ du* td fji. 
intt'gial IS 7r/'2A In t,h(‘ pi(‘S(‘nt <aso 


I - a, /i, 1 i nf, 


li I 


and this indicat<‘s on< way in wliidi c,"'*' is oasil\ (d>iain«‘«i 

rh<‘ calculation of />,/»' is b«is<‘<l on tin liyj>oii»oonHfn< < mi jt i 

chsir iluit 

S/'Vs. S t-t, H I, a’) I I A I < I I I t I 

and th(‘i('fou‘ ^^(*iu‘i<ill\ 


by (2), 


+ r(v4 I < )) I'u I I ) 


r(s4 0 !'(( I y ( 1 1 


/•'(s • /, I 


1} I, ) _ IH' + y) ( t /) 

‘ ” |l'(a| r(t 4 i) ' A ' ♦ ' < / ' I y , I r, , 

and thoiefoK*, sinc<‘ //s»2s, 

4« n t y 1 A'(4« I n I / / ( y n , , 

“ /C'-' ‘ + y I y. 1;M M y I , , y " 

The qiiotioni of t,ho two hypoij..-(mio(,ii( sitii's c.m 1» (..la.tlitl ml.t i 
tontuiuni li.iaion by a known Uio(»i(‘in'» o| (!Jln^s, .tiui i, it M.tiv.i-. 

mHly a ow U-nns suffa-. (,o «,v. .,s valuo ^ ,h.s I j,,, 

(lotoiininod the io(mii(‘(l values of /)„*. i 

151 In oidci f,o obUiii Uio ilosiiod foiiii of ila (outmui.l fi oUimh n 



//'II,, «//'II.Ml /y , t 


^ « /Jf } 


ny air'" 


'' ‘ 
rn Si 




1 Ml 

«/C ' 


'tiry" 


and by (4), 

+ , , y ,«,)//' 1. 1, I y I M,/;/ ’ ‘ 0 

" OhiyrtUrH llottmt, n, |» i\u, 
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These are three linear equations in 

eliminated The result may he expressed in the form 

‘ (i--5+l)a i-hj + icir + l (^+J+■s)c^ 1 = 0 

. i. ■t-^2 1 -»4-2 


<^+p:ii7 


1 +0Lp] 


t+hj 


<^pV-V 


A n It 

After expansion and division by (1 — «“) this gives 

(^ -s + 1) - (‘ + j + i)pr ^ + (^ + s) « = 0 


or 

l(^ - s + - ICC] {(t - 6 + 1) apy_*^ _ (^ +_; + 1)} + (s +J) (1 - *) « = 0 

Theiofoie (7) gives (2*s = n) 


__ (i- + 6 1) a 

i 4- la® - ~ 5 + 1) apjf ^ 

(^+^ + &-l)a 

-%+J-{s +j) (1 _ s) ft +J + 1 _ (^ _ s + 1) 

+J) + s - 1) o («+jl)_(l -6) a' 

= t + r (t + ?)>+'? + !) (^- s + 1) 

1 — 1 — I +J 4 1 

(2,4j^^ 4 5 — 1) a (j?4j)( l — g)cf^ (^ “ 5 4 1)(^4J + s) 
t4 7 4J 4 1) (^ 4 ; + 1) (^ 4? 42) 

1- 1- 1- 


and this is the required form The i elation between the alternate constituents 
is obvious enough, for the substitution of j 4 2 for ^ and 7i — 2 foi (or 5 — 1 
for s) clearly has the effect of increasing each factor by 1 in the nuineratois 
and by 2 in the denominatois As t = A; is a faiily huge number in the direct 
calculation of pn'^, the even constituents are small and the calculation is 
based on an odd number of terms (generally five) With the use of subtrriction 
logarithms the process is rapid 


162 The next step is to consider two circular oibits m planes inclined at 
an angle J Let Zi, Zg be the longitudes m the two planes, leckoned from 
the common node, and let 

fjL = COS'* ^J, V = sin-* /a 4 V = 1 

ic = Zi — Z2, y = Zj 4 Z2 

Then the angular distance between the planets is given by 
cos B = cos Zj cos Zj 4 am Z^ sin Z^ cos J 
= />(, cos a? 4 V cos y 
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= (1 + a« - 2a cos iT) "4 

= 6«.« + 2 2 6Mcos«, + 2 S ^cos^y + 4 2 2 6<.^oos^^cos,y 

where 

— a (Oa A-i) COS ^a; oosjy d® dy 

When p IS small A"' can be expanded m powers of r Thus 
OjA *= (1 +a® — 2acosa!— 2ai/(cosy— cosa;)j“4 

“ Jo r(n + l)r(i) ^ (1 + «'- 2a cos ®) - » - i (lO) 

or 

where ’ 

ta: = logf, iy = log,;, t» = -l 

lerTo^JTr^ expressions m 

Older to have b ^ as a power senes in v, the coefficients being functions of a 
Thus, for example, as far as ® 

26*.« = - ^ai; (6 + 6j.-.) + l^a^ (j,.+a + 46^. ^ _ 

26"= iw 6^‘ _Jaaj,a(j 

|«V b^^- 

JsedbTLeVere'°“!,?®® developments fuithei, and this is the method 

e^pali^JouZTi But Its validity IS limited The binomial 

pansion (iO; ot a^A is convergent onl;y when 

p< 1 + 0^^" 2a^os a? 

2a (cos 3 ^ -cos a;) 

«.d ™c. a. „« 00 ..— c^i,- 1 , 1 » lootadrf 

Sin’-J./=i,<(l_«)a/ 4 „ 

b, a. ““ 

inclm^iont pl-Miets, however, are some whose 

SS T find a? I* - 

uesirabie to find a more general form of development Let 

= (1 + a'* - 2a<r>-‘ = Sa,'*a'* 
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The coefficients Oj” are polynomials m cr, which are in fact Legendre’s poly- 
nomials when s = J Diffeientiation with respect to <r, and logo gives 


P«+2 

2^ 2 nG,"a" = (o- — a) (1 + «« _ 2a<r) 


S = (or - 2a) (1 -f. - 2ao-) H- 2 (5 + 1) a (a - o-)^ 


= (or + 25a) (1 4- - 2ao-) - 2 (s H- 1) o (1 - cr^) 

]^8+2 ^ 

2sa 


/JCJn 




Hence (7/* satisfies tha differential equation 


(1 — O'®) ^ — (2s 4- 1) o- ^ + ?i (n + 25) C = 0 


( 11 ) . 


Now m the piesent case 

cr = cos H ^ fJL cos a? 4- ^ QOS y 
and the problem is to develop in the form 

(cr) — S cos IX cos^y (12) 

where the coefficients A\g, considered generally as functions of ft, v, are 
Appeirs hypergeometric senes in two variables /j,% But the solutions 
required can be deduced from the well known equation (11) by a certain 
treatment It will bo seen that this treatment is very special, but it is 
adequate for the purpose in view 


Let )a, V, which are not in fact independent, for ft 4- v = 1, be considered as 
functions of a vaiiable i, Their derivatives with respect to t will be denoted 
by ft', ft", v\ v" Then 


d^G dG ^ , d^G 

dx da- ^ da-^ 


d^G dG ^ , d^G 


90 , , ,, .dC 

= (ft cos ir 4- V COS y) 

-^=(ft cos a; -h V ' cos y) ^ - 4- (ft cos 4- ^ ^ 


It will now be seen that if with the help of these equations a partial 
differential equation can be deduced fiom (11), such that a*, cos a? and cost/ 
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do not appeal m it, a differential equation satisfied by A’', j will be deduciblu 
on comparing the coefl&yients of eosiaicosyy Now 

d*G 

n{n-{-2s)C ^ (jj? cos® sc-\-v^ cos^’y — 1 + 2^tj/ cos x cos y) 

.dC 


LbV , , 


and therefore if 


+ (25 -I- 1) (/z cos a? + 1 / cos y) -p- 
dtr 

fiv d^'G d'G , 
fiv' df da^ ^ 

+ j^(2s + 1) (fi cosx + v cos y) — (ytz" cos a + v' cos 'y)J 

2s/t - (/i/' - /")| cos « + |2si; ^ (vi," _ ^'. 1)1 ( , y j 


■^do- 


■^ = /i’ + 1-" - 1 - (/i'» + v'’’) = 0 

fiV ' 


dC 

dt 


(H) 


the equation takes the requiied form 

/ii/ dt= ''Vv'ai* fifvdy^)^^ 

154 At present and v are any functions of t Let 
~ Pi) (!“;>«), ^'=PiPi 

Then it will easily be found that the first condition becomes 

4/i/iWif = (p. - p,y p/pj' =, 0 

Hence either p, = p, or p, is independent of t The first case has the more 
obvious importance since it gives directly ^ 

i' = Pi = am^J, p = l-p, = cos»iJ- 
The second condition may be written 


2s-i=f!L 

pV pv'-fjdv 


(U) 


and the nght-hand vanishes because a + v = 1 TTpnr.o fi,^ ii. j 
be pursued further when s = ^ but hb,., h.r. * I 

equation (13) in 0 becomes ’ ^ Partial diftozontial 

n(n + l)0=-r,(l.„)^ L.^_ldV ay 

Sv" l-vdcs' V l)a„ 
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On inserting the senes (12) and comparing the coefficients of cos 2 ^ cosjy this 
gives 


n (n + 1 ) A\j = 





+ (2z;-l) 


dA\j 

dv 


But the direct expansion of shows that since cosia?cosjy arises from 
terms of the foim (/tcosa? + z/cos 2 /)™ A\j must contain as a factor It 
IS therefore proper to write 

A\, = {l^vyv^B\, 
and this gives, with a little reduction, 

«(«+ 1)B\, +12K^+J+l)-2J-l! 


or 

~ +1) - 2^ - I} - + {^+')-n) (^ + 1 + w) = 0 


Now is a polynomial in v with a constant term, and this equation gives 
the law of its coefficients But the equation is clearly of the form satisfied 
by a hypergeometnc series Hence 

= Cfi'v^F(i +y - 71, ^ + 1 + 72, 2y + 1, v) . (15) 

where c is a constant depending on ^, y, n This gives the form of Hansefrs 
development in powers of a, namely 

OaA-i— 2 ^\jCOSt«cosyy, (n>^+J) 

The determination of the constant c may be defeired 


166 This is the simplest, most obvious application of the method But 
its possibilities, though limited, are not exhausted The first condition for 
its use IS also satisfied by making a constant This may be expressed by 

Pi =! sin* ^ J, Pa = sin* i Jo, /A = cos \J cos J Jo, V — sm J J sin ^/o 

where Jo is to be treated initially as constant, though finally it will be 
identified with J The relation /a + v = 1 no longer holds formally, but is 
replaced by 

p,*/co8*-J/o + = 1 

and the lesult of differentiating this twice with respect to t and elimmatmg 
tan i Jo shows that the right-hand side of the second condition (14) is 1 
Therefore s = 1 At first sight this case has no present interest, since a is 
not half an odd integer, but the reason for considenng it further will be 
seen later 

The development will be in powers of sin^^J as before, but it will be 
convenient first to make ^ ^ J", so that 

pf == — z/'= cos|/sm JJo, = — /a, — 
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Then the paitial differential equation (13) for C becomes 

= “4"-oosec.t|,"-2cot2tg 
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The foim of the solution resembles the previous case, suggesting 
^ ~ S cos VC Qosjy 

a^d the comparison of coefficients of cos cosjy after the substitution gives 

Now let the independent variable be changed to t = sm»t = sm« ^J, so that 
| = 2smtcost^, |, = 4r(l-r)^ + 2(l-2r)^ 
and the previous equation becomes 

r ““ 

of lie type by . hypaj^meteo teae, 

> J? + 1, rj 




tb. p.,y,<.„„, „u. , by ”:™fsr bZ^ “ “ 

(to) S' (j) 

wheie Cj is a constant independent of t and x Ti„» i i 
whatever the values of / and Je A return to th^ t i general, 

b= »»d. by p..t„g y._y, en/iZrZZl **“ ““ •" 


!r\j=c,F‘f^iLZJ} ^ + l+2+w 
V 2 ' 9 > 


^ \ 

2 ’ ^~2 -J+1. y) 

which gives the form of expansipn 

•’ coajy 

0+J< n) The form of proof is essentially that of Stielties Th^ «« ^ 

(teimmating) hypergeometric senes is a^noniial 

e more general utility of this result will now be easily seen For 
= (1 + „i _ 2« cos if)-i = (1 _ a^)-. (1 _ 

= {^ (1 - oar)-! - a-i (1 _ 

= 2 a” (^»+i _ 

= Sa« sin(w+l)if/ain£^ 
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Hence, by comparing the coefiEicients of 

sm (rt + 1) H"/sm H = 2 T\ cos vc cos jy 

nr. 

But 

+ 2 6g” cos nH 

= + 2 {sm (71 + 1) H - sm (n - 1) H}/sm H 

and therefore 

A)-« = + -^ 2 2 cos vio cos jy ( 16 ) 

W — l t Q 

which IS Tisserand’s development m a series of Laplace’s coefficients 

156 To complete the result it is necessary to find the numerical factor Ca 
Now the final teim of / 3 , 7, x), a, / 3 , 7 being positive integers, is 

(a + 7-l)>(/3-l)'^ ^ 

Hence the term contaimng the highest power of v la is 

n^j I 


But 




Ui 0-^ + ^)]’ [i(^+7+^)] ’j 

= (1 + a® — 2a cos x — 2 olv (cos y — cos 
= 2 {^oo/y^ (cos y — cos x)^ (1 + a® — 2a cos x)~^^ 
and the highest power of v associated with is given by the terms 
(cos y - cos a;)" (2i/)”= (i; + 9;”^ — f - 


= 2 - 
m, 

= 2 


(«? 




j m ' (n — m) I A I (re — A) I ' 

(— 1)* (re *)“ 7 )^ v” 

-*+’*)]' [i -J + ' [H»»— ‘ J )] ' [i (« + )] ' 


when 

^ = iO - ^ H- k = \{n-%-j) 

The same terms appear in the form 

S T\j fi^v^ cos IX 00s jy = /c 2 T\j 

1,3 

where « = 1 when ^ and 7 = 0 , /c = ^ when i or j = 0 , and k = \ otherwise The 
highest power of v has already been found in this form, and comparison of the 
coefficients of gives finally 

. - „-X [i(W + ^+J^)]'K(W-^+J)]' 

The development ( 16 ) is now completely defined 
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The numeiical factor c in Hansen’s development (15) can be fonml 
similarly For the term containing the highest power of v in A\f is 


(- 1)»^ c 


(2«)'(2y)' 


(n+j-i)i(n + z +j) I 


On the other hand the terms associated with «“ and the highest power of v 
in ajA”' are by (10) contained in 


r(7Ti^(co®2^-cos®)»(2r')" 

and these are noTV known As before, the coefficients of in the two 

forms of aoA“^ can be compaied, and thus 


1 (- r(n-hi) 

+ n([i(n±z±j)]J} r(n+l)r(i) 

where n denotes the product of four factorial factois Now — t —j) 1*9 
an integer, is even, and the sign is the same on both sides Also 

r(7i + l) = nf, 2^r(n + i) n^=r(i) (2n)^ 

Hence finally 

c = (n-hz^j)Hn-z+j)' 

(^J)' li {n + 4 ’ [i {n - i +j)] I (n + i ~y)] I (/t ’ 

which completes the determination of Hansen*s development 

The results obtained for inclined circular orbits may now be summarized 
Smce 


cos Qosjy = cos ^ {L^ - L,) cos j (L, + L^) 

= J cos [(^ ^j) L, - (^ -j) Za] + J cos l(z Li] 

it is possible to wnte 

^ ^ ^ ^ P^) = I jPi H-JP2 1, 2y = I I 

where logX.i = tX„ log X, = 4 X 2 , and it has been shown how the cooffioiont 
can be developed (1) m powers of v = sin^J, (2) m powers of 
“ = (hl<h, (3) as a senes m Laplace’s coefficients 


bnt tx! developments of A- or A-« apply to circular mbits, 

the forms actually appropnate to the orbits of the solar system On the 
contraj they constitute the essential source from which the latter foms 
must be generated by the most convement means Now quite generally 
A® = 7 1 * + rg® — 2 rir 2 cos H 

longitudes of penhehon reckoned from the common node, and w. are the 
tr., When .he „ v„„h 
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anomalies M,, M, The coriespondmg value of A may be written A, 

Taylor’s theorem can be expressed m the familiar symbolical form 

f{x + y) = exp (^y (-e) = gxp {yD)f(as) 

which means simply that if th, exponential function be expanded as though yD 

reprod" :r?rus‘'g:S; 

/(^.+yi, ^. + y., ) = exp (y,A + ysA+ ) 

where A operates on x, alone Now when e, = e, = 0, 

^0 ^ =/(«!, Og, Zj, X3) 

IS an expansion of which the form has been completely determined The 
more convenient developments refei not to , _ a but Wa and the n),/ 
from the mgument a to the argument r is made additive by taking loga S 
the variable instead of a Thus in the present case ^ g ga as 

«. = loga„ .i;, = loga„ «•, = A = o), + j|f„ = Z, = a., + Jlf. 

yi=iogn/«i. yj=iogij/aj, y, = wi-A, 


n _ 9 _ 3 n 9 

9 log a, = 


/) — ^ _ -v 9 


Sloguj 

7) _ 9 -v ^ 


yt = Wi-M^ 

9 


/ 


Then generally 

A-' =Z’(»,, rj, ,7,^) 

= exp log A + log Zj + (w, - Jf.) -D, + K - if,) D, 
But in the notation of HanHon’s coofficients (§ 45) 




/ A the fimt 

place Ao IS homogeneous, and of degiee - 1, m Hence 

A + A=«.^4;+“>fe=-^ 
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But further /has been expanded in the form 

/=2 

and « 

(Xi**' V ) = (42 )i)9Xi*>>X/ , I>4« (X,P‘X/0 = (‘2’i!)®X,^>X/ 

so that A> A can be replaced by ipi, ipj, and A, A do not opeiato on X,, Xj 
Hence the symbolic form of the complete expansion becomes 

S X^.X/ 

where log Xi = t (<»i + ilfi), logX 2 = t(to 2 + -®^ii), log^ri = tilf„ log^rj = i3/s, and 
the symbols X axe respectively functions of Sj, Di and 62 , 

168 This leads immediately to N&u)coml)$ operators as defined by 
Pomc5ar4 For the functions X can be expanded in positive powers of e, 
so that 

zf;/' = 2 n,«>. (A, p.) o, xf -^ = 2 (A, p.) e2-‘ 

where mi - | ^ |, - |; | = 0, 2, , since Z*" is of the order e' at least 

The operators 11 are combmed by Newcomb m the notation 

(A, P^) n,- (A, p.) = = n-‘ ^ nj;; 

but the combmed symbols, though tabulated by him over a wide lange, scsun 
to present no practical advantage over the constituent operators 

The final form of the development of can therefoie be wiitten 

^ 2 B-^'^e^ 2 (A) i?i) ?h) 

Pi , J> Wi , OT 1,3 

and the completion of this part of the problem depends on the piactical 
treatment of Newcomb’s operators IT, which are polynomials in D, p of 
degree m, with numerical coefficients 

The defimtion of the symbols is given by 
Hence m particular 

2 n.™ (A 0) 2 n."* (0. p) = ( - Y 

m, t Xd/ m X \Z/ 

and therefore 

2 n,™ (A p) ^z' = 2 n » (A 0) 2 n ,« (o, ») 

*>x, X m, t n,3 

Comparison of the coefficients of €^^ 0 ^ on both sides then gives 

n - (A p) = 2 u- (A 0) u^s; (0, p) 

n,3 ^ 

where n = 0, 1, , m, and j has all the values which make n-|y| and 

m — 71 — 1^ — ^ I positive integers (mcludmg 0) This formula, due in another 
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notation to Cowell, makes the calculation of nr(Ap) depend on the 
expansion of rja and aP 

But these are known foi-ms The first is given by (22) in Chapter IV 
Means of denvmg the latter have been given in § 45 In fact 

m 

and therefore it is necessary to expand Z";® in powers of e and the resulting 
coefficients will represent n*”* (0, p) They are purely numerical and can be 
tabulated for all moderate values of m, i and p Other methods have been 
suggested to facilitate the calculation of Newcomb’s operators But the 
above will suffice to make clear the principles involved 


159 The disturbing function due to the complete action of a single 
planet can now be considered By (3) of § 23 this is 


i2 = Gm' 




where (ar, y, z), {os', y', z') are the heliocentric coordmates of the disturbed and 
disturbing planets, r' is the radius vectoi of the latter The constant Q 
may be reduced to unity by the choice of appropriate units, and the dis- 
turbing mass m' may be understood as a common factor to be restored 
ultimately Thus 


= + 2rr'cosfi')”^ — rr'^^coSjET 


where H has its previous meanmg, the mutual elongation of the two planets 
as seen from the Sun The principal part, already discussed, is symmetncal 
in r, /, but the mdirect part is not so Hence a distinction must be drawn, 
according as the disturbing planet is superior, when r=ri, or the 

disturbing planet is inferior, when r = rs, / = r, Now when the eccen- 
tricities vanish, by § 162, 


OjA 1 = io-K + cos X 26'’-‘ cos y -|- 


and 


cos S = fz cos m + V cos y 

It — A~* = Sit = — aa'~^ (/* cos x + v cos y) 


18 the correction required to change A-^ into E This can be effected by 
giving corrections to h*'" and thus 


28 b'‘‘//u, = 2 S 6 '’-*/v = — 0200'“* 

= - a (a' > a) , - a-® (a > a') 

where a < 1 always and «' is the mean distance of the disturbing planet If 
these corrections are carried into the expansion in terms of v (§ 152), as used in 


, 
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the chief planetaiy theoiies, it will affect the Laplace’s coefiicients only to 
this extent 

= — a, = — 2 {a' > a) 

= — a- 2 , = — 2a"’-* (a > a') 

for it IS easily verified that these changes will give the required collections 

to 6“ ^ In the exponential form they apply equally to 

and Thus the mdiiect term is very simply incorporated in jRq, m 

which = ^2 = 0, and the full expansion of jK m terms of the eccentricities 
can then be deduced in the manner explained for the development of A 
from Ao 

It IS most important to remark that while the indirect part modifies the 
coefficients of certam elementary periodic terms, it affects in no way the 
constant term which is independent of the time 

IGd Another order of development is possible by expandmg A“i initially 
m terms of ri/r^ If this ratio is small, as m the case of the solar perturba- 
tions of the lunar orbit, this method has gieat advantages By § 153 this 
expansion takes the form 

A""^ 2 j cos %x cos j y 

where A\^ is given by (15) and x, y have their true meamngs, 

+ TTa = c«>i ^1 + (ci>a + 

It IS more convenient to use the exponential foim, and with a slight change 
of notation for the coefficients, 

A-i = 2 (Pa, P2) 

« 2>i > aj2 

where log = 4 (©1 + log = a ( 0)2 + | Pi - Pa 1 = 2 ^, \pi^Pz\-^j 

and n—\pj\,n — \p 2 \ are even positive mtegers Hence 

A-i = 2 (Pu p,) V' V 

n jji, jpj 

where log Xj = t (oji + Jf,). log\i!=t(<»s+ if,), \ogz^=i,Mi, loga!i=iitfi, 

log ^ = LWi But this form can clearly be expressed in terms of Hansen’s 
coefficients Thus 

where qi, q^ have all integral values, positive and negative, and the symbols A 
are respectively functions of while {p„ p^ is a function of i/ = sin®i J 
which has been determined 

The indirect part of the distmbing function when (< refers to the 
disturbed body, is clearly allowed for by^ simply excluding the terms cor- 
responding to n = 1, for these are equal to E 
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either method the fundamental importance of Hansen’s coefficients 
and their relation to Newcomb’s symbolic operators is clearly seen Numerical 
developments of their coefficients according to powers of e have been calculated 
by sevei'al authors, including Cayley, Newcomb and, for the purposes of the 
lunar theory, Delaunay 

161 It has been seen that the generating expansion is of the form 
J? = 2 %A}iPv^ cos pa? cos qy 

= 2 ^/i^i/«cos[(p4-g')X-(p-g')X"] 

where i = w + jlf, Z' = o' + jkf' The subsequent process introduces e, d into 
the coefficient A, which already contains powers of i/ = sin^Jj; and adds 
multiples of Af, iW' to the argument In the ordinary notation foi the 
elements, 

6) = w — D — o' = cr' - D' — 

where Xy X are the distances of the intersection of the orbits from their 
ecliptic nodes Hence R takes the form 

= 2 Afj^v^ cos [hM -f h^M' + (p + g) (-bd* - D) 

- (P - 9) X') - 9 (x + X')] 

Now the two orbits with the ecliptic form a spherical triangle ABC in which 

« = X'> ^ =X’ c = fis - fli 

A=%, 5 = 0=J 

where %, %' are the inclinations of the orbits to the ecliptic Hence, as in § 67, 
if the intersection be taken as the ascending node of the disturbing orbit on 
the disturbed orbit, 

81*1 i (x + X') ain^J= sm J (11' - 11) sm i (%' + 1 ) 

C 08 i (x + x') sin i •^= cos J (H' - H) sm ^ (^' - 1 ) 
sinHx- x) o°8 J J'=sin^(ll'-ll)cos^(i' H-i) 
cosHx- x') cos cos ^ (fl' -SI) cos 

and therefore 

i;*exp ii(x + x')=sin Ji'cosiiexp ii(ll'-ll)-8in|toos Ji'exp -it(ll'-ll) 
fJ'exp it(x-x')=cosi^'co8 4^exp Ji(ll'-ll)+8iniisinii'exp -i4(ll'-ll) 
It follows that 

cos g- (x + x') = 2 b, cos s {SI' -SI), pS sin g- (x + x') = S b, sin s (SI' - H) 
oosp (x - x') = 2 a, cos s (11' - H), fi? smp (x - x') = S a, sin s (SI' - H) 

where a,, b, represent simple coefficients involving %, %' Thus x ± X^ can be 
eliminated from R, which now takes the form 

J2 = 2 ^ cos [hM+ h'M'+(p + g) («■ _ 11) _ (p _ g) (^' -n')-(s + s') (SI' - H)] 
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where A now contains a, a\ e, e\ %' and also powers of v But from the 
above analogies of Delambre, 

V = sin® i (£i' — fl) sin® ^ + ^) + cos® -J- (JQ' — £1) sin® ^ {i — ^) 

= ^ (1 — cos » cos i) — ^ sin z sm i' cos (fi' — fl) 

Hence these powers of v can be removed from the coefficient without altering 
the form of the arguments, which are only changed by the addition of some 
multiples of X2'' — 11 Thus finally 

E = 2 cos [hM + h'M' + V +JCI+ f'Cl'] 

= 2-4 cos \li (nt + c) + (jift + €^) + 3'^ 4- + f£i 4- y^fl ] 

where the coefficient A is now a function of a, a', e, e', only, and the 
argument contams the six elements H, H', or, w', e, e' and the time And 
this is the final form of the disturbing function, mvolvmg the twelv<» 
elements of the two orbits explicitly, and expressed in the desired way 
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162 The disturbance of a purely elliptic motion may be illustrated in 
a quite elementary way by supposing the motion to take place in a resistmg 
medium Let the tangential resistance per unit mass be oo/r®, where v is the 
velocity and r the radius vector, so that the radial and tangential components 


mrdO add 
r* V dt r^dt’ vdi r di 

When other powers of ® and r are assumed in the expression for the resistance 
the general results are very much the same, and this simple form is sufficiently 
typical to represent fairly an interesting problem 

Let u be the reciprocal of r and the work done by external forces in 
a small radial or transversal displacement Then 


— — u.t<’‘ + a§? 

•where /j. is the constant of attraction , and the kinetic energy is T, where 

2T = = «-*«» + u-^gt 

Hence the equations of motion are 


d 




Now let 


dt 

5 (”-*«) 


du 

di 


de 

""dt 




and the first equation of motion becomes 


or 




+ 2JTV 
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But by the second equation of motion 

E = h-‘(ii6 

where h is constant Hence 

dhb fjL f. 

It IS enough to retain the first power of a, so that 



and the integral is 

w = /jbh-^ {1 •i’ e co6(0 - y) + 2ahr^d] (1) 

where e and y are constants 

163 The osmlahng ellipse at the point ^ is obtained by supposmg 
the resisting medium to disappear at this point and the subsequent motion 
under the central attraction to be undisturbed The path is then 

u = (1 + «! cos (^ - 7i)} 

The motion at the mstant is the same m the actual trajectory ( 1 ) and in this 
ellipse, and thus d = u = Vi,u and B, and therefore and dujdB are 

the same for both curves Let /iA”* Now Hx is the constant of areal 

velocity m the ellipse, and hence 

p-T^ = (1 “ aA“^ 

To the first order m a then 

Api = — 2otA"^ dx 

Again, by equating the values of % and dujdBy 

{1 + ex cos (6x - 7i)} = {1 + e cos (^i — 7) + 2ah~^ ^1} 

prM -P'M — c sm (^1 — 7) + 2aA”^l 

and to the first order m a 

ex cos (^1 — 7i) s= e cos (^1 — 7) — 2cth~^eBx cos (Bx 7) 

ex sin (^1 - 7i) = 6 sin (^1 - 7) — 2cxh-^ - 2aA“' eBj sin (^1-7) 

Hence 

ex cos (71 ” 7) = e — 2aA“”^ eBx — 2aA*“^ sm (^1 — 7) 

61 sm (71 — 7) = 2aA“’^ e cos (Bx - 7) 
and, still to the first order, 

Aex ~ - 2aA“' {e Bx + sm {Bx — 7)} 

A71 = 2aA~^ cos (^1 — 7) 

Between these terms an important practical distinction is at once apparent 
That m Aex depending on Bx will diminish the eccentiicity indefinitely until 
the orbit becomes circular It is a se(mlar term The other terms are 
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pei^odio, and when a is small their effect, not bemg cumulative, is small also 
In practical applications, to Encke’s comet for example, they can be neglected 
Then = 0 and the direction of the apsidal line is unaffected by the resist- 
mg medium 

In a complete revolution the secular effects are given by 

Aei _ Api ^ ^ira 
ei ~~ Pi F 

and the corresponding changes in the mean motion and the mean distance are 
given by 

Ayii ^ 3 3 Api 3^1 Aci 14" €\ Gttoc 

% “ 2 ~a^~~~'2~pl = i ~Y 

since flCi — Pi (1 — 61“)"^ Thus the most important effects of a resisting medium 
are a steady increase in the mean motion and a steady decrease in the mean 
distance, which must ultimately bring the disturbed body into contact with 
the centre of attraction 


164. This simple example has been chosen, apart from its intrmsic 
interest, because it illustrates certain important points There is, m the first 
place, the osculating or instantaneous ellipse, which is 


and not 


PiU = 1 + 61 cos (6 — yi) 
= 1 + e cos - y) 


The latter is a definite curve which may be called an intermediate orbit and 
may seive usefully as a curve of reference Indeed it has been so used in 
what precedes But it is not the osculating orbit at any time There is also 
the distinction drawn between periodic and secular disturbances m the motion, 
of which the former may be relatively unimportant compared with the lattei 
because these, however slow, are cumulative in effect 


The general nature of disturbed planetary motion can now be considered 
For two planets only, the disturbing function has the form, found in the last 
chapter, 

jR = S F (a, a', e, e', i, %') cos T, 

T [h (nt + e) + A' {n't + e) + 4- g'^er' 4- f£l 4- f'^'] 


where (a, ti, e, H, or, e) are the elements of the disturbed orbit, (a', n\ i\ 
XI', tsr', e) the elements of the distuibmg orbit The equations of § 139 are 
now available for finding the variations of the elements In accordance with 
the artifice explained in § 140 the mean longitude e is taken in a special 
sense there defined, and a m the coefficient and n in the argument of any term 
are treated as independent m forming the partial diffeiential coefficients of R 
Therefore 

aE dR ^ 

0a ' de' di 
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are all of the form SC cos T, aad 

^ ^ ^ 
an’ a^’ ae 

axe all of the form SCsinT, where T is the argument of the term Hence 
the equations for the variations are themselves of the form 

^ = SCiSin2’, 

^ = SC, COST, 

III the first approximation the right-hand members (which contain the dis- 
turbing mass as a factor) are calculated with the osculating elements of both 
orbits foi a certain epoch, and these elements are treated as constant The 
equations can then be mtegrated, and in fact 

= - 2 Ci cos TjQin -h h!n'\ 

BiCl = 2 Ca sin Tl(hn -f- h'n), 

These are the absolute pei turhations of the first order Similarly the pertur- 
bations of the first order in the masses can be calculated for all the distuibing 
planets concerned and the results can be combined by addition 

166 Each term m the perturbations represents a distinct inequality in 
the motion of the disturbed planet It will now be seen that the mequalities 
are of two kinds The multipliers h, h! have all integral values, positive and 
negative, mcluding 0 When A = A' = 0 the disturbing function R is reduced 
to that part which does not contam the time Thus 
da ^ dD, ^ 

~ Oitj , Si'll = o^t, 

and the mequahties are secular From the present limited point of view they 
will increase mdefimtely and m the course of time will modify the conditions 
of the planetary system profoundly, uncompensated by any chock 

But one remark can be made immediately The most important element 
as regards the stability of the system is clearly the mean distance a Now 
when A = A' = 0, not only does t disappear from R but also e Hence 

l-i 

and m the previous set of equations C7i = 0 There is therefore no secular 
inequahty m a of the first order in the masses How far this important 
theorem can be extended to the higher orders must be seen later It follows 
that the mean motion n is also free from any secular inequality of the first 
order 
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The other inequalities, when h, and N are not both zero, are evidently 
purely periodic, unless hn + Kn' = 0 The meaning of this qualification is that 
the mean motions must not be commensurable Now mean motions are never 
commensurable, except perhaps instantaneously, since m fact they are not 
constant But there are, as it were, degrees of incommensurability In any 
case mtegers can be found to make hn Kn' smaller than any assignable 
quantity If the incommensurability of w, n' is high, the corresponding 
integers h! will be large In general the coefficients in It which correspond 
to arguments of a high order dimmish rapidly with the order Then the 
occurrence of a small divisor hn + h'n' on mtegration will have no very serious 
effect But if the incommensurability of the mean motions is low, this 
divisor may become very small for quite moderate values of h, h\ and a fairly 
small term in the disturbing function may be greatly magnified by integration 

Thus m the case of Jupiter and Saturn 


5?i - 2n' = ?^/30 = ?i774 

nearly, and this fact causes a considerable inequality in the motion of both 
planets, with a period of nearly 900 years The period of such an inequality 
is 27r/(^W/ + and therefore inequalities of the class just considered are 
always connected with long periods They hold an intermediate place between 
ordinary periodic mequalities and seculai inequalities 

The mean longitude is affected in a double degree For (§ 140) this is 


where 


and therefore 


6 + ndt = 


e + p 


dV 3 3i^ _ 

^ = 2(7sin2’ 

SiP = - 2 C sin TIQm + h'nj 


The long-penod inequalities in the other elements have the divisor hn + hfn' 
in the first degree only Hence the principal effect is to be observed in the 
mean longitude 


166 It IS in the next place necessary to consider the perturbations of 
the second order m the masses, for the first approximation does not in general 
suffice, and in the theories of Jupiter and Saturn it is even necessary to go 
beyond the third order It is convenient to write 

a = Uo + Siflo + SgUo -f- , , 6s=€o +^l€o + 3fl6o+ . 

a' ^ ao'+ 3a , , 6'= e©' + 3i €/+ Sa6o'+ 

where a©, , e©, Ofo', , e©' are the osculating elements for a chosen epoch, and 

indicates the perturbations of the first order, the derivation of which has been 
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explained, Sz those of the second order, and so on Tho equations for the 
variations of the elements can be written, for example, in the foim 


dt cos ^ sin ^ 




, p + e, p' + e') 


and after substituting the above expressions for a, , e' and expanding by 
Taylor’s theorem, 








■ + 8,e„) + (8.p; + Ke,') 


The reduction of the right-hand side to a suitable foim vvill bo readily 
understood in general terms, apart from the complexities which will naturally 
anse in the practical calculation, and a simple integration, rctjuinng the 
introduction of no arbitrary constant, will give the expi ession of D Similai ly 
the perturbations of higher orders, so far as they are of sensible magnitude, 
can be found successively, when those of the lowei orders have been deter- 
mined, for all the elements 


167 The general form of the results will now be apparent In the 
first order the mequalities are of the forms 

cos (i/^ -f A), At 

only In the highei orders the terms obtained by the algt‘biaic composition 
and subsequent integration of these two forms will clearly belong to ont^ of 
the three types 

A cos (vt + h\ A A cos (i/^ + h) 

which may be called respectively periodic, purely secular and mixed terms 
The term order may be retained to denote the degree a of A in the mftsses 
As A IS also a function of the eccentricities and inclinations, which are also 
in general small parameters, it may be limited to a homogcuieous function in 
these parameters Then tho degree of the term is the degree of this function 
and represents its order in respect to the eccentncities and inclinations 

A further classification is used by Poincar 6 Tho oidei of a term being 
the rank of a term is represented by a — ?//, or by the order 1(»hs tho exponent 
of t A term of high order is initially small, but if m is large it will grow 
rapidly in importance, so that ultimately the terms of tho lowest rank will 
have the greatest significance 

The occurrence of long-period terms with small divisors has boon noticed 
In the higher orders these divisors will be combined and raised to higher 
powers by the subsequent integrations Let m' bo the sum of the exponents 
of such divisors in any term Then the clahb of that toi m is defined by the 
number a - J (771 + m') It will now be clear that the value of these different 
categories depends on the length of time contemplated For relatively short 
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intervals the most important terms are those of low order In longer intervals 
the terms of low class rise into prominence And finally it is the terms of low 
rank which have the greatest influence in the ultimate destiny of the system 

But here a question naturally arises How far is the form in which the 
terms present themselves natural to the problem, and how far are they the 
artificial product of the particular method by which they are obtained ? It is 
evident that the physical importance of this question is not quite the same 
m all cases Thus a mean motion in the position of the node or perihelion 
may be admitted without any serious direct consequences to the nature of the 
system On the other hand, a purely secular term in the mean distance or 
the eccentricity, taken by itself without compensating circumstances, must 
ultimately prove fatal to the stability The general problem suggested is 
very difficult and the reader is referred to the first volume of Poincare’s 
Legons de Micamque Gdleste for a thorough discussion 

It must, however, be pomted out that the form of the results may be 
perfectly legitimate, so far as it goes, and at the same time not in any way 
inconsistent with the stability of the system, though a decision is beyond the 
range of the above elementary methods It is impossible to be satisfied with 
the solution here described as a final representation, and this feeling is ob- 
viously suggested by considering the mixed terms Since the corresponding 
oscillations increase in amplitude indefinitely with the time the departure 
from the original configuration will become so great that the fundamental 
assumption of small displacements m forming the equations for the variations 
will be contravened Then one of two things will happen Either the mutual 
forces will tend to restore the original configuration, and there will be stability, 
or the forces will tend to magnify the disturbance, and there will be instability 
But in either case equally the method adopted breaks down and the funda- 
mental question remains unanswered 

How then are the statements to be reconciled, that the method — which 
is the method on which the existing theories of the major planets are actually 
based — may be perfectly legitimate, and that, while the form of the terms to 
which it leads obviously suggests instability, complete stability is never- 
theless entirely possible ^ The simple answer is that it is only necessary to 
imagine that v m the argument of any term is itself a function of the 
disturbing masses Now the above method involves a development in powers 
of the masses, and when the parameters which represent the masses are thus 
forced out of the circular functions they carry the time t explicitly with them, 
and the appearance of secular and mixed terms is a natural consequence 
Yet the development in terms of the masses may be convergent and entirely 
legitimate In this way it will be seen that the occurrence of secular and 
mixed terms is compatible with stability, though a profound discussion is 
necessary for a positive conclusion on this point 
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The case of a planet moving in a resisting medium is quite different 
There is then a defimte loss of energy and the effect of the secular changes is 
not doubtful 


168 In the theones of the planets on which the existing tables have 
been based the coordinates of the planets relative to the Sun have been used 
and this feet governs the form of the disturbmg function, which is distinct 
for each pair of planets For practical purposes this choice of coordinates is 
an obvious one But for theoretical purposes it is unsuitable, chiefly because, 
like the common system of elliptic elements, it is ill adapted to the transfor- 
mations which are an essential feature of the dynamical methods initiated by 
Hamilton Another system of coordinates, due to Jacobi, will therefore now 
be introduced 


i7i, ?t) be the coordmates of the mass in a system of n masses 
^ 1 ,^ 8 , ,mn, the origin being any fixed point The masses are taken in 
any fixed order, represented by the suffixes, which is quite independent of 
any arrangement which may be visible in the system Let 

I^t (Z„ Z,) be the coordmates of the pomt (?„ which is the centre of mass 

ot the partial system wig, , so that 


i) ?»=/*» fi = Zj 

Let y ,, «.) be the coordmates of relative to so that 
- Z^i , ^ - Z,_,) 

Thus («, are the coordmates of m, relative to or (ft- A, v \ 

y., axe the coordmates of «i, relative to (?,. the cenS of male of m. ^ ’ 
and so on There are no coordmates («., y., By the above ’ 

= ytt»-iZ,_,)» 

(Z. - Z„)« 

Hence on eliminatmg the product term Z,Z^j 

(/^ - /H-.) (ft» - = /^Z,» - ^_.z^.> 

and on addition of all the equations of this type 

n 

- IK.,) (ft* ^ 

2^m.ft« = + ;^Z„> 

The relations between the coordmat««i Ko,r. v 

only But they are linear and the same for all three 1^!!^ “ 

*ue lor ail three coordmates separately 
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Therefore they also apply to the velocities Hence if T is the kinetic energy 
of the system, 

= 2 (M + y' + «*’) + i^n + Yf? + z,^) 

1=2 

But (X„, F», are the coordinates of the centre of mass of the system. 
They are absent from the potential function and are in fact ignorable coordi- 
nates The known integrals for the centre of mass follow immediately and 
these coordinates can be suppressed The problem of n bodies is thus reduced 
to a problem of w — 1 fictitious bodies and the total order of the differential 
equations of motion is reduced by 6 

169 The new form of the areal integrals is easily found For 
— fh—1 ^t— i) — fh—i Fi_i) 

(/It — “■ ^%y%) — ( Fx — Ft_i) (^x — ^1— i) — fif {Zi — ^x—i) ( Fx — Ft^i) 

and hence 

(/Jk - /it-i) [{mKi - KxVt) - {y%^% - ^%yi)] 

=* /ix ( Fx^x — ^x "" ( IV-1 ^t— 1 “ ^t-1 JV-l) 

The sum of all equations of this type gives 

« , . 

X Wlx “* ^ ^ y'n ( 

»=1 

But it IS possible to write Xn = F„ = — 0 , that is equivalent to taking the 

centre of mass of the system as the origin of the coordinates (ft, fx) Thus 
the areal integrals now take the form 

n 

2 fii ^ {y%z% 

J=2 

n 

2 mx/lix-iAtv""^ (ZiX^ - WiZ^) = Ca 
1=2 

n 

2 mx/Xx-i/^”^ (a^x^i - yx^Jx) - Ca 

t=2 

where (Ci, Cj, Ca) are the angular momenta of the system about fixed axes 
through the centre of mass The direction of the axes has remamed the 
same throughout 

Let (ci, Ca, Cs) be considered as the components of a constant vector (7, 
y^> ^x) ^ components of a vector iff, and (a\, z^) as the 
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components of a vector Then m quaternion notation the above three 
mtegrals may be represented by the smgle equation 

I V{r^M,)<=G. 

z<=2 

Hence in the problem of three bodies 

These three vectors are therefore coplanar But V is normal to the 
plane of 7*2, that is, to the instantaneous orbit of the fictitious planet 2 
Similarly V is normal to the instantaneous orbit of the fictitious planet 3, 
and clearly G is normal to the invariable plane Hence the nodes of the instan- 
taneous orbits of the two fictitious planets on the invariable plane coincide 

This important property explams the so-called elimination of the nodes, 
which in an explicit form is due to Jacobi In the more common system of 
astronomical coordinates it disappears from view The reader who is un- 
acquamted with the elements of quaternions will have no difficulty in finding 
an alternative form of proof, as m § 22 


170 The body denoted by 1 will now be identified with the Sun, and 
i or j will have the values 2, ,n The potential energy of the system, when 
the units are chosen so that the constant of gravitation is unity, is 


where 


27 — — 2 2 


= (6 - + (v, - v^T + (s - 

Also the kinetic energy, when the coordinates (X„, 7„, 7„) are ignored, is T, 
where 

n 

27=2 + «,») 

_ 1=2 
Let 

dT 


H = T + 27 

Then the equations of motion of the system may be written (§ 124) 


Now 


(^_dH dx' dE 
dt dx,' * dt " dx, * 


ifh. Ihr-l) 

and therefore 

fi+l ~ f r = Xi^i — fl^-^Xx! 

Hence by the addition of such equations 

ft+i “ + m^x^l -f + 1712X2/1x2, f 1 = X2 
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which expresses the relative coordinates ft - m terms of the coordinates 
a?tj , and shows that the latter differ from the former only by quantities of 
the first order in the small masses In particular, for the body 2, which may 
be identified with any one of the planets, there is no difference 

Let U be reduced to its terms oi the lowest order m the small masses, 
which IS the first Then 

CTi = - TTii S 

for Ti differs from by a quantity which involves the masses The equations 
of motion reduce to 

dH, 

dt da:r H.-l+U, 

or m more explicit form 

= — {x, y, z) 

These are the equations of undisturbed elliptic motion, and in particular 

= - (9Wi + ma) x^jr^, (flj, y, z) 

which agiee naturally with the usual equations of a planet relative to the 
Sun in undisturbed motion, and give a mean distance with the usual 
meaning For the other bodies the equations are of the same form and have 
precisely similar solutions, but the elements will differ from the ordmary 
elements slightly because (x^, y^, z^ are not coordinates relative to the Sun 
unless ^ = 2 This is not material to the purpose in view because the body 2 
represents any planet and any proposition which is proved for it must be true 
generally 

171- These equations for the undisturbed motion can now be solved in 
terms of canonical constants When the latter are treated as variables, they 
satisfy canonical equations formed with R = Ui — U As in § 143 this value 
of jR may be modified by adding 2 where m = and 

= TThfhl in view of the explicit form of the undisturbed equations Then 
any of the different sets of variables explained in that section can be used, 
and the last set, now denoted by {L\ fi', fa', \ Vi\ V 2 ), will be chosen The 
equations for the perturbations can now be written 

'nitfh-j d\ _ dV 

fif, dt dt dLi 

^ ^ ^ dV 

dt dt 0f / 

where 

F--27+C/i + mi®2 

There are w — 1 pairs of equations m (L/, and 2(n — 1) pairs m (f/, ?;»'), 
but there is no need here to distinguish between the eccentric and oblique 
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vanables From this point the former use of ft) ^ rectangular 

coordinates of disappears 

A little explanation may be necessary to account for the appearance of 
the mass factors of the momenta os^' m the equations In § 135 giving the 
Hamilton- Jacobi solution for undisturbed elliptic motion the single factor w, 
representing the mass of the movmg body, was removed consistently from ?7, 
T and H Similarly in § 139 ?7 — -R was written in the place of U, It being 
the disturbing function m its common form, whereas the true increment in 
the potential energy is — mR But here it is not possible to divide the more 
general function U—Ui as a whole by any particular mass, though it is 
possible to do so as regards the set of equations corresponding to a particular 
value of ^ Fence it was necessary to restore the mass factors in the manner 
shown But now they can be removed by the change of variables^ 




'rrhfh-i 


A', 









and the equations then become 

dt * dt dL^ 
dt dr)^* dt 

where 

F= - Ui + mi® 2 


The terms added to — U depend on the Li only, and affect one type of 
equation, namely 


d\ _ 0 
dt 


{U^U,) + 






SO that \=:n^t + h and is the mean motion in the preliminary solution 
The first-order pertuibations of\ will require the first-oider perturbation of 
to be mcluded m the term from which originates 


172 It IS not at present very necessary to consider in detail the form of 
expansion oiU—U^ It can in the first place be expanded in powers and 
products of the small masses and of the coordinates («?», y^, z^) Tho latter 
can be expanded in powers of with purely periodic functions of 

Hence U—U^ can be expanded in the same form, and arranged in orders of 
the masses, begmning with the second since the first has been removed by Ui 
Thus if the fourth order in V be neglected, F= FaH-Fj, where Fa is of the 
second order and Fg of the third, and Fa contains at most two, F, at most 
three, mean longitudes X* in its arguments, the coefiScients of the penodic 
terms bemg rational and integral functions of fi, 17 * 
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The perturbations of the first order can now be obtained in the usual way 
by neglecting 7, and substituting initial values of f.. m Fj, including 
n^t + V for This process gives 

i, = i," + SiX.", X, = n,«+V + fiiV, = + 17 , = >?,• + fiiV 

vsrherei,», are constants and SiZ,", are the perturbations of the first order 
Owing to the form of Fj, 0 Fj/BX, is purely penodie and fi:ee from any term 
independent of X, Hence S, is also periodic and free from a secular term 
But the other elements will contain a term multiplied by t, arising fi-om the 
terms independent of 5^ in the partial derivatives of F,, together with 
periodic terms To the second order let 

Li — Z-j® + 4" ^ 2^1 

In F„ which must now be retained, it suffices to substitute the constant 
values Zi®, for Z,, , and ?i,f-f"Xt® for X,, but in it is necessary to 

substitute Z,® + S,Z,®, for Zi, , though only the first powers of these 
perturbations are required Hence the equation 

^ (Z.® + S,Z,® + S,Z.®) = ^(V. + F.) 


gives, when account is taken of the solution for the first order, 

|^(8,Z.«) = s(g|^„S,Z/+l^S,V+ )+|5 

By the same argument as applied to Fg in the first approximation the last 
term gives nse to periodic terms only Hence a search for secular terms can 
be confined in the first place to the expression 


21 


JIF, [dV^ ^fdVj rdv,.! 


Here the multipliers of the integrals are all purely periodic, owing to 
differentiation with respect to The integrals themselves contain secular 
terms in i Hence on integration the products will give nse to periodic and 
mixed terms, but not to purely secular terms on this account The latter must 
arise, if at all, from a constant term in the products The only way in which 
this could happen would be connected with terms in the development of Fg of 
the form 


Fa = i? sm + kj\j) + G cos + kj7^) = 5 sin -i/r + (7cos 

But for these 

dKdLj^J 

^ kkAB + C COB f) + 

= 0 


rii® 

iaz/ 


dt 
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In a similar way those terms which might produce constant terms neutralize 
one another between the other pairs ot products and therefore no purely 
secular part of Ssf/i” can arise in this way 

But the above expression is not complete, because depends on Sii// 
as well as on For, by the last equation of § 171, 


dSiV s r 0 

dt ~ dLf fiyiLj‘y * •’ 

so that there is an additional part of SjA" not yet considered It is given by 


^ r.o\ — j4 S 


fs , 


Z/dt=A2^^l 




dv, 

ax. 


dt 


where ^ is a constant But terms m Fi of the above type, taken in the fonn 
D sin (ilr + h), lead to 


= ^ i,*,Dsin(^ + A) ^-^-A_Dcos(Vr + A) 
■ jD^ sin 2 (^|r + h) 


Akrkj^ 


' 2{k^n^+ kjYijY ■ 


Therefore this part of is purely periodic 

Hence there are no puiely secular terms in ^ proposition which 

Poincard has proved in the more general form theio are no purely secular 
perturbations of in any order of rank lower than 2 


This applies m particular to But ML^t where ilf is a constant 
mass factor Hence 

a 2 + 3ia2 + = M (Zfa + ^l-£r2 + ^2 -^ 2 )^ 


8102 = 2 ifX 2 SiX' 2 , S 2®3 = ^ {(^1-^2)’* + 2X2 (32X2)} 


the affix ° bemg now omitted But S1X2 is purely periodic, and S2X2 has no 
purely secular term Hence to the second order in the masses there is no 
secular inequality in the mean distance, lor it has been remarked that 
represents the mean distance of any of the planets This is Poisson's theorem, 
an extension of Laplace's corresponding theorem for the first order, and it is 
the most important elementary result bearing on the stability of the solar 
system 


173 On the other hand there are evidently mixed terms of order 2 and 
rank 1 in Xi Hence the existence of purely secular terms of order 3 and 
rank 2 m Ua can be anticipated For even without pushing the approximation 
further and examimng 80^2 it is obvious that 2MZiLx §2-^2 constitutes a part 
of 83 Ua Therefore the combmation of a term A cos mt in SjXg with a term 
Bt cos mt m will give a term MABt in Such terms were first shown 
to exist by Spiru-Haretu m 1876 
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On one condition true secular inequalities of the first order occur m the 
mean distances Since 

17 — = 2 cos H- + K) 

to its lowest order, 

d V/d'K =2 Ak^ sin (k^\, + kjXj + h) 

For perturbations of the first order the coefficients are constants and — np, 
Xj — np are also constant Hence 

dL^jdt = 2 Ak^ sin {mt H- h') 

A constant term results, producing a secular inequality, if m = k^rt^. + = 0, 

which IS possible only if rij are commensurable This possibility was 
considered m the previous form of discussion and excluded But it is m effect 
ruled out by its own consequences For if a body were artificially or fortui- 
tously projected in such a way as to have a mean motion commensurable 
(e g i, I, ) with the mean motion of a disturbing body, its mean distance 
would be subject to a secular disturbance from the begmnmg, and therefore 
the commensurability of its motion would be definitely destroyed Hence if 
the minor planets be arranged in order of distance from the Sun, it is to be 
expected that gaps will be found in the frequency at distances corresponding 
to mean motions commensurable with that of Jupiter, and it is so And 
similarly divisions in the rings of Saturn can be attributed to the secular 
perturbations of the constituent meteonc bodies, produced by the commen- 
surable motions of any satellite which may be effective This also has been 
verified for the action of Mimas by Lowell and Slipher 

Nevertheless among the many minor planets a few are naturally found 
whose motions are nearly commensurable with Jupiter's mean motion Foi 
these the long-period terms with small divisors are highly important, and the 
terms of low class play a far larger part than m the theories of the major 
planets The special difficulties thus presented require special methods of 
treatment, and such have been suggested by Hansen, Gylddn and others 
Pomcar^ has used an application of the principle of Delaunay’s method The 
proper treatment of this class of mmor planets presents perhaps the most 
mterestmg problems to be found m dynamical Astronomy at the present 
time 



CHAPTER XVI 

SECULAR PERTURBATIONS 

174 In the preceding chapter it has been shown that the mean distances 
in the planetary system are jfree from purely secular inequalities when 
developed to the second order in the masses The general nature of the 
secular perturbations in the other elements will now be examined It may 
be convenient to modify slightly the equations obtained m §§ 170, l7l By 
reducmg U to its terms of the lowest order the equations of motion there 
took the exphcit form 

{x, y, z) 

which are satisfied by the osculating motion of a planet, according to its 
ordinary definition, when i - 2, but not otherwise But if Ui be substituted 
for i7i, where 

i/i' = - 2 (ttii + mO 

a form which will be found to differ from by terms of the third order 
only, the explicit equations of motion become 

= - (mi + tth) (a?, y. z) 

which are the ordmary equations in the undisturbed problem of two bodies, 
and are satisfied by the osculating elements taken m their usual sense The 
mass factors of the momenta are as before mxfit—i/fjLx, but the constants of 
attraction are /i, = ttij + ttix Hence the equations for the variations will now 
be based on 

F' = - CT/ + 2 (mi + Tn^y 

= --C/’+C7’i' + 2(771i + m^y 

The relation between Z* and X/ is the same as before, but the meanmg of 
both IS changed (except when ^ = 2) in such a way that bears generally 
the same form of relation to a*, the osculatmg mean distance in its ordinary 
sense, as Zg to Og 
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Thus the transformations of § 143 give, with those of § 171, 

Z/ =5 (twi + roi^ Gj == cos Gi cos ^ 

h = €i •— — hi “ Oil 

pi^ 1 = sm^ Pit 2 “ 2Zi COS <f>i Sin® 

Xi = €i + 7lt^, fl)l, 1 = — ‘CTt, 0)^^2= — «Qt 

ft, 1 = 2Zt^ sin i<f)i cos tfft, 77i, 1 = — 2Zt^ sm sin 

ft, 2 == 2Xt^ cos^ (hi sin J-tt cos lit, Vi, 2 -- cos^ <^t sin ^tt sm fit 
Here sm<^t“et and no confusion is possible between the inclination % and 
the subscript %, which is merely a distinguishing mark for the several planets 

176 It is obvious that U — can be expanded in powers of Xi — ai, 
Vi “ hi, Zi-Ci where (at, h, Ci) are what (xi, yi, Zi) become when ft = 7?t = 0 
Now (§ 65) the heliocentric coordinates axe generally 

a? = r cos n cos (w + ‘cr — XI) — r cos % sm Xl sin (w -I- -or — X2) 

= r cos® cos (w + 'sr) + r sm® cos (w + vr-- 2X1) 
y = r sm XI cos (««; + -ct — XI) + r cos ^ cos XI sm (-m; + ot — XI) 

= r cos® sm (w; + •or) — -r sm® sin {w-^’vr— 2X1) 

if = r sm 2 sm (-m; + -DT — XI) 
w being the true anomaly Let 

Z = r cos {w — M)y y = r sm (w — if), if = X. - 'bj 
if being the mean anomaly Then 

x — X {cos® cos \ + sm® cos (X — 2X1)} 

— T (cos® sm \ + sm® sm (\ - 2X1)} 
y — X (cos® ^2 sm X — sm® sm (X — 2X1)} 

4- Y (cos® cos X — sm® cos (X — 2X1)} 
z^X Bin i sm (X — XI) + F sm i cos (X — XI) 

The coefficients of X and Y here involve, besides periodic functions of X, the 
quantities 

cos®ii, sm®i 2 cos 2 Xl, sm® sm 2X1, sm 2 cos XI, sin 2 smXl 
and since 

f 4 - 97i® = 4Z sm® i <f>, fa® 4- 7?2® = 4Z cos <f) sm® ^2 
tan isr = — -j/i/f i , tan XI = — 97a/f 2 

it is easily venfied that the 6ve quantities can all be expanded in powers of 
fi, Vi> f 2 , V 2 Also 

r cos w~a (cos E~-e\ r sm w = a cos sm E 
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E being tbe eccentric anomaly, and therefore 
Xfa 5 = — e cos M + cos® ^<f> cos {E — M) 

+ 1 sec® (e" cos 2M co^ (E — M) — e® sin 2M sin (E—M)} 

Yja = e sm 71^4- cos® ^<f> sm (E — M) 

- 1 sec® ^<l> [e® cos 2M sin (E — M)'{- e® sin 2M coa(E- M)} 

which are forms easily verified Since coa^^<f>, sec®-J -0 can be expanded in 
terms of e® = sin® (f>, these forms show that X, Y can be expanded in powers 
of e sm My e cos M if this is true of sm (E — if), cos — ilf ) But Kepler’s 
equation may be written 

0 -cBQoad^y cos 6 ^Oy 0 = E - My su^e sin My y = e cos if 

and e can be expanded in powers of scy y Hence sin - if), cos - if) 
can be expanded m powers of e sm if, e cos if, and theiefore also X and Y 
But this shows that Xy Y can be expanded m powers of e sin -isr, e cos w with 
coefficients mvolvmg periodic functions of X, since if = X - w And e sin -zsr, 
e cos can be expanded m powers of fi, rj^y as can easily be seen, with 
coefficients mvolvmg L Hence (Xy y, z) can be developed in powers of 
fa, ^2 with coefficients mvolvmg L and periodic functions of X There- 
fore finally JJ-U^ can be expanded m powers of f, „ 97 ^ j, , 7 . 3 with 
ooefiBcients involving L, and penodio functions of X*, and the supplementary 
part of V' mvolves only 

It IS assumed that the inclinations of the orbits are very small Now 
there are two ways of regarding retrograde motion in an orbit whose plane 
difters little from the orbits of planets movmg in the opposite sense It is 
possible to take the mean motion n^, as positive Then the inclination is 
near tt and is not small Or it is possible to take the inclination as small, 
and to regard as negative Then since is a positive mass function, 
IS negative and therefore are imaginary All the orbits will therefore 
be supposed to be descnbed in the same (direct) sense, which is true of the 
planetary system but not always of the satellite systems 

This remark has an obvious bearing on theoiies of cosmogony For if 
high mclmations and m particular retrograde motions were unstable, such 
forms of motion would not be permanently maintained Now the nebular 
h^thesis of Laplace is very largely based on the obseived fact that the 
planetary motions are nearly coplanar If, however, such a type of motion 
is alone stable, the observed fact loses its significance m this connexion and 
no deduction of the kind is to be drawn from it The question of stability 
in general, beyond the range of inclinations to be found in the actual planetary 
system, is therefore important, though beyond the range of this work 



175 - 177 ] Secular Perturbations 195 

176 When the secular part 

which IS free from \ is considered, certain properties of the development are 
easily seen For this being independent of the direction of the chosen axes, 
the substitutions 




Vt, If 

ft. a. 

Ol, 2 

(a) 

“ ft, 1* 

“ V^, If 

-fa, a. 


(6) 

Vi,ii 

-Lif 

%,a. 

~~ ft, 2 

(c) 


Vi^if 

-f.,a, 


(d) 


— v% u 

fa. a, 



are all possible without affecting the result Thus (a) follows when Ht, 
are altered by tt, or when the axes of xy are rotated through tt m their own 
plane Similarly (6) follows when this rotation is made through •Jtt Again 
(c) is produced when (but not «■^) is altered by tt, and this is equivalent 
to reversing the axis of z Finally (c2) is obtained by changing the signs of 
all the angles fli, which is equivalent to reversing the axis of y The 
change in X, is of no further importance here since X^ is absent from the 
terms now considered 

Certain properties of the exponents in the expansion are now obvious 
For 2 ( Pi + + Pa + must be an even number to satisfy (a), and 2 (pa+^fa) 

to satisfy (c) Hence 2(pi + ^i) is also an even numbei Similarly (d) 
requires 2 (gi + q^ to be even, and therefore 2 ( pi +P2) must be even Hence 
m the second degree there can be no terms of the form ^77 or fif2) ViVi 
But if terms of the fourth degree be neglected, only terms of the second 
degree involving f, '>7 remain These terms can therefore be written down in 
the form 

77 + = 2 iA , ( 1 ^., 1 fe, 1 + 1 Vj. 1) + 2 j (f 2 f;. a + 2 Vj, 2) 

where the coefficients of ViVj taken to be the same, both for the 
eccentric and the oblique variables, m accordance with the substitution (6), 
and terms fxfj, are reckoned twice when are different, but = 

177 It will be of interest to obtain the explicit values of ^4,^, Bij for 
the lowest order in the masses The principal part of the disturbing function 
IS and it has been seen in § 159 that the complementary part 

contains periodic terms only The distances involve coordinates (^i, ^%) 

which themselves contain the masses But to the lowest order these coordi- 
nates are identical with the relative coordinates commonly m use, and the 
methods of Chap XIV can therefore be employed Two planets, 1, 2, will be 
first considered Then in the notation of § 132, when the orbits are circular, 

02 A“^ === ® * i 6^* - + 
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with the exclusion of all periodic terms The triangle foimed by the two 
orbits and the echptic gives 

cos J— cos cos tg + sin \ sm cos (Di - Hg) 
or to the second order in ii, 

^ = sin^i/ = i {V + 4^2 _ cos (Cl, - Og)} 

Since 1 / is of the second older the Laplaces coefficient is derived imme- 
diately from the circular motion But 6^® must be modified to include the 
eccentncities, the orbits being now treated as coplanar Let 

Ao® = Ui® + Og^ — 20102 cos 6 , ^ — 0*2 -j- _ jj/g 

Then in the notation of § 157, 

( 2 )^' ~ 

and, by (22) of § 40 and (30) of § 41, 

r/a = 1 + Je“ — e cos M—^e‘ cos 2M + 

Hence w - Jf = 2e sin Jf + |e» sin 2M + 


(a *r)-® - 1 - e cos Jf -0 + ie“(l - cos 2if)I> + ^62(1 +cos 2Jlf) D{D-1) 
exp (w-J/)D = i + 2esinJI/ D + ^^am2M D + ^(l-oos2M) 

All operating terms which do not combine if,, ifj, in the foim if, - if, will 
clearly produce periodic terms only And terms alieady of the second degree 
are combmed with no others Therefore, when ineffective terms are omitted 
since i), + i), = -l, 


A-> = (1 - e, cos if, i), - ie,» D,D^) (1-e, cos if, D, - B^D,) 

(1 + 2e, sin if, A + e,» £),») (1 + 26^ sin ifj D, + i)^») 

= {l+HeaCos(if,-if,) AA+ 2e,e,cos(if,-ifj) 

— e,e8sm(ifj- if,) A A - 6,6, sin (if, - if,) AA 

-i(ei* + e,*)AA + «,” A’ + 62’ A*}Ao-> 

where again terms mvolving if„ if, or if, + if, are omitted Now 
Uz d/od and, smce a = aj/ug, 

A A Ao-‘ = 0 , 0 , cos 0 A,-’ + 3 (a,» - 0 , 0 , cos ^) (o,» - 0 , 0 * cos 0) A,-* 

= 0 , • [o cos Oa’A,-’ + 3a [f o - (1 + a») cos ^ + ^a cos 2^] a,' A„-«} 
A°Ao » = A’ A,-' =-AAAo~* = - 0 , 0,008 0 A,-* + 3o,»a,* sin» ^ A,-» 

= o,-* (- o cos 0 a,»Ao-» + |o» (1 - 00 s 2^) o,' A,-^} 

A A A,-’ = 0,0, sm ^ A,-» - 30,0, sin 0 (a,« - 0 , 0 , cos 0 ) A,-" 

= o,-* {a sin 0 o,*A,-» — 3«’ (o sm ^ ^ sm 20) o,'Ao~*} 

A A Ao-> 0 , 0 , sm 0 A,- + 30,0, sin 0 (a,» - o,a, cos 0) A,- 

= o,- (- a sm 0 o,»A,-» + 3o (sm ^ sm 20) o,» A,-«} 
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For the secular terms it is possible to wnte 

cos {Ml — = cos (^ — -OTi + OTa) = cos 6 cos (-CTi — -OTa) 

sm {Ml — M^ = sin (^ — -bti + wg) = sin B cos («ri — -ora) 
since sine terms and cosine terms must combine separately 

178. The secular terms of the second degree m the eccentncities can 
now be written down in terms of Laplace’s coefficients (§ 147) thus 

= + i 01 ^2 cos (tSTj - -OTg) Oa”^ 

(V + V) + HI + «“) (V + V) + + V)] 

+ 2 a( 64 » + 6j»)-3a«(&j>-64») 

+ a - &,*) - So? [« (6j« - J - b0] 

+ « ( 6 / - - 3a [( 6 j» - - 64 *)]} 

- i (ei* + «»■* + 3“ [f “V -(!+“*) V + 

+ i (ei* + 62 “) 1 - « V “ V)) 

To simplify this expression the recurrence formulae (4) and (5) of § 148 with 
^ = 0 are available 

(i-s + l ) - t(l + rf") 6; + (i + « - 1)«C^ = 0 
(t+s)6:=s(i+«>)i:+,-2s«6::; 

Thus 

= f (- V + ^ ® V) " V = (V “ V) 

and the last bne of the expression disappears Again 
|a 65 »-(l + a*) 64 > + ia 64 » 

= f {(1 + a*) 6*‘ + -(!+«») V + i“ V 

— + + — Hf’ 

the penultimate line of the expression reduces to 
+ 4(ei* + eg*) a2“*aJ|' 
which represents all the terms in ei‘, 

The coefficient of + ^6162 cos (w, - tarj) Os'^a is 

+ ^ ^ V -1(1 + “*) V + 1 (1 + “*) V i “ V 

= \b^ - + 1 (1 + «’) + i V 

= i V - [2 (1 + “’) H H VI + H(i + “’) V + 4 

=iV-IV — V 



198 Secular Perturbations [CH xvi 

and the whole of this term is therefore 


- cos (cr, - CTa) ar^cih:^ 

Hence the terms of the second degree in the eccentricities and inclinations 
for two planets give finally 

[A-i] =:= li + e^) - \e^e, cos - cr^) 

“ ioa-^ai + ^22 - 2 iiii cos (Hi - fig)} 

But to this order (that is, neglecting the third order in e, %) 

f 1 = eL^ cos w, Vi — — sin •gt 
fa = cos f2, 972 = - %L^ sin Q. 

By translating from one system of variables to the other and taking the sum 
for each pair of planets, it follows that 


[- !r+ ir,-i - j(^ + ^ V + ^) 




(f*. ili. 1 + ’?i. 1V3, 1) ^2 (a.. Cl}) 


where 


r 4. 5^® + liii 2 (f., sli, J + 3,7,. j)"! I 

5, (a., a,) = M = ^r a.a,cos^ 

Wo(a.-+^ 2 _ 2 ^«^eos^)’ 

S3 (a., 6 .» ('“A = 2 T' 0.0, cos dff 

‘b W ■JrJo (a, 3 + ^3 _ ^os 

The coefficients, of Laplace are positive Therefore the qua<lratic terms m 

the obhque vanahles are a negative definite form Further, by the recunence 
rormulae, 

0 = |a6^i - 2 (1 + o«) 6jS + |a6^^ 


Therefore 

But 

and therefore 
which shows that 


?V = «V-Ki + ““)V 
?V=iO + <*'*)V-«V 
^ ( V + V) = (1 + o)’ ) 

V>V. A >£3 


Hence the quadratic terms in the eccentnc vanables are a positive definite 
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179 The problem of the small eccentricities and mclinations of the 
planetary system is now brought within the range of the general theory of 
small oscillations about a steady state of motion Indeed a knowledge of the 
principles of this theory shows at once that the variations m the eccentricities 
and mclinations are periodic and stable, for this follows from the definite 
(positive or negative) forms of the quadratic terms 


Smce (§ 176) 


the corresponding canonical equations are 


V 4 

dt j ‘ 




1 

dt 


3 


a 

dt 




2) 


dt 


— 2 
3 


forming two distinct sets of linear equations with constant coefficients The 
results will clearly be of the same general kind for both, and it is only 
necessary to consider the eccentric \ariables 


Let the linear transformations 
be orthogonal, so that 

l = 0 = 2alJa^,i;, 0 + A?) 

1 » 

Thus 

^^xdrjx = 22 = ^Pxd>qi 

% j k 


which shows that such a transformation is also canomcal 


Then 




Now let 


is an expression which is independent of p^ Therefore, product terms being 
reckoned twice. 



= Jfc) “ k 

X 3 


This IS an identity, satisfied by all values of Hence 
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and this system of equations, for the values ^ = 2, 3, 
solution for *, provided is a root of the equation 


■2, 2 "" flt 

-dj, 3 

■da, 4 

•^8, 2 

•dj, a - a 

■da. 4 

to 

A. 

-d4,4-a 


[CH XVI 
, n, gives a consistent 

1 = 0 


This IS a symmetrical determinant of fiimiliar t 3 rpe, and it is well known that 
all its roots are real For the system of the eight major planets it is of the 
eighth order It is most unlikely that the equation would have exactly equal 
roots m a case like this, nor does it in fact happen But it is to be observed 
that the occurrence of repeated roots would alter in no way the Aaaon t.ifli 
circumstances The mam pomt is that the dejimte quadratic form can always 
be reduced to the form 2a, pt* by a Imear transformation to normal coordinates 
The effect of repeated roots can be seen when there are three planets Then 
2a.p.« corresponds to an elhpsoid, which is one of revolution when two roots 
o, are equal An arbitrary element enters into the direction cosines of the 
principal axes, which are the coeflScients of the transformation But this does 
not affect the form of the result or the stability of the motion It is not 
necessary to examine the algebra of the subject further, but so much should 
be mentioned because from the time of Lagrange to Weierstrass in 1868 it 
was supposed that the occurrence of repeated roots would result m the 

appea^ce of the time outside the penodic functions and would be fetal to 
stability It IS not so 


180 It has been seen that the orthogonal transformation to normal 
coordinates is a,lso canonical and that the prmcipal function, as fer as the 
eccentnc vanables are concerned, takes the form 


I^=2ia,(p,» + £,i') 

where ot, is positive, since F is a positive definite form 
equations therefore become 


The canonical 


and the solution is 


dt 







p.= C,cos(a,t + A.), g. (7.sin(«,< + A.) 

where (7.. K are arbitrary constants This gives the quadratic integrals 

P.’+?,»=C7,» 

““Thr"" "* ot 

f. = 2a,,^p, 2a,,, G, cos (q,« + 

V. = 2a,,, g, = - 2a,.,C, sin (o;t + 
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•where o,j are definite constants When the transformation is reversed, 

2} = So<,^»7, 

and the quadratic integrals become 

t t 

The general solution may also be written, with the degree of approxima- 
tion adopted, 

cos cos (Oy t + hj) 

i 

ejj^ sin = 2a,jCj sin (a^i + 

5 

which determine the eccentricities and the motions of the penheha The 
question then arises in every case has the perihelion a mean motion ? In 
other words, is the motion of perihelion, to use the analogy of the simple 
pendulum, of the circulating or the oscillatmg type ? 

The problem, stated m general terms, is not a simple one But there is 
one simple case which will serve to explain what is meant and the necessary 
condition of which is satisfied more often than not The preceding equations 
may be regarded as applying to certain coplanar vectors whose tensors are 
OtjC; From this point of view the one vector is represented as the 
sum of a set of vectors each rotating uniformly Let the tensor of one vector 
of the set exceed in length the sum of the tensors of the rest, and let this 
vector terminate at the origin, the others forming a chain from the other 
end It 18 then geometrically obvious that the representative point at the 
end of the chain must share in the circulation round the ongm of the pre- 
dominant vector The perihelion in this case has a mean motion therefore, 
and it comcides with that, ctt, associated with the large coefficient The 
sense of this mean motion is always direct, since ct» is positive In the same 
circumstances cannot vanish, but has a lower positive limit 

The condition is clearly satisfied when there are only two planets, unless 
the two tensors are equal In this exceptional case it is evident that the 
mean motion of a perihelion is the same as that of the resultant of the two 
vectors and is the arithmetic mean, J (Og-I- a,), between their angular motions 

The eight roots of the fundamental determinant range between the values 
0"*616 and 22"'46 (Stockwell) These are annual motions, so that the corre- 
sponding periods he between 58,000 and 2,100,000 years Since they are of 
this order it is evident that Ct, ta-t can be developed in powers of the time and 
that the lowest terms of such expressions will suffice to represent the changes 
for several centuries These are the secular inequalities as commonly under- 
stood, and it will be seen that they exhibit the imtial changes, apart from 
those of short period, rather than truly secular efifects 
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181 These lesults for the eccentricities and perihelia apply almost 
without change equally to the inclinations and nodes But there are two 
differences to be noted In the fiist place the prmcipal function is a negative 
definite foim, which may be written after the transformation to normal 
coordinates, 


where is positive In the second place, one A is zero, or, in othei words, 
the discriminant or Hessian of V (a quadratic form) vanishes For the pait 
which involves the oblique vanable may be written (§ ITS) 

and therefore 

3 


d'V 


-SXr‘5,.„ 


d^v 




If then ^ IS the characteristic of a row and ^ of a column m the Hessian, and 
each column is multiplied by the correspondmg the sum of each row will 
vanish Hence the disci immant is identically zero and /? = 0 is a root of the 
fundamental equation 

The physical reason for this is easily seen Foi the canonical equations 
become 

Corresponding to the root = 0, 

Pi = 26i,j = const , ^ rjj = const 

which are two linear integrals The constants need not be zero, and the 
mclmations may be finite, while their variations vanish This in fact is the 
case when the orbits are all coplanar and mclined to the plane of ref ei ence 
This explains why the fundamental determinant has a zero root The othei 
seven negative roots when calculated for the solar system are quite similar in 
magnitude to the positive roots of the determinant m a 

The general solution of the equations when a finite root is in question is 
Pi = A cos (/9i« + ?i = A sin + h) 
giving the quadratic integrals 

K + )» + ( 26 , 

3 3 

From the general solution it follows that 

cos Hi = fi = = 26i^j A cos (fijt + h^) 

- sm n. = 17 . = 26.,, 2 , = 26. ,2), sm (/3,« + h,) 
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where are the definite constants of the transformation to normal coordi- 
nates Owmg to the zero root in yS, % disappears from one term on the nght- 
hand side of each equation, leaving seven periodic terras and one constant, 
but the form is undisturbed by this fact 

These equations determine the inclinations and the motions of the nodes 
The plane of reference is fixed and arbitrary, except in so far as it lies near 
the average plane of the orbits Considered as applying to a set of rotating 
coplanar vectors, the equations show immediately that if one coefiScient on 
the right exceeds the sum of all the rest (taken positively), the node has a 
mean motion equal and opposite to that of the corresponding vector, and this 
mean motion is therefore letrograde When this simple criterion is satisfied, 
as it is more often than not, it is also evident that the tensor of the vector 
cannot vanish and that has a lower limit 

182 The sum of the quadratic mtegrals gives 

2 (pi® + qf) = 2 = const 

and this applies separately to the eccentric and to the obhque variables It 
follows immediately from the canonical equations of ^ 179 without any trans- 
foimation Now ft, 17 ^ contain the factor which is (mi + 
or to the lowest order in the masses Hence 

const 
= const 

or, as the latter is more usually written, 

tan® = const 

for the degree of approximation adopted allows of no discnmmation between 
thpse forms The constants being small initially it follows that the orbit 
of no considerable mass in the system can acquire an indefinitely large 
eccentricity or inclination at the expense of the others as a result of mutual 
perturbations These propositions, due to Laplace, clearly have an importance 
analogous to that of Poisson on the invanability of the mean distances. 

The areal velocity m any orbit is 

= (mi + cos <f>t = 

The mass factors being as in § 170, the components of angular 

momentum are 

(sin sin Ht, — sm cos cos ix) 

= Lx cos (px (sm %x sm Hi, — sm ^x cos O^, cos ix) 

when the direction cosines of the normal to the orbit are mtroduced These 
components may be written (§ 174) 

“ cos^0i cos - COS^ cos ^%x, Lx cos cos %x 
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or since 

f Vi + <1 = 2i, (1 - cos ^), + v\> = 2A cos (1 - cos *.) 

they can also be expressed m terms of these quantities The areal integrals 
then become 

- {L.- i (f + v\i) - i (f = const 

- 2f.,, {A - i (f \i + V\i) - i (f ’m + = const 

2 fA - i (I'm + v‘m) - i (f + V*..,)} = const 
If the plane oi reference is the mvanable plane the first two of these con- 
stants are zero In that case, when there are only two planets, is the 
same for both and the nodes coincide, which is the property already noticed 
in § 169 and referred to as the elimination of the nodes 

These integrals, being satisfied identically, remain true when developed 
according to order and rank Thus the third equation gives 

1 1 ( f \. + <1 + ^ SA = 0 

2 (f \ i + v\i + f + v\id = ^onst 

which is the sum of the quadratic integrals both for the eccentric and the 
oblique variables For L^ has no terms of zero rank, and the purely periodic 
terms of the first order are excluded from consideration 

Thus it IS for the present purpose to be regarded as constant The 
neglect of terms of the fourth degree in the disturbmg function implies the 
neglect of the third degree in the variables f, rj themselves Hence to the 
same approximation the first two areal integrals give 

- const , = const 

These then are the two Imear integrals found above for the oblique variables, 
and their physical meanmg is thus explained The constants are now 
mterpreted (to a factor) as the angular momenta of the system about two 
rectangular axes m the arbitrary plane of reference In particular, if the 
mvanable plane of the system is taken as the plane of leference, both the 
constants will become zero 


183 The mterpretation of the equations 


e.Ai 


cos 

sm 




m a vectorial sense has been seen to give a lower limit of e* when one of the 
tensors | (hjOj \ exceeds the sum of the rest In all cases similar reasoning 
shows that 

e,A*<2|a,,jO,| 

1 



182 , 183] Secular Perturbations 206 


gives an upper limit of the eccentricity Similarly the inequality 

2 1 bxjDj I 

gives an upper limit of the inclination The actual limits found in this way 
by Stockwell are of interest and are therefore reproduced 

Eccentnoity Inclination 



Max 

Mm 

Max 

Mm 

Mercury 

0 232 

0121 

9*^2 

4° 7 

Venus 

oori 


33 


Earth 

0 068 


31 


Mars 

0140 

0 018 

59 


Jupiter 

0 061 

0 026 

05 

02 

Saturn 

0 084 

0 012 

10 

08 

Uranus 

0078 

0 012 

11 

09 

Neptune 

0 015 

0006 

08 

06 


The effect of periodic inequalities is ignored, and the inclinations are referred 
to the invariable plane Minimum figures are given only when a pre- 
ponderating term exists 

Since contains as a factor these limits have no value when the 
mass mi is very small To consider this case let an infinitesimal mass be 
added to the system Then for the eccentric variables, 

[- + Ui] = 2 (ftfj H- rjtrjj) + 2 (?o& + %Vj) + (fo® + V) 

Inspection of the explicit form in §^178 shows that is of the order of 
any of the masses, assumed comparable, of the finite planets , that Aoj is of 
the order of mo^mi^, and that -4o,o is again of the order 


The canonical equations give for the infinitesimal planet 


djo 

dt 


4- 'StAojfjj 


dt 


•do,ofo ^ 


As the new mass is regarded as infinitesimal, the motion of the finite planets 
will not be influenced, and the former solution 


holds good 


g, — 2(3^, I Cl cos + 

Vj- — 2a;,iCi sin (a^t + h^) 

Hence 


dp 

— Ao^oVo = — 2 Aoj%,iCi sin (a^t + h^) 


dt 


+ = — 2 Ao,ja^,iG^ cos (oi^ + Jn) 



i>on 
T-. - 


r I 

S = f 
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♦ t I ii ir\’ * isri*liti«»n, together ^Mth a set of forced 


»!* 


.,.1 ,C^^^.-a»r^cos(a,< + ^^) 

*1 2 ,r'sin(a,<+ A») 


^v^j- I * in 4trbi’'r.ir. » M In general this solution shows that the 

, i - i*-\ > i't i i - M Sr t * •}] pi ts to the inclination) of the orbit of the 

w ^ Tt 11* i »j ‘'ll i*’ For vr, contain nio^ as a factor, and 
\ , — 2 " N 4^ thi onhr )* ' An exception occurs when -do 0 

. t pi- T ' fl, thi i»eniKi ot the tree oscillation nearly 

t H ,M h 4 n* + t-.n ' d n. ds imposed h\ the mam planetary system 
T*-* » in "pti ^ ^4r aimi .fie *h^*^ tends to become infinite ihis condition 

fulfil 1(1 It tr* uioaii l’*'tinc» fn»ni the Sun 1 95 , or near the inner limit of 
♦ht n nor pumt- iEnr*, t\eep(^»dK hut for the inclinations only (d.o,o= A) 
H*it f-re |k* "iMvf (ontiusion can be drawn for this case, the extremely 
laiiittil dk\k^ jpnient of m disturbing function must be remembered* 


(”' i hir ier*s ilechamk des Himmelst i 



CHAPTER XVII 


SECULAR INEQUALITIES METHOD OP GAUSS 


184, A beautiful method of calculatmg the secular perturbations of the 
first order, due to the action of one planet on another, was proposed by Gauss 
m 1818 It was this method which was applied by Adams to the path of the 
Leonid meteors Further developments have been given by several writers, 
and references will be found m an article* by H v Zeipel 

The prmciple of the method is extremely simple Equations for the 
variations of the elements have been found in a suitable form in § 142. As 
an example we may take (/a = n?a^) 

^ _ 1 rW cos u 
dt na^ * cos (f> 

Here the nght-hand side can be developed in terms of M, M', the mean 
anomalies of the disturbed and disturbing planets, in the form 

diZ . ^ A 

= ^ 0.0 + S A},f cos (jM +y'M' +- q) 


and hence, the coefficients being constant in the first approximation, 

^ — A S Ayj sin + q)f{jn +/n') 

If therefore the mean motions w, n' are incommensurable, so that (jn+jV) 
can never vanish. Ao,,t constitutes the secular inequality m % Now 




The component W contains as a factor = /(I + m) We therefore 

write 


-pn- __ 1 p” 

1-l-m 


Tfdilf' 


with similar reduced mean values Sq, Tq corresponding to >8, T If then a 
series of values of To, Wo can be calculated for a number of points 


* JSncyklophdie d vuith Wm , vi 2, p 682 
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re^ di^tHbu^ed round the disturbed orbit, the} can be introduced into 
tht fnr the variations and a simple quadrature will give the 

stciiiar j> rturbatiuns of the several elements, that of a being zero 


185 iTi calculating S\, Tr^ the disturbed planet occupies a given 
fix* d pjint P in ita orbit It is clear that Si, Ji* are components of the 
mtan u’' traction, with rtspect to the time, exercised at P by a unit mass 
’I’g t^e di-»turbjig orbit, with unit constant of gravitation They are 
thf saiiiH woUid result if the disturbmg orbit were permanently loaded so 
Oa I j CHfAtitute a material ruig of the same total mass, when the density is 
pri p*rti*jnal tr <tJ/ ds' Thus it is necessar} to calculate the attraction of 
an elliptic ring of this Lind 

Lit am system of rectangular axes xyz he taken, with origin at P Let 
(jTj ye rj* be the coordinates of the Sun, {x\ y\ z) those of a point P' on the 
disturbing n^bit, and let dc be the area of an elementary focal sector, dT' 
tne volume of tht tetrahedron on the base da with its apex at P Then 

2p dc ^ V — Je {ydz* — z'dy') + y® — x'dz )+Zo (x dy - y'daf) 

wUert p IS the perpendicular from P on the plane of dc' Hence one 
cr^mpmtnt of the required attraction at P is 




when, a V are the semi-axes of the disturbing orbit and = 

Thi'< takes account of the first (pnncipai) part of the disturbing function 
onS the *^ond (indirect) part has been left out of consideration because 
<§ 150 )it gi\es nse to no secular terms m the perturbations of the first order 
It IS now to be observed that is a homogeneous function of degree 0 

in x\ J z\ and can therefore be expressed, smee z'd’t/ - y'd£ = z'^ , 

in terms of x' z , y z\ which are connected by some relation 

/(«'/, y '//)=0 

which i!r the equation of the cone having its apex at P and the attractmg 
rmg as its section Thus the integral factor of P* (and similarly ofPj^, P,) 
depends onH” on the form of the cone and not on the particular section 
Thw IS true whatever the shape of the ring may be But in the present case 
the cone i« of the second degree, and the axes may now be identified with 
Its principal axes, P (Z, F, Z) Let PZ be the internal axis and a, /S the 
semi -axes of the section Z^\ The coordinates of P be written 


Z' = acosT, F' = /QsinT, Z'= 1 
where t is the eccentnc angle in the section, and 

A* « 1 + a* coe*T-t->S* sin*T, 6ciF^ = (— /SZ.cos r — aF, sm t + fl^Zo) dr. 



184-186] 

Hence 
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p _ 1 /■*' « cos T (— ; 8 Xo COS r — «Fa Bin T + g^Zp) ir 

2ira'b'p]o (l + tfcosOT + zg^sin'T)* 

__ — 2 a] 8 Xo cos®-tc2t 

” 7ra'6']p Jo A** 

and similarly 

p -- 2 a^ 7 o /^sm^rdr ^ dr 

^ ira'b'p Jo A* * ^^Tra'b'pJo A® 

These components can now be expressed in terms of the complete elliptic 
mtegrals 

M.^' vd-t^sm^r) ’ V(l-&*sin*r)dr 

For, since 

d sin T cos T cos® t — sin® r + A;® sm^ r 
dr V(l-^;’sm»T) (1- jfc>sui>T)^ 


0 ^r 4 '__co^rdT^_J..p_ 1 dr 

(1 — A*sia’T)^ ^ ^ A* Jo (1 — i»Bin“T)^ 

_ fi' sitfrdT 1 „ _1 

Jo (l-;fc»sin«r)« *>(1-*-)^ 


Hence 


Px = 


7ra'6'p (a® — V(l- + <3^0 


(F^E) 


p =zlX? ^ 

^ rraVp (a® — J3^) V(1 H- a^) 
P -a ^^0 

^’’rraVp (1 + /3®) V(H- a®) 
where the modulus ^ of ^ and F is given by 


"1 +a® 
_H-i5® 






J{^ 


a®-/3® 

1 -f-a® * 


1-A^ 


1+/S® 
1 + a® 


186 It IS now necessary to consider the geometry of the problem Let 
the angular elements of the disturbed orbit be II, ©, and of the disturbing 
orbit n', w' These are leferred to the ecliptic, which it is convenient to 
elimmate by referring the latter orbit directly to the former "With some 
change m the notation of § 67 the equations there found give 

sin -J (H" -H co' - Q}") sin = sin ^ - II) sm -J- (i' + ^) 

cos i (Qf' +-(»'- a>") sin = cos -J- (12' - 12) sin i (i' - ^) 

sin i (12" - co' + G>") cos = sin ^ (12' — 12) cos ^ {i' -l- 1) 

cos -J (12" — ft)' -I- 6>") cos = cos ^ (12' — 12) cos i {i' — ^) 
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jSeeufai hiequahtH^ jrii \vn 

Hole IS tht‘ tlisiaiic‘0 of t»lu^ int(‘is(HM.nni oJ lh(* Iwo oilutH fnun iho i ‘ ]i|tU* 
node of the* disiui bod orbit, i" h the imitiial indination of tlo tv\u j*hio * 
and w'' 18 the diatanco oi the peuludion ol IIh disl tubing oiiot ti*oh ih* 
intoi section 

Two setH ol recUiigulju a\(‘s, with «ui otbiliaiv imi;(n O, an new Im ]»♦ 
defined Foi 0(f, 'r;, f) the diUTtions an‘ lhos<‘ <»1 *s' 7’ H, •> thu 
paiallel to the nuhus vivtor at (h] is parallel to tin pi no ‘d tie ilt tnO*» i 
oibit and 90' in advanti* of Of, and OJ is in the duMtiim m 1 tie N p' h ^ • 
thiH oibit Foi the second s(‘t, 0(/ y, ^), ih is dnntt«l t«a^aid» thf p* r 
hcdion of the distuibing pLuud, Oy IS paiallel to tin plane nt tin di lorb'ru* 
orbit and ilC in advance ol Or, and 0. is diiM ImI lf»\\anii th* N p^h d 0* 
oibit Let V b<‘ the true anomaly at l\ and 

(t) I a ir c, 

the diHtance of 7Mioin the* mteiscs ti<»n of the oibilh 'fhi n tie nla'" ae 
between the two HyHtems of comduiatt‘s an* i^i\en b\ tin s< In nn 

f V N 

a coscD''cosc/i4*‘^in (w'NiiuiiCosr" — tcHry'sin e, t siiui/'< »» icp »au#»< u* 

y -sin Hinn)"sniei I < osre 'c o »?v *•» ^ 

z — HiiuiiSin tos?», iinr'’ ) e 

Thus if r ih the' ladiuh visitor at I\ and tin oui^in O bi taK» ii at fh' i « 
of the disturbing oibit, the coordinate's ol I* are ( r,. y,, ), win n 

- uV' 1 } (c OH f*/' (*os n, I sin o/' <in r , * o', r i 
(— Hin(w"(os Vj MoH<n>'Hin ajcos / ), , / an/', an i /► 

and a', e are the mean distanec* and cseentrn itv ot fin* dn-f nihine oihr 

187 ('onsidei now the eonfo(*al Hjstim of tpiadin*. wiii* }» * . 
distill bing oibit is the loc*al cdlipwe 


The paraineteis X-j, X| of the* thn t* c|uadnes pasMinj.^ thiough On ' 
(iPo yi, ^i) aie given by 

a'-* + X W> M X X 

Ol as the' roots of the* < ubic 

X‘ - X^ (iTi^ + \ji* \ z{^ - a ' - //*) 

+ X(a'‘'//^ - cdy,5*- i!> ,0 nW/"/, ,p « 

Now thc‘ axc'H of any tangent cone Ut a tpudin arc tin* intnual* to fbi f ^ 
contocals which can be dtawn thumgh tlie\<rt»\ o| the Man, and »n, 
reinaniH true in thc‘ puticuiai cuho when* tin hK*al « Ihpim h ^ ! 
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■f* 1 ^ 

^ cone Hence the relations between the sets of coordinates {X, Y, Z) and 
given }yy jjjie scheme 

os y z 

X PidOxia^ Piy,{h'^-\-X;)-^ 

Y p^as^ia'^^X^y^ ^>2^1 (&'“ + p^ZijX^ 

Z p^x^ (a'® + Xj)-! Ps2/i (6'“ + Xa)-! Ps^i/Xs 

"w-Here px,p^,p^ are such that 

Pi^ {^ 1 " (a!^ + Xi)-^ + (b'^ + X^y^ + z.^Xr^} = 1, 

When combined with the scheme given above for (x, y, z\ (f, 97, ^), this gives 
■tho relations between (X, Y, Z) and (f, 97, f) 

The equation of the cone is 

{zx^-oiz^y (zyi-yz,Y ^ 

+ pi = 

i<>x- this is clearly homogeneous and of the second degree m x — x^,y-y^, 
^ *3^1 » a.nd its section by the plane 2r = 0 is the disturbing orbit Transposed 

ttt> parallel axes through its vertex (xj, yi, Zi) it becomes 

^yl j^yl A j. 
a'* z^ Va'=* 6'- a'» 

= X^jXi + Y^jX^ + Z^/X^ s= = 0 

justihcation for identifying these two forms is seen on comparing the 
t*lii*oe functions of the coefhcients which remain invariant under a rotation 
<>t thc5 axes It will then be found that the results are equivalent to the 
r^^-lutions between the coefficients and roots of (2) 

It is convenient to write down the equation of the reciprocal cone The 
o<'>ofBcients are the minors of the discriminant of the previous equation 
j 0. Hence with due care in choosing the right multiplier the desired 
i*< Illation may be written 

x^ (xi^ - a'-*) -f 1/ {y^^ - y^) -I- z^Zy^ -f- y^Zy + "^^zxZyXx + 

3 x,Jsr« + x,p + Xo-gr*= 

t/he invariant relations being identical with those between the coefficients 
««.n<i roots of (2) 

Also 

+ + + = + + 

«)bxx<l it IB evident that F^y^ Fy can also be readily expressed, by means of the 
tira-nHformation scheme of § 186 , m terms of f, 97, f 
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188 Two of the roots of the cubic (2) are negative and one positive, 
since two of the corresponding quadncs are hyperboloids and one an ellipsoid 
Let 

Xj ^ X 2 ^ 0 ^ ^3 

The axis of ^ is then the internal axis of the cone and it follows that 


■-t 




1 + CL^ 


X 3 ”” Xi 

The elliptic integrals F, E can therefore be found The coordinates of the 
Sun relative to the point P are ccq — ole! — 3/0 ~ yi> system 

(m, y, z) and (Zo, 7 o) -^ 0 ) can be deduced by the transformation scheme of 
§ 187 Hence Pxj Pfj become known, and the components Pf = Po» 
Wq may be derived by applying the two transfoimations of 


§§ 186 and 187 

It is unnecessary here to consider the equations for all the inequalities 
As a type, ( 1 ) now becomes 



naw! 1_ 

(1 + m) coacf) 2'irJo 


r cos u WodM 


Suppose that y values of -v/r^rcosw Fo have been found, corresponding 
to j points around the disturbed orbit at which M has equidistant values, 
0, 27 r/y, ,2(y"l)'7r/y Then (Chapter XXIV) 


where 

Hence 


•i/r = tto 4- Soi cos tif + sm dM 

1 ^ , 2 ^ , 251 *^ , 2 « , 2sz7] 

Oo^-z^Its, ai=-zYgC 08 , Oi = -i,ygSin — 

J S J S J J 8 3 

(di\ _ nam' 

Wvo,o ~ (1 4- m) cos <l> ^ 




and it IS only necessary to calculate the average value of yjrg to have the 
secular inequality For the major planets y = 12 practically suffices The 
summation formula for Uq really gives oto + q? + It is theiofoio necossaiy 
to take y large enough to make Oj negligible The number of points to bo 
taken on the disturbed orbit thus depends on the practical convergency of 
the series a®, cti, Oo, 


It IS, however, preferred to take points equidistant in E, the oocontnc 
anomaly, instead of M, since this secures a more even distribution in arc 
The advantage of this course seems scarcely obvious, because it appears to 
weight unduly the part of the orbit which is passed over rapidly But tln^ 
modification is easily made In this case 


= Uq 4- cos lE + S6i sin 



188, 189] 
where again 
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1 ^ , 2 « , 2s%ir , 2 25i7r 

ao = - = - Zyfrg cos , 6t = - S sin 

J a J a 3 J a J 

but the meaning of yjr will be changed For 

dM = (1 — e COB II) dB = a'~^r dE 

and (1) may be written 




warn 


1 f2 


a”4*cosw WadE 


' (1 -h m) cos 27 rJ 0 
Hence ( 3 ) will still hold good if Oq is the simple mean value of 'xir, where yfr 
IS now a~^r^ cos u 

189 The cubic (2) has three real roots and can be easily solved It is 
now to be seen that the solution can be avoided Let the equation be 
wntten 

X® + X® + Bk^'K + = 0 

the roots being Xi, X^, Xj, and let the result of removing the second term be 

of which the roots are ei, Then 

= - 4 (6263 H- = 12 (ki^ - k^) 

g^ sss 4i6i6a 64 ~ ( 2 A?i^ — Bkik^ -I" ^s) 

3^1 — 2Xj “ Xj “ X3, 3^2 ~ 2Xj| ~ X8 " Xj j 3 ® j 2X3 “* Xi ■” Xa 

+ ea + e, = 0 

Thus 

A® = 1 + a® cos® T + iS® am® r = Xa”^ {(X^ - Xi) cos® t -1- (Xg — Xa) sin® r} 

= Xa”"' {(63 - ei) cos® T H- (^8 - ei) sin® r] « A'® 

and the components to be calculated are 

„ -2X,{\\,X,)^ [i'^oos^rdr „ - 2 F, am * r dr 

ira'b'p Jo ' A'» ’ ^ ira'b'p Jo " A'" ’ 


and 


2-2ro (XiX2X8)^ dT 


^ 1 X 2 X 3 ) f®" M/I 

'^‘-^a'Ff-Jo A'"’ 

where XjXaXa » - It is clearly possible to write consistently 




whence 


^ ^8 


cos® T * 




ej-«i a -65 

dr _ (e, - «,) (e, - ej) 


s — e. 
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But this can be written 

dr ■=dv,^ f (u) = 8 

where ^(u) is the Weierstrassian elliptic function formed with the roots 
Cl, ea, fig When t = 0 , ip(u) = e2f when T=^7r, u—a>i 

Hence 


rWdr P(m)-«. , 

r ?(«)+f8“ 

"i ^ -f ^aft) 

Jo A'^“i„.(c,-e.)(e.-e.) 

L(«s-ei) (ej-ci). 

0,1 (^s “ ^1) (^2 

rl”’ sm* Tcir jp (m) — *2 , _ 

f(tt) + eaM ] 

^ + ^aft) 

Jo ^ ^ J Ua (^a “ 61) (^3 “ ^3) 

1 

1 

,o.~(e>-ei)(ei- 

r*"’ cos® rdr _ /*"» IP ('it) — , _ 

?(tt) + e,w "I 

"I 7 ) CiOD 

Jo A'' (e2-ei)(«o-fii) 

/— N 

1 

1 

ot, “ ^l) (®8 "" 

where 




V = ft) = - 0>i 

The quantities © and t) will now be found 

190 The reader who is unacquainted with the theory of elliptic functions 
will notice that nothing beyond the definitions of the functions jjp(i 4 ), f («) is 
here in\olved, and that these can be easily infened In fact, if the vanable s 
be retained, it is easily seen that 

_ d£ _ ^ds 

“~L, Jt,V{ 4 i(s- e,) (s - e ,) (fi - e,)} 

where 

4 (s - ^i) (s - 82) (8-e^) = 4 s'» - ffas -gzy 

The range of integration is the finite interval between the loots in which the 
integrals are real Let 

s = ( ^ cos e, cos 37 = == <7 ‘ ^ 

The values of 6 corresponding to ^i, eg, e, m older are clearly 

^i = V + 7» ^3==^')r-7, ^j = 7<^7r 


45' - 5^25 - ^, = ( (cos 3^ - cos 37 ) 

Hence 

. . _i sin 6dd , . i / ®i 

^ Je, V (cos 36 ^ - cos 87) ’ ^ ^ a 

Now the Mehler-Dirichlet integral* gives 

P„(cos 37 ) = -^ r 

^ TT J V(2 cos 6 - 2 cos {] 


BinWdO 

V (cos 3 ^ — cos 87) 


P„ (cos 37) = - J 

where denotes Legendie’s function of the first kind and order 71 Lot 
<j> = 30 — 27 r, and then 

rtf, e»l»+i)*tf(i^ 

7^(008 3 ^- 0 - 307 ) = ' (cos 37) 

^ Cf Whittaker’s Jkfodern ^7iaZy«i«, p 219 , Whittaker and Watson, p 808 
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189-191] 


whence 


r 


sm 3 (y?. + ^ dd 

V (cos 3^ — cos 87) 


= i V'2'7r Bin (2 m + 1) tt (cos By) 


Now put n = — 4 and + 4 in succession Thus 

r®> sin^d^ 1 

J,, v (cos 30 -cos 3^“® ■ 7 rP_,(cos 37 ) 

Joa a /( cos 3 ^ — cos 37 )“ ' y ) 


But the Legendre’s functions can be expressed in the form of hypergeometnc 
senes* F(-n, n + 1, 1, ain^ f7) Hence finally 

<0 = 7r(12gf,)"ip(4, f, 1. sm®^7) 

7, = ^-rriUg^f P(- J. 1, sm* J7) 

where sm“|7= J (1 “0”^) Thus to and u are expressed in a form not 
requiiing the solution of the cubic equation 

These hypergeometnc senes are not the same as those ongmally found 
by H Bruns as the solution of the problem But the latter are easily 
deduced For Fn(^) satisfies the differential equation 


The result of changing the independent vanable to a? = 1 — ^ is 

*(^-l)g+(|^-l)J-i«(n+l)y = 0 

which IS satisfied by the hypergeometnc series F{-in, + i, 1, as) When 
z = cos 87, ® = sin’ 87 = (iT — 1) and since there can be only one convergent 
senes for'y in powers of », this is it The above senes may therefore be 

replaced by ^ 1, sui* 87) 

which are the senes obtained by Bruns 


191 Let the ongin of coordinates now be taken at the Sun, the point P 
being at {X, Y, Z) or (- X„ - F„ - F,). Then the components Px, Pr, Pz 
(4) can be derived by partial differentiation from the potential 

v (- hf /■*’" X »co8^T+ Psin^T-Z^dr 
* 7ra'6'jp j 0 

e- (^ 

7ra!b*p {e^ — ei) (e^ — ei) 

* Of Whitt&kei*e Modern Analt/sis, p 214, Whittaker and Watson, p 306 
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■where 

^1 “ ”■ (®i 1^* + ( 6a — 6i) ^ 

\ 

^2 ~ (®8 ^2) “H ^ (^1 ^s) "H (^2 “■ ^1) 

Now by ordinary multiplication of determinants 


z* 

F» 


Xi 

Xa 

Xa = P. 

p. 

P-i 

X. 

Xa 


1 

1 

1 2X,» 

2Xi 

3 

1 

1 

1 

xr* 

Xa-' 

Xa-' 2X, 

3 

2x,-' 

z^ 

P 

P 


Xj 

Xs = Xi 

Ft 

P-. 




1 

1 

1 3 

2x,-' 

2x,-' 

1 

1 

1 


Xa-' 

2Xi 

3 

2Xa-* 


where 

X® + + BAgX -i“ = 0 

4V*-^oV-^3 = 0, X + A:i = V 

and 01 , 08, e-j are the roots in \' corresponding to Xj, Xa, Xj The first 

determinant is clearly — 6?i and the determinant below it is 

'SiX^ (X2“' — Xs"*^) = — hsT^ SXi (X3 — X2) X* = — (0^2 “ Gfi) 

The multiplying determinant in both identities is 

— (XiXgXa)"^ (X 3 — Xi) (X 3 — X 3 ) (X 2 — Xj) = {g^ — 27^3*)^ 

and the determmants on the right**hand side are easily expressed in terms of 
^ 1 , Ara, h They are respectively 9A;s“'jErx and - where 

Qc,h - h) 4 Xo {Zh% - ^ki - hh) + 2i?Li - h) h 

and 

= 2i^ I (A^® — A^iAjs) + i^o (3Aq A^a® — 2A?i®A?8 — A^aArj) 4- X—i (Ar^ A/^ — Atj) Ara 

Hence 

144 (- ^,)* Hi(o - + kiw) 

ira'b'p 9i‘-^7g,* ‘ 

But Fi, Ft, F^i have been expressed (§ 187) m terms of (a, y, z) Hence the 
system of coordmates (Z, F, Z) has been completely elimmated from the 
problem 

192 Now F IS a homogeneous quadratic function in («, y, z) and can be 
reduced to the same form in (f, y, J) But its complete expression is not 
required, because F, are its partial differential coefficients at the 

point P (r, 0, 0) It IB therefore 

F= (N, J + iTtv + 2 F,f ) f /2r + 


( 6 ) 
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and the terms which do not contain f can be neglected Thus is f 
simply Let the transformation scheme of § 186 be written 

aj ss + rriiTi Wif, oji = + cxie' 

y == + + w.a& Vi = hr 

^ = ^8 J + 771317 + Tla?, ^1 = ^3^ 

with the usual relations of an orthogonal substitution Then 
{pxy + yy^ + zz^y - + h^y^) 

= (aVa; + rf)® - {a^ot^ + 

= r“f® 4* 2a'e'r^x - 6'® Jo + 6'®-^® 

=: f ^ 2a'eVZj) + 277 (a'eV?ni + 6%m8) + 2?(aVrrii + h'%n^)] 

with neglect of terms not containing f Similarly 

F^^ = j2®/^i® ^ {zx^ - xziYIa'W - (^ryi - yz^y/b'^z^ 

The last teim does not contain f and hence 
a'®r®Zs® J_i = a'® (Zjf + 771377 + %?)' - ^ ^ 

= Z>'® (Zaf + 77I377 4- Tisf)® - 2 a'e'rk^(- n^Tj + wia?) 
or 

J-i = (6'®Z8^4- 277 (6'®m3+aV7-7i8)4- 2?(6'®n8- aVrTTia)) f/a'®r®Z8 
Thus Ji, Jo> J-i expressed, as far as necessary, in terms of f, 77, f 

It remains to calculate Hi and jETa, and then the simple comparison of the 
coefficients of f®, ?? in (5) and (6) gives So» 2^o» 

It must be understood that it is not the object here to obtain the most 
practical form of calculation in its final shape, but rather to explain the 
mathematical principles involved and to be content with showing how the 
computation might be earned out The method was not developed by 
Gauss in the complete form which is necessary for practical computations 
This was done by Hill The introduction of elliptic functions in the modern 
form IS due to Halphen 



CHAPTER XVIII 


SPECIAL PEETURBATIONS 

193 In Chapter XV some explanation has been given of the various 
classes into which planetary perturbations naturally fall when regarded from 
a practical point of view There is, however, another kind of distinction 
which can be drawn among perturbations, depending on the mode of calculation 
and expression When they are expressed in an anal 3 ^tical form, from which 
their values can be deduced for any time simply by giving t its appropriate 
value, they are called absolute pertuibations For all the major planets 
a theory has been developed in this form But such a theory, ]f it is to be 
complete and accurate, demands immense labour, which is justified if positions 
of a planet are constantly required Moreover questions of general theoiy 
must nearly always be based on analytical forms On the other hand theie 
are bodies which are observed durmg one short penod only, like the majority 
of comets, or at relatively long intervals, like the periodic comets In such 
cases, which include also the orbits of the minor planets, the method of 
quadratures is resorted to, partly m order to save labour and paitly to avoid 
difficulties which have not hitheito been surmounted by analysis Peiturba- 
tions calculated in this way aie called special pertuibations The advantage 
of the method is that it is generally applicable, though against this must be 
set the frequent necessity of continuing the calculation without a bieak 
through long intervals when no observations have been made, and the im- 
possibility of makmg any general inference as to the motion outside the actual 
penod covered by the computations There are exceptions to this statement, 
because important researches have been made with success into the oiigin of 
comets by the method of special perturbations, and the pei iodic solutions of 
the problem of three bodies have also been largely investigated by the method 
of quadratures But generally the services of this method have been of a 
practical rather than a theoretical kind 

The method of quadratures involves an arithmetical techmque with which 
the reader may not be famihar It therefore lies stnctly outside the intended 
scope of this work, which is not concerned with the actual details of piactical 
calculation But the computation of special perturbations fills so large a place 
m the practice of astronomy at the present time that it cannot be dismissed 
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without some description Accordingly, in order to interrupt the treatment 
\ of dynamical questions as little as possible, a brief account of the algebra of 

difference tables is given in the final chapter of the book, and the results will 
be quoted here without proof 

194 Let yn be a tabulated function of the argument ^ — a + nw^ where n 
i represents a series of consecutive integers and wissi constant tabular interval 

As the practical formulae of quadrature depend on central differences, it will 
i be convement to represent the difference table thus 

yn Kyn K^yn 

/\yn ^Kyn ^K^yn 

Here y^, is tabulated in a vertical column and the successive differences on 
the right are formed directly m the usual way Thus = y^^^^ — y^^ and 
the commutative operator K, which is clearly appropriate to central (or hori- 
zontal) differences, represents a move two places to the right on a horizontal 
line of the table Similarly represents a horizontal move two places to 
the left Two columns are shown on the left of the tabulated function, and 
these die known as the first and second summation columns The relation of 
each to the adjacent columns on the right is precisely the same as that 
holding between any two consecutive difference columns Thus the fiist 
summation column contains the diffeiences of the second, and the differences 
of the first are the successive values of the function itself The first column 
can therefore be based on an arbitrary constant and foimed in the downward 
direction by adding the numerical values of the function successively The 
second summation column is based on a second aibitraiy constant and foimed 
from the first in the same way 

The table thus constructed has alternate blank spaces These are now 
filled by the insertion of the arithmetic mc^ans of the entries standing im- 
mediately above and below each space In its completed form the table may 
be represented thus 

Vn [%J Kljn [IKy^ K<‘!/„ [kK’^n] 

A/r-y,. [k'yn] Ay„ [k'Ky„] AKy„ ^K>y„ 

where the mean differences are distinguished by ^ to the nght of a simple 
difference or by k' below a simple difference* As a matter of fact, 

+ A; = A(H-4A)(H-A)“*, if « A«(l + A)-i 
but for the immediate purpose m view these opeiators serve merely to define 
the position of entries m the difference table They are all algebraic 


K-^yn 

\ ^K-^yn 

I 
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196 The formulae available for executing the necessary quadratures can 
now be given Numbered as in the last chaptei of the book, to which 
reference can be made for proofs, they are these 

= )yn (28) 

= + )y. (30) 

where w is w ritten in the upper limit in the place of n. + i The coniniutative 
operator k must of course be carefully distinguished from the Gaussian 
constant ^ 

The lower hmits, h and c, are arbitrary and correspond with the aibitraiy 
constants mvolved in formmg the first and second summation columns If 
the lower limit is to be c = a, 

= + + )yo (29) 

which fixes one constituent of the first column, and the rest follow If the 
lower limit is to be c = a + 

+ )yo (2'r) 

Similarly, if the lower limit h of the second integration is a, 

-8^“‘yo= (-J2 + 240'®^“ 60480 

and the value of this particular constituent makes the whole of the second 
summation column determmate If the lower limit is 6 = a + 

S-.,.— iijr-j.+ili-jHjjr+jll'jjjr.- ),. (33) 

In general, 6 = c and (29) and (32) aie used together, or (27) and (S3) In 
the latter case (33) may also be written 

jr-.j,.-|^(l + a)-j^(3+2i)jr+J®j5(5 + 3A)Jf- },. (34) 

In whatever way the lower limits are detennmed, (28) and (30) will give the 
integrals to the uppei limit a + mu, and (26) and (31) to the upper limit 

(i-\-(n + ^)w 
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196 The application of quadratures to the solution of differential equa- 
tions such as arise in dynamical problems can be explained by a simple but 
fairly general form Consider the equation 


or, as it may be written, 
Hence, by (30), 




t) 


L^x — X 


or 


x = w^ {wDy^X 

&-<.•{] (1) 


Now suppose that we have a solution in progress, giving at a cert,ain stage, 

Xji Xxn 


tn 

^n+i 




^n+a ^n+i 


K%, 


'7H-1 


^ 71+2 


Xn-^^ 


KXn 




Here Xn is a known function of x^ and It is required to find and Xn+s 
which depend on and on one another, so that the}, cannot be calculated 
directly For simplicity the time interval w may be imagined to be so small 
1 

that if‘*Zn+i 18 negligible The general run of the differences KX will 

suggest a close guess to the value of ifZn+i, though the true value requires 
a knowledge of X^ n and thoicfore of itself This leads to a correspond- 
ing provisional value of (1) ^^nd hence to hs — or ^n+s Then 

Zn+8 can be calculated, in general, with the accunicy which is finally necessary 
If this be so, is now accurately known, and hence ky a simple 

repetition of the same process, in which if need be an allowance for K'X can 
be made After every few stops m the calculation the whole can be rigorously 
checked by the difieronce formula (1) and either verified or corrected if 
necessary In general small coriections of x^ do not entail a re-adjustment 
of Xn 


197 This iH the principle of the method employed by Cowell and 
Crommelin m calculating the path of Halley’s Comet during the two revolu- 
tions 1759-1835-1910 It is the ciudest possible method in the sense that 
it Ignores completely what is known of the approximate orbit and is based on 
the equations of motion m their primitive form, but it is none the less ex- 
tremely effective for its practical purjiose* The origin of coordinates is taken 
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at the centre of gravity of the solar system, with the axis of x towards the 
equinox, the axis of y towards longitude 90® and the axis of z towards the 
N pole of the ecliptic for a stated fixed epoch The equations of motion are 


then (§ 20) 


mx 


du 

dx ’ 


dU 


dz 


where 

U i’m 2 m, {(a - + (,y- y,)' + (^ - ZjY] “ * 

and 2 includes the Sun and all the disturbing planets Thus the typical 
equation may be wntten 


Kx-{l + ^^K 240 60480 '^“ ) 

where 

X = — 2 (x - Xj) 


and is a constant for each attracting body The problem, being m 

three dimensions, involves the parallel solution of the thiee similar equations 
for X, y and z It is convenient to change the time interval from time to time 
according to circumstances, in order to economise labour in computing the 
forces by making the interval as long as experience may show to be practicable 
In the example refeired to, days, where p has integral values ranging 

from 1 in the neighbourhood of the Sun to 8 in the most distant part of the 
orbit As the comet lecedes from the Sun it becomes feasible to treat first 
Venus and later the Earth and Mais as forming a centrobaiic system with 
the Sun, so that the separate computation of then attractions is avoided 
The solution is started by derivmg the rectangular coordinates of the comet 
on two consecutive dates from the osculating elements at the intermediate 
epoch 1835 

A similar treatment has been applied to the path of Jupitoi's eighth 
satellite, which is so distant from its primary that the soLir perturbations are 
relatively very considerable 


198 The above process is closely related to the more usual method of 
calculating special perturbations in rectangular coordinates, which dates from 
Encke Here the origin is taken at the centre of the Sun and a fixed ecliptic 
system of axes is generally chosen Let (a, y, z) be the position of the 
disturbed body P, (xj, y,, Zj) of the typical disturbing planet Pj, and let 
SP = r, SPj = pj and PPj = Then the equations of motion of P relative 
to the Sun are of the form (§ 23) 




^X^ — X Xj\ 

rKf-y^) 


But the undisturbed motion is given by 


dt^ 


A;®(l + m) 


n* 
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wh^re (/To, 3/01 -s^o) and Vq can be calculated at regular intervals of time from the 
osculating elements Hence if (f, 77, f) are the pertuibations, where 

f s= ^ — a?o, 

The right-hand side contains (f, 17, ?) implicitly, and therefore extrapolation 
is necessary as in § 197 But in the first member which is of the first 
order in is multiplied by and hence if the second order m be 
neglected yo. -s^o) can be directly substituted for (a?, y, z) This is conse- 
quently known as the direct member, but it is quite possible to include 
approximate values of the perturbations as they become known in the course 
of the work, and thus to make allowance for the higher orders of the disturb- 
ing masses The second member, which has been called the indirect member, 
has no small multiplier and besides is expressed as the difference of two 
nearly equal quantities To avoid this inconvenience the transformation 

5 = 1 + 23. 5’ = (l + 23 )-i = l -/3 

IS made, where 

5 = (r^ — r ^) l 2 r ^ =« {(aJo + f + (2/0 + i '*/) + (^0 + i?) ?} ^0“® 


/=3(i-^3 + ^^3»-|4-49^+ ) (2) 

and / IS tabulated as a function of q, which is a small quantity The equation 
for I now becomes 

+ . (») 


■with parallel equations for v and ? This treatment is not applied to the 
planets with sensible masses, but only to bodies whose masses are negligible 
and generally unknown Hence A 

Suppose that w — 1 stops in the quadrature ha\e been carried out, so that 
fn-i. are known and is required As in ^ 197 'to* can be omitted by 
substituting w’A* for A* Then, by ( 30 ), 

- i * n vj*. - H ‘f- 


or 


( 5 ) 
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Here comprises the terms which can he directly calculated, foi SJTn 
represents the direct terms, follows from the previous stage of the 

quadrature, and can be extrapolated easily owing to its small multiplier 
Also ^n=^o+|^n IS known well enough since it is multiplied by q But q itself 
is not accurately known By combining the three parallel equations of the 
same type as the last with the above equation for q, it follows that 

qr,- (l a) = 2 {x, + \ + n 2 (*• 

where 2 refers to the three coordinates Thus, f being easily extrapolated, 
^ can be calculated The combination of (3) and (5) now gives 

fn= + A ^ A^ (JqXn - 

whence can be calculated, and therefore by (4) Thus the quadrature, 
once started, proceeds step by step 

In order to start the quadrature the four dates are taken such that the 
epoch of osculation coincides with the centre of the middle interval With 
f = 0 the direct terms in f are calculated and the difference table is formed 
By applying (27) and (34) approximate values of f are obtained whereby the 
indirect terms can be brought m The process is then repeated until the 
final approximation is reached The rest of the calculation, giving the results 
by means of (30), has already been explained 


199 Special perturbations may also be directly calculated foi polar 
coordmates Let the cylmdncal coordinates of the disturbed mass vi be 
{p, e, z), the fundamental plane being the plane of the osculating oibit itself 
at the epoch and the mitial line passing through the ecliptic node The 
rectangular coordinates of the typical disturbing planet, of mass m,, relative 
to the Sun are 


Xj-r,ciasB,GOsL„ % = rj00sB,smZ„ z, = r^sva.B, 

The kmetic energy of m is (p* + + «■), and therefore the equations of 

motion aie, smee r® = p® + 

d?p (dB' 


where (§ 23) 




dR 
’’ dB * 


d^z 


= — + m)zr~^ + ^^ 

oz 


= Sm, {V* - r?"* [/Wj cos B, cos (Lj -0) + zr, sin By]} 
V = />“+«" + r/ - 2 [pr, cos B, cos (X, -e) + zr, sin B,] 
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Hence 

^ _ pfls = _ fca (1 + m) pr-* - k'‘ %mj - (A,"’ - rf^) r, cos B, cos (Lj - )} 

d (p'‘6)ldt = ¥p ^rrij {A^-» - rf^) rj cos Bj sin (4 - 6) 

^ (1 + m) 2 r-* - A;® 2m^ Aj-» - (A,-* — r,-®) rj sin 5^} 

Let 

««/p>=2g, pVr‘ = (l + 23)’’' = l-/g 

■where / is the same function of g as in (2) and can usually be replaced by 3 
simply, because z is merely the perturbation in latitude reckoned from the 
plane The equations of motion can no-w be written 

p - p6’ + fc” (1 + m) p"* = pS 

d{p^6)ldt = U, i + WaZ = Wi 

where 

(1 + m) + A;* (A^-» - rf^) cos cos (Lj - 6) - ^f^} 

V^l^p 2mj (Aj“* - r^“0 rj cos sin (Lj - <9) 

Fi = (1 + 

Tfa = ^ 2wij Aj“* + (1 + m) p“* 

The third equation is now in the required form to determine z. The first 
two must be transformed m order to obtam p and B 

200 The second equation gives 



where h is the undisturbed constant of areas, so that 
A, « {A;® (1 + m) « Tiotto® cos <^o 

Po» sm<f>Q being the osculating parameter, mean motion, mean distance 
and eccentricity Hence ^ 

^ -I- /ij * p-^dt + 

=w tt)o + F + Ao) 

where Bo xs the initial value of B and ©o is the distance of the undisturbed 
perihelion from the node The angle A©, which represents and is defined by 
' the double integral, would vanish m the absonce of disturbing forces In the 
same circumstances V would bo the undisturbed true anomaly Thus V may 
be regarded as the disturbed true anomaly and A© as a rotation of the apse 
In the rotating orbit thus defined, in which the elements po» ^o> <#>o keep 
their osculating values, let p (1 + bo the radius vector corresponding to 
the true anomaly F, so that, since «- 

1 + «oC08F»»po(I +v)p“‘ 

" sm F A"“V®Po (1 *') + ^P“^] 

— do cos F » hr^p^pft (1 4* 1 ^) (5 + pp]- 


n>t . 




[cH xvm 


nt 


h. 


r t r> f \ 

» I - j 
• r X **!>-“ 


1 M k * < 1 * ► » ^ P"* “ p > fr^p^p^p 
^ ^ > I •* 1 » PI ~ X < 1 f 7*/ M 1 1 

P<" ~ »* ♦ / / rtY 

♦3»^ ji* » ♦ m ’^1 T n f»*mi last found, 


^ f. 


^‘il-»,. 1*1 -j^- -p-‘l‘rdt' l‘udt + 2A^ 
f. t *» J 


i*H i^H 


u ^ id •p-*i‘rdt r rdt + iUi^ 


f/i i A** 1 1 -f p*"* — jy 

> r T , 1 ‘ 4 f ' h I. .f th. samt f .rm ah that in i> can be found 
hy riM Kr , jfc r :♦ j 

v^rm^r f ]• AiJiivct ‘lUiviratur^*, the necessaiy correction 

^ ^ ^ with the undisturbed mean motion 

^ » V j ' f i, tri ntih T or th*-‘ eccentne anomah F m the 

r ^ T ‘‘ 4'» 


In < I • f« C« '^ A^» -S P I X -r 

H-tk* k ; . * i .fT 


' - h, • ■ 1 - ?, £',i = p,,- ,1 ^^,-1 jr 

i ^ Ll.^»®"^'®’_ "e 

Ut'l-hH (> Ciisi, ~(T+j.^ 


(2-r».(<l +v)-* 


?*L mechanical solution 


^^hrn p S JUtt 
^*»ii b% 


d*9 


-p 'I'rdf. 

-t* 


d.V 2 + „ 

dt (TTif 


* ar. kn.wn, the t. ordinates r. 6 and the Utrtude X are 


p^jrj r« < I 
«* 


► tJ-r-a^iSinA', pco8F=(I+ „)a,(coBfi-«,) 

+ H.pt + i. ptanX=.z 
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Perturbations to the hrst order will be obtained by calculating the quanti- 
ties occurring in the differential equations according to the osculating elements, 
but as they become known in the course of the work their approximate effect 
on the coordinates of the disturbed planet can be introduced before integra- 
tion The integral of 27, and also N and Aw, can thus be found by direct 
quadrature by applying (27) and (28) For v and z, which require exactly 
similar treatment, the case is slightly different As before, the time interval 
w IS removed by writing for which is equivalent to making this mterval 
the umt of time Then at any stage when z^.^^ and are known, 

F... . ir. (l + i F,)“ |(£-. - 4 ^) '■ + H 

and this last equation will determine with the needful accuracy, and 
hence and K~^Zn+i for the next stage 

This method is due in principle to Hansen The perturbations start from 
zero values and remain small for a considerable length ot time This conduces 
to accuracy and is an advantage The method is less simple than that of 
rectangular coordinates, and tor the easier construction of an ephemeris 
requires the determination ot new osculating elements by a process which is 
itself complicated and is omitted heie Perturbations of the coordinates are 
recommended by the tact that there are three coordinates as against six 
elements to bo determined by quadratuios, and their computation is suitable 
for practical needs in the case ot a body, such as a periodic comet, which can 
only be observed at relatively long intervals Otherwise it is preferred to 
perform the calculation on the eUuneiits directly 


202 With slight changes which will be leadily understood the equations 
found in § 142 for the perturbations of the elements may bo written 

dijdt =s r If cos u/Jc^p 
dfl/dt “ r Tf sm u/k^/p sin i 
d<j>ldt ^{SBinv + T (cos v + cos E)] ^Jpjk cos ^ 
dtffidt = {- paV cos v + (p + i)T sin v^rW sin ^ tan J i sin u\|k^Jp sin 
dnldt=^^ 3 {rS sin 0 sin v -H pT) cos ^/p7 

/ t 

dt 
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where v represents the true anomaly and m. is neglected, so that ju. = &* Let 
wS — kFi\/p, viT=kFtslp, vjW=kFi>Jp 
Then the equations are of the form 

wdijdt — ft, 3] Fg, wdiljdt = [fl, 3] F, 
wd^jdi = [<l>, 1] F, + [^. 2] F„ wdrijcU = [n. 1] F^ + [«. 2] F, 
wdvrjdt = [«r, 1] Fi + [■sr, 2] F^ + [nr, 3] F^ 

W ^ = [il/, 1] + [Jf, 2] ‘ J dt 

where 


[^, 3] = r cos u, [XI, 3] = r sm ujsm i 
[<j>y 1] = p sin V sec <j>y [<^, 2] = _p (cos v + cos JS) sec (j) 

[-nr, 1] = - p cos v/sm <jE>, [«r, 2] = (p 4* r) sm i;/sm </>, [bt, 3] — r sm w tan i i 

[My 1] = - {[tsr, 1] + 2r} cos <f)y [M, 2] = - [bt, 2] cos ^ 

[Uy 1] = “ 3A; sm cos sm v|^/py [Uy 2] = - 3A? cos ^ fsjpjr 

For a minor planet disturbed by Jupiter, 40 days is generally found a suitable 
value for the interval w 

The disturbmg function R may be taken m the loim found in § 199 
except that the argument of latitude is now w = y + tjr - instead of 6 
Thus 

twy { - rf^ [pr, cos Bj cos (^L, -u) + zr, sin 5,]} 
and if the directions of the components 8, T, W be recalled. 


9p ’ p du’ 


W = 


dz 


where after differentiation z = 0, because the plane of reference is the plane 
of the instantaneous orbit F or the same reason p = t Hence 


Fi=p * 2 (kwm,) {( - r,-^) r, cos B, cos — u)-r A,“>} 
■fs = p ^2 (kwrriy) ( A,~-* — rj~') r, cos By sin {L, — w) 

Ft = p~^% (Jeumiy) (A,~^ - j^-») i, sm Bj 


Aj* = + r/ - 2rr, cos By cos {Ly — it) 


203 Let ly, by be the heliocentric longitude and latitude of the disturbing 
planet, which with log Ty are given m annual tables like the Nautical A ImariM 
The relations between ecliptic coordmates (a, y, z) and the orbital coordinaU.s 
(f. V. 0, the axis of f passing through the ecliptic node, are shown by 


® y 

COS £1 sm fl 

— cos t sm n 

sm ^ sm XI 


z 

0 


sm % 


V 

r 


cos ^ cos X2 
— sin ^ cos XI 


cos i 
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which IS the scheme derived m § 65 Hence 

f = cos Bj cos Lj = cos hj cos (Ij - H) 

77 = cos Bj sin Lj = cos bj cos i sin {lj — fl) + sm hj sin i 
f = cos — cos hj sin i sm (^ - fl) + sm hj cos i 

and thus Fi, F^t ^3 be calculated, so far as the coordmates of any disturb- 
ing planet are concerned 

But Fif J? 2 , F^ and the coefficients [^, 3], , involve also the varymg 

elements and coordinates which depend on them The elements may he 
identified with the osculating elements at the initial epoch to and the co- 
ordinates may be calculated as in undisturbed motion Then the result of 
mechanical integration will give the perturbations of the first order When 
these are known for the several dates covered by the work, the calculation 
can be repeated with the unproved values and a higher approximation can be 
obtained The work can be arranged so as to obviate this repetition by 
including the perturbations to date at each step 

204. The five elements i, H, <j>j 'stj n require only a single quadrature 
The lower limit a is made to coincide with the epoch of osculation and 
the tables are formed m accordance with (27) The correspondmg perturba- 
tions are then given by (28) or (26) according as a + ww or a + (n + ^) w; is 
preferred for the final date It is to be noticed that the differential equations • 
for the elements havo been reduced to a form in which w occurs explicitly as 
a coefficient of the derivatives on the left-hand side It will disappear when 
the quadmtuTcs are effected, its function being to make the unit of time agree 
with the tabular interval But the unit of time is not really changed, and 
with the ordinary Gaussian constant k occurring in the combination bumij for 
each disturbing planet remains one mean solar day Thus the perturbation 
in n which will bo drawn by this process will be the increment m the mean 
daily motion Since all the elements are in the form of angles, it is con- 
venient to express k, so far as it occui*s in Fi,Fo, F^ through the combination 
kwmj, by its value m arc (log 3 55 ) But in [n, 1 ], [w, 2 ] k has its 
purely numerical value (log A; « 8 235 . ) 

The perturbation in M can bo conveniently divided into two parts The 
first, 

- w-‘ f ([M, 1]F, + [M, 2] F,} dt 

IS calculated in precisely the same way as the other five elements The second is 

The table having been prepared for the first quadrature on the basis of (27) 
and (28), the second can be performed by means of (34) and (30) The 
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immediate result will give which must thcrcfoie be mtiUii)hc‘(l by w" 

To avoid this large multiplier it is usual to calculate whm horn nHvIdt at ilw 
first quadrature (giving the inclement in the w-day mean motion) ''FhiH 
alters the time unit of the acceleration and therefore no multiplier will 
required by 82MJ a result which can be otherwise seen by noticing tiuilp all 
the tabular entnes are multiplied by w, while the mtegiand is divided by w, 
being m fact dnidt instead of w dn/dt as in the first qiuidiatine actually 
performed on this plan 


* 


205 In the case of parabolic and neaily parabolic oibits some nuxhfica- 
tion IS necessaiy The equations foi O and w remain valid, (‘xcept that it. 
IS well to replace by e The equation for e itself becomes 

wdeldt=^[e, l]F, + [ey 2]F2 


[e, 1] =p Sin V, [e, 2] =2 0 

But the equations for n and M become inconvenient, if not illusoiy One 
suitable substitute is easily obtained by forming the equation foi q, t.h(* 
perihelion distance Since ^ = a (1 - e), 


dq . da de 


%aw .dn de 


wheie 




2a 


I-®’ ~ ® 


and 


2ak 

“ sin <l> cos <f) (1 — e) sin v — ap sin v 

= 2a*e (1 — e) sm » - a^ (1 - e“) sin o = - a® (1 - ey sin v 
= — 3 * sin !) 

2a 

[?.2] 3^(l-e)K2]-a[e,2] 


r ^ ’ er e 


_pr ap» n 2 I pr o» , 


-PL 


4sin=it;(l + ecos“J») 
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Thus a valid form for the perturbation of q is obtained If Fi, have 
been calculated with the angular value of the constant k the results for Be and 
Bq will require to be multiplied by sm V' 


Again, an equation can be formed for the variation of T, the time of 
perihelion passage Since 

n{t — T)^M=i€ — ’ST + j ndt 


. dT d . . dM f dn 


dt 


it follows that 


= T) {[n, 1] + [n, 2] J?,} - n" {[If. 1] F, + [M, 2] jF,} 

dt 


= [T,1]F, + [T,2]F, 


where 


[r, 1] = n- (« - T) [n. 1] - n-> [M. 1] 

_ S fce (1 — sia v(t-T) (1 - p cos p \ 

„pi w \ e ) 


np* 

2 (!-«») * L-P, 

n 


and 


\T, 2] = {t - T) [n. 2] - n-' [M, 2] 

3fc (1 - p* {t — T) (1 - e*)^ (y + r) sm v 

~ nr 


But these coefficients are in a form absolutely unsuitable for calculation, 
especially in the case of a parabola, for which in fact they are required 
The difficulty can bo, and is best, met for such orbits by calculating special 
perturbations in rectangular or polar coordinates, instead of directly in the 
elements 


206 The reduction of [f, 1], [IT, 2] to a calculable form is not altogether 
easy It can be effected m the following way. The required expressions can 
be written, since p « a (1 — e*), 


A;(l-e*)t 2e 2p*r J 

[T2]^ 2A j8in«(2 + eco8«)_3fc(e-y) 
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■where 


. i 

k{j.-T)=a?{E-esaiE)<= S. — T((i?-sinjE^ + (l 

(1 - «*)* 

p® E— sin E 2®^ 

”(l+c)» tan»J^ tan»ii; + p-^cos4^rtanii; 

= Z^+ef tan® + 1 (1 + e)} tan 


But (§ 27) 
and therefore 


T_,^- 3(.g-sin^ 

4 tan^i^cos»iN“^ 

r cos® i o = a (1 - e) cos® i N = p (1 + e)-' cos* J ^ 

B 

^h{t — T) sinv , 

^Kl-S)taii* 4 i-+Kl+«)} = F 


Let [T, 1], \T^ 2] be written in the form 

4 

TT’ n _ fi cos v(l +e cos v) „ 

2e 

rp 91 — ^P^r (sin«(2 + ecosv) 

'■ ’ ^ fc(l-e®)| 2e ”^®J 

lere 

F, = esini; 7, Fj=(l + ecoso) F 

and therefore 

FiCosj0-F,sm^ii = -(l-e)8mi® F 
Fi sm^0 + y^cos = (l + e)cos ^0 F 


Hence 


F,cos 4 »-F,smi« = -^sini 0 sm 0 ^|(^J^ 2 tan®i 0 j+. 3 . 

F,8ini0+F,cosi» = -|cosi®sm0f-^ 2taii«|0 \ 1-e 

Vl + e tan®|N/l + e 

+ i cos sin 0 {2 (1 + e)-i tan® ^0 + 3} 

y2cosi0-yjsm^0=._|sinj„gm0 Izf 

1+6 

yi8ini0+j,,cosj0 = jcosi0sin0 + (l+e)-icosi08m0tan®}0 
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Then 

yi = i (1 + ^ (3e + tan® \v) 

as ^ (1 + e)“^ (1 — cos v) [Ze (^1 + cos v) + (1 — cos t?)} 
ya = (1 + e)“* sm ^; (1(1 + e) cos® + 1 (1 — e) sm® + sm® 
=a -J (1 + sin v (4 - cos + Ze cos v) 

It IS now possible to write, with a little simple reduction, 
rm n f 1 1 - 6 / ^ COS VX , 

(1-e 

I 1 4- COS « ) - 

e 


[T,2]« 


2p^r 


■A;(l 


rr ll 

-e®) u 


+ e 


vSmv . •^\ 

(1 + e COS v) — j- + 2^2 “ 


and yi, ya have been determined in such a way that 

(ri-yi)c«>si«-(K,-j^a)smi« = -| ^8m» gsmO 


1 1 — e 

(Fx-y,)8ini» + (F,-y,)cosit) = -2 

flsmff l-'Sowi,. S_ 2 te 5 ^« 

sin 1 + e ® ^ ’ cos 1 + e tan* 

{" + 9'8m((? + it.)smi;| 

2] “ /(r+ !)» {¥ + ^’'^1 

which are feirly simple forms, hut still require the calculation of p sm ff. p cos (? 
In the limiting case of the parabola, S = and 

p sm (? » tan* sin ^v, p cos (? = i tan‘ cos 
which then completes the solution 

The more general case of a very eccentric ellipse can be related to the 
method of § 34 In the notation of that section, 

15(Jg-Bm.g) ,r = tan»i^ = , — A — t, 

^ — 9E + sinW ’ l-U+O 

1 0.A Bin g i,j^_sinJ&=|(l-S> tan* ^ ^ cos* ^ ,5 
16-9A 


where 


Hence 


1--S. 


154 1 W 1 - 44 + C 


c g l-44 + g /l 0 \ 

tan*i£" l-f4 \5 AJ 


Hence 
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Now by the method of § 34 -4 (of the order E^) is found m calculating v, 
and C (of the order E^) is tabulated with argument A With the same 
argument it is possible to tabulate* log f and log 97 , where 

Soot^^E-7] 

Then 

^ 2 tanHi; sin ^ 2 tan** cos 42 ; 

(i+,)l » ITT^ 


and the problem is thus solved in a practical way Similai treatment can be 
apphed to hyperbolic orbits 


207 It sometimes happens that a comet approaches a planet (generally 
Jupiter) so closely that the disturbmg force due to the planet is actually 
greater than the force due to the solar attraction It is then moie convenient 
to refer the motion to the centre of the planet and to treat the solar action as 
the disturbmg force 

In the ordmary case the equations of motion of the comet are of the form 

where M is the mass of the Sun, m the mass of the planet, and the oiigin is 
at the centre of the Sun If S, P, G are the positions of Sun, planet and 
comet, GS = r, GP = A, 8P = p The equations involve no assumption as to the 
relative masses of the Sun and planet, and if they are interchanged the 
equations of motion of the comet take the form 


dt^ 




where the origin is at the centre of the planet, so that , a?'+f'=0, 

The advantage of either form depends on the ratio of the total disturbing 
force to the correspondmg central attraction, and it will rest with the latter if 




that IS, if /X = m/il/, when 




Let GPS = e Then 

r cos CSP = p - A cos ^ 

9 ® = p** — 2pA cos ^ + A® 

Now m the nature of the case A is small compared with p Hence 


r-* = p-^ + 4p”®A cos 6 + 2p-^A^ (-1 + 6 cos® 6) + 
= P“® f 3p-"A cos 6 + |p-»A® (-1 + 5 cos® 6) + 


* Bauschinger’s Tafeln, Nos xivn, xxvin 
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and therefore 

+ p~^ — 2r~‘^p-^ (p - ^ cos 0) = A® ( 1+3 cos® 6) + 

To gam an idea of the planet’s sphere of influence the approximation need not 
go further On the other side of the inequality the first term preponderates 
and it can be further simplified by taking r = p Thus the significant terms 
of the lowest order in A give the inequality 

p“® A® (1 + 3 cos® 6) < 

and the polar equation, with coordinates (A, 6) and origin at the centre of 
the planet, 

A(l + 3cos^0)* = j[i^/o 

represents a meridian of the bounding surface, which is one of revolution 
and differs little from a sphere Its radius for Jupiter, Saturn and Uranus is 
about a third, and for Neptune rather more than half, of an astronomical 
unit 

When the comet enters this spheie of influence its relative coordinates 
(asi - ail', y,-yi, or (f„ fO and its relative velocity (fi, iji, ^0 are 

known and its orbit about the planet can be found, with the constant of 
attraction Jc^m It remains within the sphere so short a time that the solar 
pertuibation can generally be neglected and on emergence a return is made 
to the heliocentric orbit, based on the now position (f^ + a./, 772 + y,f fa + z.i) or 
(iPj, 2 / 2 , ^ 2 ) and the velocity 


CHAPTER XIX 


THE RESTEICTED PROBLEM OP THREE BODIES 


208 The general problem of three bodies is reduced to a relatively 
simple and ideal form when two of the masses describe ciicles m one plane 
about their common centre of gravity and the thud body has a mass so small 
as not to affect this circular motion in any appieciable degree Let OXYZ 
he a set of rectangular axes rotating with angular velocity n about OZ, OX 
followmg OF, and let the coordinates of the masses v be (- Ci, 0, 0), (Cj, 0, 0) 
where ^Ci = v(k The velocity components m space of a small body at P (f, f) 
are i; J) and hence the kmetic energy of unit mass is 


The equations of relative motion are therefoie 


dV 

7j + 2nf - = — 


where m this case 

F= 1{? + vjp^) 

pi, Pa hemg the distances of P from fi, v The lesult of adding these equations, 
multiphed respectively by f, 17, gives Jacobi’s mtegial of oneigy 
= p + ,^2 + 52 = 2 F + ^ + 77“) - G 

and in accordance with Kepler’s law 

= (ci + C2)* 


209 This mtegral has a very simple and important practical application 
Let us return to fixed axes through pu, so that 

f + Cl = a? cos Z + 2/ sin 97 = y cos Z — a sin Z, 
where Z is the longitude of v and Z = w Then 
p + 97“ = (a; 4- nyY + (y - nxY 
f 2 + = iip 4- — 2ci (sc cos Z + y sin Z) + Ci® 
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Hence Jacobi's integral becomes 

+ 3/2 + + 2n {yx — ayy) = 2F- 2 w^Ci (x cos Z 4- 3/ sin 1 ) + 7 i?c^ - G 

The special circumstances under which this integral can be usefully 
employed are these A periodic comet between two appearances m the 
neighbourhood of the Sun may pass in close proximity to a large planet, 
Jupiter for example In that event the elements may be so altered that at 
the second return the identity of the comet is doubtful At times when the 
perturbations are small and the heliocentric motion is sensibly elliptic, 

x^±y^-{-s^ = 1^ — p/a) 

xy--yx^k \J{pp) cos i 

the latter being the projection of the areal velocity on the plane of the 
disturbing planet Hence 

— Id^pja — 2kn \/(/xjp) cos i = ^Jc^p/p^ — 2w®Ci cos Z H- y sin Z) + — C 

It IS supposed that the change in the observed osculating elements takes 
place almost impulsively within the region of the planet’s influence This 
region is small and nearly spherical Hence pa is the same at the begmmng 
and end of the encounter, and the changes in x, y and Z are small These can 
be neglected together with the other planetary perturbations, and therefore 
approximately 

p/a' + cost' = p/a^' + 2 Ar^n \/{pp") cos 

where a\ a" are the mean distances of the comet, p\ p" the parameters, and 
2 ', the inclinations of the orbit to the orbit of the disturbing planet, before 
and after the encounter For the Sun p^ \ and + v) — where a is 
the mean distance of the planet, and if v bo negle6ted 

qt'-i 4- 2 rt “ ^ cos ^' == + 2 tt “ ^ p"^ cos 

which IS the criterion of identity proposed by Tisserand It has been assumed 
that the orbit of the disturbing planet is circular, but some allowance can be 
made for the eccentricity of the orbit by taking into account the actual 
motion of the planet at the time of the 8u?»pected encounter 

210 Let the problem of § 208 be now reduced to two dimensions ($'= 0) 
Then 

pp^ 4- vpi = p, (f 4- of 4- 4- (f - of 4* vf 

« (p 4- 1 ') (f * 4 f) 4 pc^ 4 vo^ 

Let the units be so chosen that 1 and Ci 4 c?a»» 1 , with the consequence 
that p + v^in? The equations of relative motion may now be written 

5 - 2n^ = 
t) + 2 nf 
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where 

2Q = /* (2pr' -vpfi+v (2pr' + p/) 
and the integral of relative energy is 

These are the equations used by Sir G H Darwin, with the masses ft = 10, 
z/ = l, in his researches on periodic orbits Now it is obvious that cannot 
become negative under any circumstances Hence the curves of the family 
given in bipolar coordmates by the equation 

2a = 0 

are of great importance in the restricted problem of three bodies, because they 
represent bariier curves which cannot be crossed by trajectories characterized 
by correspondmg values of G Thus if the barrier curve, or curve of zero 
velocity, IS a simple loop within which a part of the trajectory lies, then the 
trajectory can never pass outside If the lunar theory can be compared with 
this simpler problem it is found that the orbit of the Moon lies within such a 
closed curve surrounding the Earth, and therefore the Moon cannot recede 
bejrond a certam limitmg distance from the Earth This remark is due 
to HjU 

The simplest view of the general character of the curves of zero velocity 
IS gained by considenng them as the contour lines of the surface 

2a = z^ z = G 

If the axis of z is taken vertically upwards, and motion for a given value of C 
IS supposed to take place on the actual contoui plane z^Gt then it is 
evidently restricted to those parts of the plane which he underneath the 
sirface, since elsewheie m the plane the velocity becomes imagmaiy Now 
th? mam features of the surface are easily represented topographically At 
the pomts where the masses /4, v are situated the surface rises to infinity, but 
in the neighbourhood of these smgular points may be treated as two peaks 
At any considerable distance from them the terms H- are predominant, 
and the surface rises indefmitely m all directions Now 2a may be oxpiesscd 
m the form 

2a = 3 (/z. + + /A (pi — 1)® (1 + (/>2 — 1)® (1 + ^PfT^) 

and clearly has an absolute minimum value + when pi=^ le at 

the vertices of the equilateral triangle on the line joimng the masses v 
These points represent the bottom of two valleys, and a simple consideration 
of the contmuity of the surface shows that these valleys must be connected 
by three passes, one between the two masses and the others on the same line 
but on opposite sides of the two masses and separating them fiom the using 
surface as it recedes m the distance If it be added that the highest pass is 
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that which lies between the masses and the lowest is on the other side of the 
greater mass, the general order of development of the contour lines should be 
sufficiently evident The critical curves for Darwin’s special case, ^ = 10, 
i/ = l, are illustrated in fig 7 The whole is symmetrical about the line SJ 



Fig 7 


211 The points at which the ovals coalesce or disappear evidently 
correspond to cntical values of D Take v<fi The critical values are 
given by 

8n 4- ^ - 0 

dri dpi drf dpi 0 ^ 

which show immediately that such points are points of relative equilibnum 
for the third body These equations are satisfied in the first place by 

or Pi = / 3 a = 1 This gives the “ equilateral ” points mentioned above, where D 
IS an absolute minimum But other solutions are gi'ven by 


^ (pi 7 pa) ^ ^ 

Pi pa ^ » V 

or 7 j = 0, together with 9D/0f » 0 This will lead to the three points collmear 
with the masses For the first, lying between the masses, 


pi H- Pa • 




i'f «’} 

” pr’ -pt (i - p»*) (1 - p^y 


SO that 
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This IS a quintic in /Oj, with only one real root The actual solution in 
a particular case is easily found by trial and error from the first expression 
The second expression, when expanded, gives 


^ = 3a» = 3/),»(l+p, + #pa*+ ) 

“ = Pa + + + 

and to the same order 


0 = /t (3 + 3p,’ + 2p^) + V (2pa ' + pi) 

= /t (3 + 3o») + vcr^ (2 + §a) 

= /t(3 + 9a»+2a») 

For the second colhnear pomt, on the further side of the smaller mass v, 


and hence 


/>! — 1 + pt. 


^pi _ 


= + l 


Pi'^-p i P2‘ (Bp, + 3pi + pi) 

P pr“ — pa (l“Pa‘’)(l+Pa)* 

agam a qumtic m ps with only one real root For the approximate solution 


^ = 3a» = 3p/(l-p, + |/%«- ) 

“ = Pa-iPa^ + ipa’ 
pj= a + Ja'-la" 

and to the same order 


(7 = p, (3 + 3pi - 2pi) + V (2pa-' + Pa”) 
— P (d + dc?) + va~^ (2 — ^ a) 

= /i(3 + 9a»-2a>) 


For the third collinear pomt, on the further side of the larger mass p. 


and therefore 


Pa — 1 + Pj, 


9f dS~~ 


*' — Pi~° Pi (2 +<r)®(3a' + 3<7*+ <r*) 

P Pa-'-pa (l+<r)»(7 + 12<T+6<r«+«T«) 
where pi = l + <r, pj = 2 + o' Hence 

»'_ -o'(12 + 24(7+19<r*+ ) 

P 7 + 26<r + 37<j» + 


y _ - 12<r (1 + 2 < t ) - 19<r» - 
Pd-" V(l+2<r} + 13<r» + . 


1 


and 



241 


211 , 212 ] The Restricted Problem of Three Bodies 


which shows that 


- 

12 (^ + p) “■ 4 -f 12a3 


IS a very close approximation. The approximate value of G at this point is 
0 = //. (3 + 3o^) + 1/ (5 + \(r) 

= /i (3 + 4- Zfxd? (5 - 

= //. (3 H- 15a« - ^a«) 

When vjfL = So® is small, as in the case of the planets compared with the 
Sun, the above approximations are generally more than sufficient In the 
limiting case jm — v and the arrangement of the points of relative equilibrium 
IS obviously symmetrical with respect to the rotating masses 


212 Let + ^ = + where (foi ^o) is a fixed point The 

equations of motion may then be written 


where 


X — — O 20 "t" 4" ^x\y 4* 

y 4“ 2w»t = Hqj 4^ H“ *^ 02 ^ ”i" 






provided £l is regular at the point (fo» %) and x, y are not too large If 
(fo> ^ 0 ) IS a point of relative equilibrium, or as it has been called a point 
of hbration, and x, y are very small, the linear equations 


X — 2 /iy = 4- liny 

y + 2nx = Una? 4- IIoa2/ 


are obtained, and these determine the nature of the equilibrium at Vo) 
For they are satisfied by the solution 

x^h cos {mt — a), y — k cos (nit — ^) 

provided 

— 2mnk sin 0 = (m® 4- Il 2 o) ^ cos a + cos ^ 

2mnk cos = (m® + Hao) ^ sin a 4 A?nn sin 13 
2ninh sin a = cos a 4 (w® 4 Iloa) ^ cos IS 

— 2mnh cos a = Aflu sin a 4 (m® 4 Hoa) k sm /3 

These equations, which result from equating coefficients of cos mty sin are 
equivalent to 

(wi® 4 Ilao) h sin (a — ^) = 2mnk 

kQ>ii sm (ct — — 2 mn^ cos (a — jS) 

(m® 4 Hoa) ^ sin (a — ^) =* 27n.nA 

Afln sm (a - ) 8 ) = — 2 wn^ cos (a — 

There are only three independent equations here, and this should be so 
because the only quantities which can bo determined aie the ratio of 
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amplitudes A/A;, the difference of phases a — jS, and m The three equations 
may be wntten 

A^ + Hao) = A’ (m“ + Q02) 

Hu tan (a — y8) = — 2mn 
(m^ + Dao) (m® + Ooa) = 4m^n^ + 0,^1 

and these determine a senes of infinitesimal elliptic orbits about a point of 
libration when m has a real value With certain simple developments such 
a senes can be traced into a family of finite periodic 01 bits 


213 The third equation, that is the quadratic m 

m * — — fl 2 o — ^^02) + ^<>0 ^^02 ^ 

decides the question of stability and may be examined more closely If tho 
roots in are complex or negative, real exponential functions of the time 
enter into the disturbed motion and equilibnum is unstable If the roots 
are real, but of opposite sign, an unstable mode of motion is associated witli 
a possible elliptic mode and equilibnum is again unstable Here the point 
is surrounded by an unstable family of orbits initially elliptic This m 
illustrated by the collmear points of libration For it is easily found that 
when 17 = 0 

fill = 0, Hjo = At (2pr® +l) + p (2p2”® + 1) 


so that flao IS positive Now at the pomt of libration between the masses 

pi + p> 1 . + dp,~dp^ 

and therefore^ since ij = 0, 

“ pi 9/>i p2 dpi \pi'^ pj p,V 


which is negative since pi < 1 Similarly Ooa is negative at the other colhneai 
points of libration Hence at these three points the absolute term of the 
quadratic in is negative and the roots are real and of opposite sign Eac h 
of the pomts is therefore surrounded by a family of unstable periodic oibits 
It has been suggested by Gylddn and by Moulton that the phenomenon 
known as the Gegenschem is due to sunlight reflected by meteors which, in 
spite of the instability, are tempoiarily retained in the neighbourhood of that 
centre of libration m the Sun-Earth system which is opposite to the Sun and 
at a distance of about 938,000 miles firom the Earth 

When both values of are positive the disturbed motion is the losultant 
of two elliptic motions, and equilibrium is stable This may be illiistiated 
by the “ equilateral ” centres of libiation At one of these 


an an a^n 
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and therefore 




dp^ \d^) dpi 


fl. 


-f^ys+f 

\9i7/ 9/)i2 V 


^09?/ 0^2® 


f (/^ + *') 

f (/^H-z;) 


9pi 0^fi 0^2 9^2 J_ ^ / 

0f 097 0pi* 0f * 097 dpi "" 4 


Hence the quadratic in m- becomes, since = p, + v, 


mf ^m^{pu + v)’\- ^fjLv = 0 

and the roots are real and positive if 

(fjb + vY > 2*1 fiv 

an inequality which is satisfied if fijv is 25 or greater In that case the 
equilateral centres of libration are surrounded by two distinct families of 
stable periodic orbits which are ellipses in their elementary form, with periods 
tending to 2nrlm If the masses are more nearly equal, the roots of the 
equation in m® are complex, and no such periodic orbits exist 

Since the masses in the system Sun- Jupiter satisfy the condition of 
stability, and the disturbing influence of Jupiter predominates over the 
minor planets, it might be expected that planets would be found in this 
group approximating to the equilateral configuration Such planets, with 
a mean motion nearly equal to that of Jupiter, have actually been discoveied 


214 A valuable insight into the general character of the solutions of the 
problem of three bodies is obtained from the periodic solutions because they 
repeat themselves after every period These solutions have therefore been 
the subject of much laborious study But such orbits will not be indefinitely 
permanent unless they are also stable Hence it is necessary to study them 
in relation to those orbits which initially differ but little from them 

The ongmal equations of motion give 

+ 2n (f“ + 17 *) = f 
or 

R dp ^ ' 

where R is the radius of cuivaturc of the orbit, Sp is an element of the 
outward drawn normal, and N may be called the component of effective 
force along the inward normal Hence if the tangent to the orbit makes the 
angle with the axis of f , 7i2 “ v/<p and 

!;(</> -h2w)-- 
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Also the equation of relative energy gives, when the constant C remains 
unaltered, 

dv ^ _ 0fl vdv _ 

^ 05 ~ ^ ^ 3s ’ 0JP ” 0p 

Let the undisturbed orbit at P be defined by the quantities s and and the 
corresponding pomt P' on the neighhourmg orbit by Bs along the undistuibed 
orbit and Bp normal to it Then 


or to the first order 




^ 0X1 0f2 

-+^^=a»=5- f 


dt 


Hence 


dp V ds V 
^ (cf) ^ 2n) Bp + v~^vBs 

dBs d /Bs\ 




( 2 ) 


Agam, let (u, u') be the components of velocity in space of P m dneciions 
coinciding with Bs, Bp Since these lines are rotating with the absolute 
velocity (<f> + n) the kinetic energy of unit mass at P' is 

r=| |«+^ + (</> + ra)Si)| +^-u' + ^-{<l> + 7 i)Ss 
Hence Lagrange's equation for Bp is 


d^Bp 


V dBs 


Now this equation must be satisfied when Bp = 0s = 0, and when the tcims 
which do not vamsh have been removed, it becomes 

d^V 

Also it must be satisfied when 0p = O Bs^vBt, where Bt is constant, for this 
also represents a point moving on the unvaried orbit Thus 


^ - 2 (^ + n) ^ _ 4, as _ ( </, + «). 8^ = ^ 


— 2 (cf) n) V — <f>v = V 


and therefore 

which owing to (2) becomes 
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But 


Hence finally 


where 




( 3 ) 


@=w“+3(<#)+n)“-^ 
a well-known result due to Hill 

Again, Lagrange’s equation for 8s is 


d^Bs 




dv , a^F , . a»F, 


dt 


which must be satisfied when Bp^ Bs^O and also when Bp = 0, Bs = vBt 
Hence, after removing the terms which are independent of Bp and Bs and 
then those which contain 8p, 


This result may be used to give ® another form, namely 

© =1 -~ + 2n»+ 2 (<l> + ny-V^a 

where = d^/dp^ + d^/ds^ = This form may be more convenient 

than Hill’s because (not to be confounded with the three-dimensional V*) 
does not depend on any particular direction 

For some purposes it is necessary to take the arc s instead of t as the 
independent variable Then (3) becomes 


(4) 


or again, if 8p = v “ ^ 8g, 
where 


d ( dBp 
'^d^V ds 

d^Bq 


^ +@8p = 0 


^+»5,.o 


= D ~“0 — Jv 


ds" ' 




216 When the unvaried orbit is periodic, @ is a periodic function of t 
with the same period T The equation (3) is therefore a particular case of a 
linear differential equation with periodic coefficients Its general theory may 
be indicated Since the equation is unaltered when t is replaced by ^ + T, 
g(t + T)}BQ> solution if g (t) is one But every solution is a linear combination 
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of any two others which are independent Hence if g represents g(t) and 
G represents g g^, g^ being any two solutions, 

G\ — + ^g^i Gq = ygi + Bg^ 

where a, 7, B are constants, not unrelated For since g^, g^ are two solutions 
of ( 3 ) 

and therefore 

9^91 - 9i9^ = const = G^G^ - G^G^ 

= i92gi-9i9^){^^- 

Hence a 3 — ^7 = 1 Let be two other independent solutions Then 
9i^af +hf,, 92 = cfi -\-df2 

Gi = clFi + hF^i G^ = cFi 4 - dF^ 

and the result of eliminating 9^ 9^, G^ G^ is 

Fi — Afi + Bf^, F^=Cf-y + Df^ 

where 

{(id — he) A. = adoL'^-ed^ — aby — bcB 
{ad--hc)B = hd(a-B) + d^j3-b^y 
(ad-bc)G =-ac{oL-B)-<^^ + a?y 
{ad -bc)D = - bca - c(£/9 + ahy + adB 

Hence ^+D = a + Sisa constant independent of the choice of particular 
solutions, as well as AD — BG=aB — ^7 = 1 But it is now possible to choose 
h/d and aje so that B=G=0 Then 


-^1 = 4 /;, F, = i)/„ AD = 1 

and the hinctions/i,/2 are defined by the property that they are multiplied 
by constants when the argument is increased by the penod T Hence the 
general solution of the differential equation may be written 

= {t) + 026-*^ ^2 (t) 

where are periodic functions with the same penod as 0 and 

coshAT= J(a + S), a constant which can be derived from any pair of inde- 
pendent solutions The quantities ± ^ are what Pomcard has called 
char^tenstic exponents If Ar is a pure imaginaiy circular functions dre 
mvolved and Bp has no tendency to increase beyond a certain limit The 
penodic orbit is then stable If on the contrary k is real or complex real 

exponent^ fiinctions are involved and Sp will increase indefinitely The 
orbit IS then unstable ^ 

nf therefore involves essentially the determination 

MathWs o r “ ^ « 

Mathieu s equation, generally written in the form 

+ ISg' cos 22r) y = 0 
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of which the solutions are elliptic cylinder functions, is only a particular case 
of the general type (3) and it is the subject of an extensive literature On 
the astronomical side the reader may consult Poincare’s MSthodes Nouvelles, 
Tome II See also Whittaker and Watson, Modern Analysis, Ch xix 

216 The original equations of motion, 

can also be given a canonical form Let 

jp, = f-ni7, Pi=ri + ni 

= i (Pi + «»?)’ + i(Pii - + iC 

and then evidently 

dJS 

0ir dH 

^ Spi ’ 

are equivalent to the above, and they are of the required form The integral 
of energy is if = 0 Now consider the integral 

•J to 

Between fixed limits its variation will vanish along a trajectory in virtue of 
the canonical equations Therefore it is a minimum (or at least stationary) 
along a trajectory as compared with its value along any neighbouring path 
Let the time along any such path be determined by the equation of energy 
H—0 Then the integral becomes 

J ^0 

= f ’ (f ’ + ’?* + « (f ’7 - vi)] dt 

= f {vds-^ n (^drj - r/d^)] 

Jo 

from which form, since = 2n - C, the time is absent Now 

3 Jvds « J ^Svds + V + ^ ^ dSTji^ 

^^Svds-d(^.§) B^-d(v^)Sv] 
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sf n((d‘ij — i}d() = nf (Sfdjj — — ijdSf) 

•^0 Jo 

= 2 n £ (S^dv -Svdi) + n[(Sn-v Sfl' 

Therefore, if S^—Sy — O at the limits, 

(® (*'£) + - &7df)J 

Let the tangent to the orbit make the angle (f> with the axis of f, and let Zp 
be the normal distance to an outer neighbouring curve, so that 

= cos</), dy = ds sm<^, 8in<f>, cos 6 

Then ^ 'r 

8/ =1^ {&;£& - sm <l>d (v cos <(,) Bp + cos ^d (v sm <^) Bp + 2nS2)<Zs} 


where 


/I 

= KZpds 
Jo 


(5) 


ii being the radius of curvature Along an orbit K=0 therefore, and this is 
a result already expressed m (1) It is fuithei to be noticed that 

1 \?« V dR 
dp V dp<‘ ay B,) dp R^ dp 

= I vO 

»(8p» 

when Z - a, and since » = companson with (3) shows that 

(Hi 9^ 

R follows that the action J round a closed orbit is greater than for any 
adjacent p^allel curve when 0 is positive at every point In this the 

E 0 : nll^eT^ real 

on a given curJe ^w L J v ^ ^ ^ cB.lcrxhted for all points 

given curve Now let iT be negative every where along a simple closed 
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curve A Then by (5) the value of J will be diminished when taken round 
another curve adjacent to and surrounding A Again, let the quantity K be 
positive everjrwhere along another simple closed curve B external to A The 
value of J will also be diminished when taken round a curve adjacent to and 
surrounded by J5 Now consider the aggregate of all the simple closed curves 
which can be drawn in the nng-shaped space bounded by A and B There 
must exist, if the space contains no smgulanty of Cl, one of these curves 
which will give a smaller value of //than any other, and it cannot coincide 
with A or 5 for any part of its length It represents therefore a periodic 
orbit characterized by the constant of energy C, and thus the existence of 
such an orbit is established when the two curves A and B can be found 
which satisfy the conditions stated The orbit is necessarily unstable 

The same author has given another elegant theorem By Green’s theorem 
(log v) d^drj = / ^ ^ 

where the first integral is taken over the area of a closed curve, and the second 
over Its boundary But if the curve is a trajectory, if = 0 and therefore 

^ d . d6 2n 

0=g-(lOg«) + ^+- 


3/1 3/1 ,dv^d<f>,2n 

= ^ + ai; (log 0]^ + + T 




Hence 




01? 

0^ 

dr) 


dp 


d^ d<j> 2n 
ds^ V 


(log v) d^dv^- f[^ + 7) ds 
= — J* (d<f> H" 2w di) 

= <^o “ ^ "h (^0 "" ^i) 

This assumes that the enclosed area contains no singularity of the integral^ 
But this function becomes infinite at the centres of attraction Surround the 
rytaM p, at (- Cj, 0) With a Small circle *, of radius p Then smce 

i;* = 2fl - (7 - 2/i/)r* 

the integral round the circumference becomes 

= J[(? + Cl) dv - 


= — TT 
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Similarly the corresponding integral round a small circle surrounding the 
mass V tends to the same limit Now if the outer boundary contams either 
of the attractmg masses or both, the boundary integral must be dimimshed 
by subtractmg the integrals taken round or as the case may be Hence 
the Snal result is 

where j = 0, 1 or 2 according as the loop of the orbit contains neither or one 
or both of the attractmg masses, y is the total angle through which the 
tangent to the orbit turns, and T is the time from one end of the loop to the 
other In the case of a periodic orbit in the form of a smde closed curve 
y=27r 


218 The equations of relative motion are capable of a transformation 
which IS very useful m some eases This may be deduced from the intro- 
duction of conjugate functions in a general form Let the original equations be 


or in the Lagrangian form 


where 


== — 

17 -t- 2?2f — 

017 

vaj y af 

\a^ / ajy 0^7 


^ - W’?)* -h i (17 + wf )’* 

and the integral of energy is 


Now let 
so that 

and 

Also let 


i (f ’ + (f = + ^) + pr _ A 

‘ 5 ? =/(«+»), t® = -l 

9m 9v ’ du 

9 a 

? 2 _a| a,, 
9 (m,v) a« dv dv dii 


T=!r, + T,+T, 


Then if 
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where the suffix denotes the degree of the terms in w, v (or 77), it will be 
found that 

^0=iw®(f®+772) 

The equations of motion may now be wntten 

d . aTo aF 

(0i4/ dt\dvLl dti du du 


dt Vc 


du 


A ® 4. ^ ® = 

dt \dv ) dt\dv) dv dv dv dv 
and the integral of energy is 

It can be verified without difficulty that 

d fdTA dT^ „ , 


Also 


dT. . dT, dV IdJ 


ZJZI J 

du du^ du 2 du 


dT . 0F 




du du 


.^g(3’.+K-j)+i(r.+r) 


=1 A 

J du 

Hence the equations of motion become 


{/(To+F-A)} 


Now let 
and we have 


I (Ju) - 2 nJv = i { J (^o + F - h)} 
~ (Jv) + 2 nJu = i I (J- (n + F- A)} 

dt‘=JdT, n' = /lF + i7i»(P + V)-M 

d^u n r ^ ^ 

dT~ du 

dH , r __ 


with the equation of energy 





252 The Restricted Problem of Three Bodies [CH xix 
It IS convenient to write 


and then 


/i =/(« + «)), fi=f(u-iv), P + v^=fifi 





du du 


219 What IS needed when V is the potential due to two masses fi, v at 
a distance 2c apart is a transformation of the coordinates which will rationalize 
both the distances pi, Such a transformation is 

f + 297 = h + c cos (lA -1- iv), h = c(fi — v)l(fi + v) 

where b is the distance of the middle point between the masses from their 
centre of gravity For 


= (f — 6 + c)® + 97® = 4 c^ cos® + iv) cos® J (u — iv) 
p^ = {^"-b — c)® + 97® = 4 c® sin® i (w + vo) sm® ^{u—%v) 

and hence 

+ = ^ 

Pi p2 c (cosh V + cos u) 0 (cosh v — cos u) 

Also 

^ Sill Sin {u — %v) = Jc" (cosh 22; - cos 2 iC) 

and 

f ® + 97® = /i/g = h® + 26 c cosh 2; cos 22 H- ^c® (cosh 22; + cos 2 u) 

Hence 


Q! = pLO (cosh V — cos u) + VC (cosh v + cos u) 

+ Jw®6c® (cosh 82; cos u — cosh v cos 822) + ^n®c* (cosh — cos 4m) 
— — J2i®6®) (cosh 22; — cos 224) 

and the equations of motion are 

^ u o ct \ dv dO! 

(cosh 2t; - cos 2w) ^ 

dh) ^ ^ ^ du 9fl' 

+ nc* (cosh 2 v - cos 2 m) 55, = -^ 

The time is given by a final mtegration 


i = ^c® ^(cosh 22; - cos 2m) dT= jpip^dT 


These equations are m general very complicated, although they offer 
essential advantages in studying the motion in the immediate vicinity of 
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one of the masses Two particular cases may be noticed In the first the 
masses are equal, /x. = v and h = 0 The equations of motion then become 

- n& (cosh 2?; — cos 2 w) ^ sin 2w + JtiV sin ^ 

+ TIC® (cosh Iv — cos 2 u) ^ = 2/ic sinh v - c^h sinh 2u + J ti®c^ sinh ^ 


which are equivalent to equations given by Thiele and employed by Stromgren 
and Burrau The other case represents the problem of two centres of attrac- 
tion fixed in space, so that ti = 0 Then the equations become simply 


dH 

5F® 


= (/A — v) c sin w — G% sin 2u 




— (/i, + v) c sinh v — cFh sinh 2v 


Here the variables w, v are separated and the equations lead immediately to 
a solution in elliptic functions The companson of this problem with the 
simplest case of the problem of three bodies is instructive as to the difficulty 
of the latter 
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220 The theory of the Moon’s motion lelative to the Earth has been 
discus&ed with generally increasing elaboration and completeness by vaiious 
authors from the time of Newton to the present day The methods which 
have been employed also differ considerably, presenting peculiai advantages 
in different respects, so that it cannot be said definitely that any one method 
possesses an exclusive claim to consideration But at the present time three 
modes of treatment are certainly of outstanding impoitance, those adopted 
by Hansen, Delaunay and G W Hill respectively Hansen’s theory was 
reduced to the form of tables by the author, these tables weie published in 
1857 and are still m common use, but will shortly be superseded Delaunay’s 
work took the form of an entirely algebraic development of the Moon’s motion 
as conditioned by the Earth and Sun alone His theoiy has been completed 
by others and made the basis of tables recently published Hill’s leseaichos, 
which bear a certam relation to Euler’s memoir of 1772, deal only with 
particular parts of the theory, but the whole work on these linos has now 
been earned out systematically and completely by E W Brown and will 
form the foundation of a new set of lunar tables now in oouise of pieparation 
Here it is only possible to attempt a slight sketch of one method For 
this purpose Hill’s theory will be chosen, partly because it is destined to 
receive extensive practical application, and partly because it contains original 
features of the greatest theoretical interest The reader who wishes to gain 
a comparative view of the different methods which have been used in the 
l^ar theory will study Brown’s Lunar Theoyy and may also be lefencd to 
the third volume of Tisserand’s Micamque Cileste 


221 Let the mass of the Earth be B, of the Moon M and of the Sun m' 
the unit being such that the gravitational constant G = 1 Let the origin of 
r^tangular axes he B, (a, y, z) the coordinates of M and y\ z') the co- 
orates of m Further, let r be the distance EM, the distance 

relative to can be derived from the force function 
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by diflferentiation with respect \ax,y,z, and similarly the forces on the Sun 
per unit mass relative to E can be denved from the function 

E + m' M M, , , ,, 

= + +yy +zz) 

by differentiation with respect to afy y\ 2 ! Hence the ic-component of the 
Sun’s acceleration relative to the centre of gravity of E and M, is 

0F _ M dF 
doc' 


dx E+Mdx" 


A* r® 




M 


E-{-M 
E + w/ 


f/T^ njTK ^ — a/ , , a?') 


E + M 

This expression will be derived by differentiating the function 

E “!- M H“ ^ ^ 




E + M 


i!_(E M\ 

v“^ a; 


with respect to x\ or with respect to a?i, where (/Tj, yi, are the new co- 
ordinates of mf when parallel axes are taken through 0 instead of E Let n 
be the distance m'G, 0i the angle m'GM and S = cos Sj Then 


/-I 4ri® + 


f 


2M 


= ri“‘ 1 — 


E+M 
M 


^rr,S + 




{E + MY 


.al 


-i 


E + Mn 


Px + 


JIf* 


and 


-i 


P,- 


f 2i& „ P* J 

^ ‘ “ r’ “ :B+lf (,E + Mf 

=n“' I 


rrP.+ , 


E + Mr"^'"{E+Mfr^"^ 
are Legendre’s polynomials 
P, = /S', Pa=f>Sf*-4, P. = «-S*-|^, 


P« + 


where Pi, Pa, 

Hence, when expanded in terms of r/r„ 


Px^ 


E + M+m! 
n 


!- 


EM 

{E+Mfr, 


^,P.+ 




Now the Moon’s parallax is of the order 1°, the solar parallax is of the 
order 9" and the ratio MjE is of the order 1/80 It follows that the second 
term in is of the order 10”' as compared with the first It can be 
neglected, at least in the first instance Pi' is therefore reduced simply to 
the first term, and the meaning of this is that the motion of Q about m , or 
of to' about Q, IS the same as if the masses E and M were umted at their 
centre of gravity 
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This motion is elliptic and the coordinates (jJi, yx> ^i) can be treated as 
known functions of the time according to undisturbed elliptic motion The 
influence of the other planets is left out of account in the first instance and 
finally introduced in the form of small corrections The first task, and the 
only one considered here, is to find an appropriate solution of the problem of 
three bodies, the problem bemg already so far simplified that the lelative 
motion of the Sun and the centre of gravity of the Earth-Moon system is 
supposed known 

222 The force function F is expressed m terms of (a?', y\ /) and not the 
coordmates now supposed known It is necessary to considei the 

effect of this The a;-component of the Moon*s acceleration is 




-7; 


Since 




a,' = xi+ Mail(E + M), a: - ®' = - «, + Eic/iE + M) 

This component is clearly derivable fiom the force function 

' r m M? 

^en r' aad A aie expressed m terras of (x,. y„ z,) instead oi (a', y', z') 
When A r ^ are expanded in terms of r/rj this becomes 


^ _ E + M rnf [ {E-^My H _ E* 

r, I EM ^'^{ETMfn 


r 

E+M 


. E-M r „ , E^-EM+M^i^ 
n' I “ (E A- M'? r* 


^ r> . r* „ 

‘ {E + My 


} 


r7^-* 


-S + Jfr, {E+Mf 

for the term in 1/n does not contain {x, y z) and can therefore be suppressed 

Asa matter of fact the force function which is commonly used for the 
motion of the Moon is neither nor the function 

t?_^ + M _mf m'r 

where 6 is the angle m'EM, but the function 

E + 


F,= 


.m mi ^ 

A ^ 


Ax 




wffcr ^ «>• coorfmato »f the Sa« relat.vo 

to a tor the coordinates relative to E Thus 

= (x- as^y + (j, - + (a _ z^y 

= r® - 2rrx8 + r-^ 
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and therefore m the expanded form 

r n I r, " ‘ ) n* 

r 1 

r n* \ ri J 


after suppressing This is not the same as hut for practical 

purposes it can be brought into agreement by a simple device Let a, a' be 
the mean values of r, n It is lound that to a term of the series involving 
{rjr-^ correspond inequalities with the factor {aja^y If then 

{E-M)al{E^M)a' 

be substituted for a/a' in the results which follow from the use of they 
will be very nearly the same as if they had been derived by using F^ It 
may be left to the reader to examine the order of the chief outstandmg dis- 
crepancy after this treatment of F^ It is easy to make the adjustment exact 


223 Let the axis Ez be taken normal to the ecliptic and let EX, EY 
rotate in the ecliptic plane of {coy) with the Sun’s mean motion n' The 
equations of motion of the Moon are then 

Z-2rt'7-»'»Z = |^ 

7+2n'2:-«.''r = |^ 

ZF, 

^ • Zz 

Now + since n'*a'* = m! (more stnctly m' + fz), 

the higher terms containing r/rj and therefore the solar parallax as a factor 
Let v' be the true longitude of the Sun and let v' = € when t = 0 Then the 
Sun’s coordinates are 

Jf' = n cos (v' - n't - € ), r = n sin {xf-nt-eX / = 0 

the axis of X being always directed towards the Sun’s mean place When 
the solar eccentricity is neglected and the Sun’s orbit treated as circular, 
as + e' and Vi = a\ so that 

X':^r, = a\ 0, rS = {XX' H- YY')jr, = X 

Hence when the solar parallax and eccentricity are both neglected 
F^ ^ (f - irO - /tr-^ + n'^ - 4^0 
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and when, still further, the latitude of the Moon is ignored, the equations 
of motion become simply 

X— 2rbY^ Sn'^X = — fiX 

Y+2n'X (1) 

These two-dimensional equations represent the simplest problem beaiingany 
real resemblance to the actual circumstances of the lunar theory It is the 
degenerate case of the restncted problem of three bodies when the two 
finite masses are relatively at a very great distance apart and refers strictly 
to the motion of a satellite in the immediate neighbourhood of its primal v 
lliese equatiCns have great importance in Hill’s theory 

the f^’ neglected. F, may be written in 

=/ir-* + n- (Z^ _ iP - i (Z'Z^ + 2H'XY+ B'Y^ + C?V) 

X-2n'Y-WoX 4- AX + H’F=-^Z/r» 

F+2»'Z +H’Z+fi'r=_^F/,, 

+ n'H +G'z =-^lr^ 

part ofX“UtnSluTar°Lde ‘te piincipal 

equations of motaon transformation of the geneial 

“ = X+(r, s = X-iY, t»=_i 


m i 


= -i— ^ 

n — n'" ^ ■ 


v-n-^n' 


TW n ’ *■' - 

^ k=mg mdrfori „ y„ 

where ' “2/e/r4-nj' + n,4. 

of degree’c.^I’l, 

The kinetic energy of the Moon Fis given by 

2T/M =(X~n'Yy + (y + ^ 

~(‘^ + n'cu)(s~n'is) + e> 
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u + 2nUu — = 2 




Let 


s — — n'H = 2 

ou 

dF, 

dz 


where io» hke n, is a constant at piesent undefined The previous equations 
become 

+ 2m Du H- m% = Kujr^ ’ 


ds 

D^s — 2mD$ + m-& = ksIt^ - 

‘ du 


D^z 




It IS, however, convenient to separate from (accented for this reason) the 
part which is independent of the solar eccentricity This is 

O/ - Ha = (3X^ — r-*) « | m® + s)® — m® (us + z^) 

With this change the equations of motion take the form 


i . / ^ KU 9X1 \ 

jD®«+ 2mi)j4 + 4m‘‘(it + 6) — -^ == — -gj 

Ms - 2mD<f + (m + s) - ^ 

KZ , 9X1 


Thus 


( 2 ) 


(3) 


Ifiz 

wheie n = flj + Jl, + 

SI, = 3m» r»S‘ - i (« + s)»| - art » - l) 

which vanishes with the solar eccentricity 

225 The next object is to transform the equations in u and s so as to 
remove the terms involving Since (§ 123) 

and F^ contains terms involving t explicitly only in XI, in this case 

r9Xi 

4- = 2F^ — i/® j dt-^rh 
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or in the later notation 

Du Ds + {Dzf + (m + sf - + ^ = 6’ - fl + D- 

where (7 is a constant of integration, is the inveise opeiatoi to D, arui Dt 
represents the operator D applying to O only in so far as il contains t 
explicitly This corresponds to the equation of energy 

Again, since + the equations of motion (2) give 

sD'^u, + uBh + 2zB^z + 2m {sBw «- aBs) + ^ m- (u -f 6)-* — 2ni’^-^ — 2/c// 


=-{ 


dn, , 9X2 

s^ + u~+z - 
ou dz 


9f2N „ 


by Eulers theorem, X2p being a homogeneous function of degree p in xi, s, z 
The result of adding the last two equations is 

D^ {m + -Du Ds- {Dzy + 2m {sDu - wZla) + |m= (m + s)’ - 3m^«^ 

= C-2(yH-l)X2„ + Il->(i),n) ( 4 ) 

This IS one equation of the required form 

The other equations are obtained simply by eliminating the teinis with 

I ^ ti®t^een different pairs of the equations of motion Thus 
irom the urst pair 

D{uDs- 


-sDu ■ 


2mus) + 1 m2(M“ - s2) = - u 

OS du 


and when the third equation is used, 

D {uDz - sDu) - 2mzDu - }m% (5u + 3?) = 


(5) 


4 m^z (Sit -f 5s) = z 

ou ^ 


I>{sDz -zDs) + 2mzDs 
These combmed give 

D ((« ± s) Dz-zD(u ± ^)} - 2mzD(u + s)-m 


ds 

an 


■ 


an 

dz 

m 

dz 




= .(: 


'9X2 . 9X2 


9s 




■ H« ± «) 


9X2 

dz 


In 
ai e 


^irLore^ upper s!^ = 4 (« + a) and with the lowei W = n~i 

1““- ' 

pke^tbrSLd LfXf ® •“‘'’"‘“SOS In the fitsl 

Except for the co^tant C ^ 

the parallax of the Sun is nJ] nght-hand moinbers when 

taken beyond the third an7 In T 

iT and F can be wheLs 

can be expressed as algebraic in teims of f, u, and s 

F as algebraic (Laurent) series in teims of and such sei les 
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can be more easily manipulated Also u— /(S’X ^ therefore 

when either nor s has been calculated the other can be derived immediately 

226 The general method ot the lunar theory, which is common to all 
foims, consists in choosing an intermediate orbit which bears some re- 
semblance to the victual path of the Moon and m studymg the variations 
which it must undergo in order that the path may be represented accurately 
and permanently This intermediate orbit, since it merely serves as a subject 
for amendment, will naturally be chosen with a view to simplicity At the 
same time, the more closely it represents the permanent features of the 
actual motion, the less burden will be thrown on the subsequent variations 
Thus one might take the osculating elliptic orbit of the Moon about the 
Earth as the intermediary, neglecting the effect of the Sun altogether The 
intermediate orbit adopted by Hill is called the variational curve and this 
must now be defined* 

When the solar eccentricity (e') and the solar parallax are neglected, 

H - 0 Also, when the Moon’s latitude is neglected, ^ = 0 Equations (4) 
and (5) then become 

(its) - Lit Ds + 2m (sDu -uDs) + fm-* (u -f = C) 

D (uDs - sDu - Zmus) -h f m^ (u^-^) = 0 J 

which must be equivalent to (1), whence in fact they can be directly deduced 
The constant k (or /jl) has been eliminated and the constant C has been 
introduced There must be a relation between them which can be found by 
reference to the original equations of motion Hill’s variational curve is 
defined as that paiticular solution of (1) or (6) which represents a periodic 
01 bit Since the axes of reference rotate at the rate n' the period of this 

oibit must be 2Tr l(n-n') where n is the mean motion of the Moon From 
this it follows that the coordinates X, Y of the solution have this penod and 
can be expressed in the form of Fourier series in (n - 7i') t, while u, s can 
be expressed in the form of Laurent senes in f The coefidcients will be 
developed in powem of ni, and this is an essential advantage of the method, 
since it IS precisely this development which is less easy by the earlier 
methods As a particular solution of the equations the symmetrical periodic 
orbit involves no arbitrary constants beyond those already introduced, narnely 
n, which depends on the actual scale of the lunar oibit, and which gives 
an arbitraiy epoch corresponding with the fact that (6) do not involve the 
independent variable explicitly 

The exi8tenc(‘ of such periodic orbits is assumed The question has been 
discussed analytically by Poincar6 (Methodes Nouvelles, Tome i), who has 
proved that tliey do exist in general To some extent the assumption will 
be found practically justified by the results But there is no doubt on the 
point The periodic orbit in the actual circumstances could be found by the 
method of quadratures 
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227 The assumption that the periodic orbit required is symmetrical 
about both axes at once limits the form of the expansions Tor with this 
limitation X, Y must be of the form 

Z=S2l^+,cos(2i + l)f, F=ix'a+iSin(2i + l)|, ^ (v - n') {t - t,) 

0 0 

where F = 0 when ^ = 4 Hence 

M= i +i(A^+, - 2'^+.) = a 2 (72, ?■'*+* 

0 _QO 

s = S {J (J.21+1 — A 2i+i) +aAf^^i + A' 21 + 1 ) = a S a_2t-2 

where 

A^n+i — a (05-21 "h 21— 2)> A 2t+i == a (ot-ai — (1^21-2^ 

As it IS necessary to multiply such series together and to exhibit the products 
as double summations, it is convenient to write 

w = a Soa, = a 2 a 2 ;- 2^-2 

t 

s = a 2 a_a -2 f"‘+* = a Sa^+ 2 , 

I 

-Z)^^ = a2(2^ + l)a^ =a 2 (2; - 2t- 1) 

% 

i)5 = a 2 (2^ -f 1) a_ 2^_2 = a 2 (2j - 2^ ~ 1) 

or similar equivalent forms, so as to retain always a fixed coefficient Ogt and a 
fixed power in the typical constituent The result of substituting the 
series in (6) is 

a-G = 22 - 22 (2r + 1) (2; - 2t - 1) ^ 

+ 2m 22 (4i + 2 - 2y ) ^ 

+ |m^ 2 2 ^21 {2a-_2;+2i + «2j-ai-2 + Ct-:y_2^-a) 

*■ 3 

0 = 22 2y (2j - 4^ - 2) - 2m 22 2ja^ 

^ w 

•+* fm.” 2 2 ^21 2^— 2 Ct—2j—Sn—2 

where t and j have all positive and negative integral values The coefificients 
of every power of ? must vanish identically, and theiefore 

a-^C = 2 ((2i + 1)» + 4m (2i + 1) + |tn^} a\ + |m^ 2a« (8) 
when y==0, and 

0 = 2 {4/ + (2^ + 1) (2i + 1 - 2j) + 4m (h + 1 -j() + f m=} a,, 

+ Jm® 2 {ct2j~-2i~2 + a_2;_2i-2) 

0 = - 2 4^ (2^ + 1 -j + m) f m^ 2 a,. 

when^ has any other value 
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228 Owing to the introduction of a, one coefficient a© niay be made 
equal to 1, though retamed for the sake of symmetry Then, if m is a 
small quantity of the first order, is found to be of order \p\, being a 
function of m alone This fact makes it possible to obtain the coefficients 
by a process of continued approximation, provided m is sufficiently small 
The terms containing m the last equations are obtained when 

^ j and 1 = 0, and they are respectively 

{V + 2^ -h 1 + 4m (^ + 1) + |m=»} aoO^ + (4/ - + 1 - 4m (^ - 1) + f m®} aoa^ 

and 

-4j(l+j + m)aoa^-4j(l-j+m)aoa_!9 (9) 

Let the two equations be combined so as to eliminate the second of these 
terms The result may be written 

2 Oji ([2j, 2i] O-ia+ffl + +] Ct^-atr-a + [2j, —] ^7— ai-a} 0 (10) 

where 

I 8/ - 2 - 4m + m’ + 4 (^ - j) (j -1 -m) 

[2j, 2iJ ^ _ 2 ^ - 

ro J.1 4f-8y-2-4m(j + 2)-9m» 

+J - 8/ - 2 - 4m + m“ 

1 _ 207 “ - 16) + 2 - 4m (5) - 2) + 9m° 

[2j, — J j gjj 8f — 2 - 4in + m“ 

the common divisoi being chosen so that the coefficient of OoOs^, [2y, 2/], 
IS - 1, while [2ji, 0] = 0 

If, on the other hand, the term in a^a,^ be eliminated, the result will be 
found to be 

2 (!» {[” 2_7, 24 — 2j] + [ — 2y, +] g + [“ 2), — ] = 0 

1 

which can be deduced from the same series of equations (10) by changmg 
the sign of j and then writing ^ for % in the first term This single senes 
IS therefore sufficient The last equation can also be written 

S ([“” — St] "f" [“ “"3 ai—a^ai “i" C“" "^1 s|?— ai— 2 ^^} ” 0 

and hence the rule for connecting the pair of equations corresponding to ± j 
in terms multiplied by [2^, 24] change the signs of 3 and 4 throughout (both 
m coefficients and in suffixes) , in the other terms write [- 2j, - ] for [2), +] 
and [- 2j, +] for [2_;, -], the suffixes being unchanged 

229 Since the coefficients [2;, ±] are of the second order m m, the orders 
of the throe terms are respectively 

2l4l + 2l4-j|, 2|4 I + 2 1 4 + 1 — y I + 2, 2|4l4-2 1 4 + I +y 1 + 2 

which are at least 


21 y|, 2 |y-li + 2, 2|y+ll + 2 
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Let the equations be written down so as to include all quantities of the sixth 
order (negleetmg m*) This requires j = ± 1, ± 2 , +3 The orders of the 
terms with the only possible values of ^ are 

y = 1, 1 = 2 ( 6 , 10, 14), 1 (2, 6 , 10), 0 (2, 2, 6 ), - 1 ( 6 , 6 , 6 ), - 2 (10, 10, 6 ) 

y = 2, 1 = 2 (4 8, 16), 1 (4, 4, 12), 0 (4, 4, 8 ) 

y = 3, i = 3 (6, 10, 22), 2 ( 6 , 6 , 18), 1 ( 6 , 6 , 14), 0 ( 6 , 6 . 10) 

Hence the required equations are 

Oo «2 = [2, 4] + [2, - 2] a^a_i + [2, +] (2a2a_a + ao“) + [2, -] (2aoa-4 + a’-s) 

aoO -2 = [— 2, — 4] a_ 2 a _4 + [- 2, 2] oqui + [— 2, — ] a_j + «„*) 

+ [- 2, +] (2a„a_4 + a’-s) 

= [ 4 , 2 ] + [ 4 , +] 20902 

aoO_4 = [- 4, - 2 ] 02a_2 + [- 4 , -] 20902 
OjOj = [ 6 , 4 ] a_2a4 + [ 6 , 2 ] a20_4 + [ 6 , +] (20904 + a /) 
a90_9 = [— 6 , — 4 ] 02a_4 + [— 6 , — 2] O-jOj + [— 6 , — ] (20904 + a ^) 

Thus, since 09 = 1 , if m* be neglected. 


a. = [2,+], 0.2 = [-2,-] 

and then, negleetmg m®, 

04 = [4, 2] [2, +] [- 2, -] + 2 [4, +] [2, +] 

= [- 4 , - 2 ] [ 2 , +] [- 2 , -] + 2 [- 4 , -] [ 2 , +] 

These values will give 09, o., as far as m®, and inserted on the right-hand 
SI e of the first pair of equations they give second approximations to a^, 
ot the same order It is to be noticed that each stage of further develop- 
mpnt carries an equation four orders liig’her 

The ratio of the mean motions of the Sun and Moon, and therefore the 

numerical value of m, is known with great accuracy from observation Hill 
aaoptea the value 

m = m7(ji _w') = 0 08084 89338 08312 
SZLf '' Fa.ctioable to intioduce the numerical value of m from the 
beginmng and the approximation to great accuracy in the calculation of 
T u V rapid by the above method This is the process 

pLfdic frbits IfT development of the whole family of 

esoeciallv for ta These orbits are of great theoretical interest, 

nel? H "'^ident that the effect of the 

maf SrCnsSTf*''”'/'^^ considerable, and such results 

bodies Also wh ^ solutions of the restricted problem of three 

bodies Also when m exceeds i the question of convergence begins to in 

bir G H Darwin and others, becomes necessary ^ 
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230 To find the value of a recourse must be had to an equation of 
motion which has not been reduced to a homogeneous form m u, s Since 
n 5=s ^ = 0 and r® = us, the first of (2) becomes m the present case 

(jD® + 2mD + f m^) u + f m"® = ku (u$) ~ ^ 
or 

a S {(2i + 1)* + 2m (2^ + 1) + f m®} + f m®a S = ku { us ) ” ^ 

t t 

This equation must hold for all values of f, including f * 1 Then w=s=a 2 (hi, 
and therefoie 

a 2 {(2t 4- 1 + m^ + 2m.^\ Oj^—kVl-^ (2 (h^'^ 

But (§ 224) ie — /I (n - n )“® = /i. (1 + m)* rr^, so that 

n^B? = /X (1 + my (2 [2 l(2i + 1 + m)“ + 2m“} ( 11 ) 

It has been usual to write 7iW= fM, a bemg the mean distance which would 
correspond to the mean motion n in the absence of solar or other perturba- 
tions Thus a — a (1 + powers ot m) when the values of ch, are inserted 
The precise form of this relation is required only when it is desired to 
compare two theories expressed in terms of a and a respectively The con- 
stant a fixes the scale of the orbit and therefore depends on the parallax, 
which IS observed directly 


When the coefficients Ch. and a have been determined, (8) gives the 
value of C, if it be required 

For the transformation to polar coordinates, 


r cos (t; — wt — e) = ? cos (v — w't — f ) = X cos f sm f = ^ ) 

rsin(v — wt- €)==r sin (v — — e' — f)= T cosf — Xsmf = ^(5g’ — 

where e = e' — ('ri - n') since f = (n — v!) (t - to) and if = log f Hence 
? cos(v-r?«-e) = a{H-(aj-ha_a)cos2f + (a4 + a^)co8 4f 4- }\ 

r sin (v - Tit - €) = a { (a, - a^) sm 2f + {a^ - a.^) sm 4f 4- } J 

which lead to the determination of t and v, the more simply because v-nt- 
is evidently of the second order in m 


( 12 ) 


231 The use of rectangular coordinates is a distinctive feature of Hill's 
method But for some purposes polar coordinates present advantages By 
a simple change of units and notation (1) become 


£ 

dt 


which can be reduced to canonical form by putting (cf § 216) 
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The transformation to \ariabies, r, Z defined by 

j> = r cos I, p' = i' cos I — r~^ I' sin I 
q = i smi, q' = 7 ' sml + r~^ I' cos I 
leave the canonical form unchanged, smce 

p' dp + qdq - (r'dr + I'dl) = 0 

and therefore it is an e\tended point transformation (§ 125) Let t be 
eliminated from the equations bv takmg I as the independent variable 
After writing out the equations in explicit form make the transformation 

r = 1 V, I' = a> I 

and finally put € = The result is to give the equations 

(w — 1 ) ^ = (it)" — p- q- ^ cos 2/ q- -I — € 

(a) — 1) ^ = — 2pct) — j sin 2Z 

and the integral E — h becomes 

Jp"' q* I (c«) — 1)^ — I cos- Z — (/i€® q- e) = 0 
Assume a solution m the form 


p = f S ft) = X e = 2 


For a penodic orbit described alwa 3 -s in one direction as regards I these 
senes are convergent and it the coefficients are real, ao^ == — ct- 2 nj = ^-an, 
= c_ 2 ji and therefore 


P 


1 di 
idi 


= — 2 X Uan Sin 
1 


k 


dl ^ 

= lq-^ = L-h22J 


2nZ 

T 


€ 


1 5 27ll 

— = Co + 2 z CsnCOS 


The index I is arbitrar\ It may be proved that if k is an odd integer 
the orbit is completed m I circuits and is symmetrical about both axes, and 
if I IS an even integer the orbit is completed m circuits and is sym- 
metrical about the axis of p only For Hill’s variational curve k=^l 

The substitution of the assumed series in the equations leads to three 
senes of equations which must be solved by continued approximation as in 
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Hill s method A most interesting result is that the senes for e converges 
with exceptional rapidity, so that the equation 

r~~^ = Co + 2 c2 cos 21 

where Co = 93c2 nearly, represents the variational curve with an error which 
on the scale of the lunar orbit is no more than half a mile No simpler idea 
of the nature of this curve could possibly be given 

It may be left as an exercise to the student to fill m the details of the 
outline conveyed in this section* 


232 The method by which the variational curve can be determined 
with any required degree of accuracy has been fully explained But it must 
not be supposed that this curve represents the lunar orbit in any true sense 
It IS merely a particular solution of equations which are themselves only 
a degenerate form of those which characterize the Moon’s motion, and the 
only significant parameter involved is the mean motion of the Moon The 
next step is to seek the form of the general solution of the same equations 
With this object it is necessary to study the variation of the particular 
solution and to determine a fundamental quantity c 

With some change of notation (3) and (4) of § 214 give 

J,SiV+@SiV^ = 0 .. (13) 

where, in the application to (1), 

1 d^V 

e + 2 (^ + nj ~ ^ ^ -h 

BN being the normal displacement to the variational curve, yfr the inclination 
of the tangent to the axis of X, and V the relative velocity In terms 
of u, s, 

= A® H- y® = m = -• v^DuDs 


since d/dt = ivD Hence, R being the ladius of curvature, 


Also 


^ = F/5 = (rz -^F)/ it (m-MS)/ 


1 d ^FA 

V df~ V dt \2V dt ) 


d 

' dt 


V2F^ rf«y^4F‘ 




D^u iy‘s\> 



Of J F Steffensen, Bo^'al Danish Academy, Fo)/mn(i{fn0«i (1909) 
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Finally 




=(i 


.dX^'^dY\ 


Therefore, since v = n' n, n' = mv and fi = 

- «/r» - + 2 {j (^ - ^") + m|” 


(U) 


Now since u = fSajt s = 2^“' Soj^ f “ and i) = = — ^ ^ djd^ 

I)‘ulDu = tU,^=‘, jy‘siDs=-tu,i;-^ 

% % 

and I7i can be calculated by equating coefficients in 

2 (2t + 1)“ a» = 2 (2^ + 1) ?“+■ S f/. 

t t i 

Similarly, by the first of (2) when H = 0, 

u {Kr~^ + m^) = 2u^M^ ^ = D^a 4* 2m Du + (5w + fis) 

% 

so that 

220 *,?"+' Silf.r = S {(2i + If + 2m (2i + 1) + f m“} + |m2 2 a-.._ 2 r^‘ 

% % % 

whence M^ can be calculated in the same way When 27^, have been 
found it remains to substitute the series in (14)), a piocess which involves 
squaring two series, and the result may be written m the form 

1 

Thus (13) becomes 

Z)»SiV = (S0.?®)aiV' . (15) 

and the derivation of ©^ has been fully explained It is easily seen that 
©_i = ©I and that M^y and ©i are of the older | 2^ | m m 


233 Owing to the symmetry of the variational curve © is a periodic 
function with the half period of the curve, 7 r/(w Hence by § 215 one 

solution of (15) has the form 

and c is the quantity which is now required The result of substituting 
this series is 

S (c + 2jy = SS ©^ 

3 i 3 

which must be an identity, and therefore for every value of j 

bj(c + 2y)2 = 2©i5^^t 

t 

or more fully, since ©^ = ©_i, 

- 0 , bj^_ - @1 bj-i + {(c + ^f - 0 „} bj - @1 bj+j - @2 6^+2 - =0 
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These equations are of inhnite order Nevertheless, let the coefficients h be 
eliminated m the same way as though their number were finite Then 
A (c) = 0 where A (c) represents the determinant of infinite order 


(o - 4)®- @0 

-0, 

-0, 

-0. 

-00 

0 
0 

1 

4^-®o ■ 

4®-0„’ 

4» - 00 ’ 

45 - 0 , 


(c-2)“-®o 

-00 

-0s 

-0, 

2» - ’ 

'2»-0o ’ 

2» - @0 ■ 

2*-@o ’ 

25-00 


-0. 

c»-0„ 

-00 

-0, 

O>-0o ’ 

0» - 00 ’ 

0» - 00 ’ 

0» - 0. ’ 

O»-0. 


-0, 

-0. 

(0 + 2)5-00 

-01 

2“ - 0. ’ 

2»-0o ’ 

2> - @0 ’ 

25-00 ’ 

2»-@o 

-0, 

-0. 

-0J 

-0, 

(c + 4)5-0, 

4'* - 0 0 ’ 

42-00 ' 

42 - @0 ’ 

45-00 ’ 

45-00 


each row being divided by such a factor that the constituent in the leading 
diagonal becomes 1 when c=0 This is Hill’s celebrated determinant, 
which introduced the consideration of the meaning and convergence* of 
determinants of infinite order into mathematical analysis 


234 The determinant A (— c) = A(c), for the change only reverses the 
order of the constituents in the leading diagonal Also A (c + 2y) — A (c), 
for the displacement of the leading diagonal along itself may be compensated 
by moving the divisors of the rows Hence if Cq is a root of A (c), ± Co + 2y 
are also roots The highest power of c in the development is given by the 
product of terms in the leading diagonal, and this product is 


Ao(c)= n 
-00 


(c + 2jy - @0 _ » c^ - (2y + 

-;”I2y + ^/0o)« 


It follows that 


= (cos TTC — cos TT v'@o)/(l — COS TT \/®o) 
A (c) = (cos TTC — cos TTCo) /(I — COS TT \/®o) 


for this contains the right number of roots, the same as A^ (c), and the same 
coefficient of the highest power of c The roots are those already found, and 
there are no others But this equation shows that 

A (0) = (1 — cos 7rCo)/(l — cos tt V®o) 
and therefore Cq is a root of 


sm-^ ^TTCo = A(0) sin^ Jtt 


* Gf Whittaker’s Modem Analysis, p 36 , Whittaker and Watson, p 86 


( 16 ) 
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The solution of A (c) = 0 is thus reduced to the calculation of A (0) The 
latter determinant is convergent if is convergent, and this may he 

assumed for sufficiently small values of m 

As a matter of fact in the present case A (0) is not only conveigcnt but 
very rapidly convergent It may he written in the foi m 

A(0) = 

, 1 , , 

, -A-i®., 1 , 

, . -/9j-S®2, J 

where 

ft = l/(4/^@o) 

Suppose every to be multiplied by 6^ If then the sign of 0 be changt‘d 
the sign of every alternate constituent m every row and every column is 
changed Multiply every alternate row and every alternate column by — 1 
and the original determinant is restored This involves multiplication of 
A (0, — 6) by an even power of — 1, since the number of rows and columiiH is 
equal Hence A(0, — ^) = A(0, 6), and A(0, 0) is an even function of 0 
But the power of 0 m any term of the development of A (0, 0) is the sum of 
the suffixes of the 0^ associated with it Therefoie the sum of th(‘ Hufhxe^s 
in any term of the development of A(0) is even Since 0^ is of th<^ oidm 
I I m m, this means that the order of every term is a multiple of 4 

It IS evident that the determinant A (0) must be developed axially, tin* 
term of zero order, I, coming from the leading diagonal alone Theu^ can 
be no term in 0^ alone, for incapacitates by its row and column two units 
from the leading diagonal as cofactors Similarly a product incapmu- 
tates more than two such units unless their rows and columns int(usett «>n 
the leading diagonal Thus %=j and the only terms of binary typ(» involve 
squares 

235 The mode of developing A(0) will be sufficiently undoistood if 
be neglected The sum of the suffixes can only be 0, 2 or 4 Hence the* 
only possible terms are of the type 

A (0) = 1 + -h + C©!^©, + Z)©/ 

It is also easy to see how each of these terms anses Thus 

^.©1^ = 2 0 , -/3j©i !, B©22 = S 0 , j 

A X J5 = — X 

J 3 
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The next term corresponds to three consecutive diagonal constituents, and 


3 


0 , 


3 


Finally, the term m must correspond to four diagonal constituents only 
and it IS therefore 


I a 


1 

0 


0 

1 

1 

0 


1 

1 

P 

0 


^3 3 3 

for, as the two minors must not overlap, t cannot have the values j or y + 1 

It remains to calculate the values of these coefficients Let 0o = 4a® 
Then 

2y3,/3,_. = 2 jg zriy] 


= 2 — 

^ 32a (2a. 


■ 1) (a -j ot +j 


1 — — S ( ^ + —^ 'l 

J-lJ j 32a (2a + 1) (a +_; a - j 4- 1/ 


^ I _1 1 

_» 8a (40“— 1) a+j 


1 

8a(4a»- 1) 



TT cot Tra _ TT cot JW©© 
8a (4a^'-.~l) “ 4V©7i^07^ 1) 


The other coefficients can be calculated similarly by first reducing to the 
form of partial fractions Hill’s results include all terms of order less than 
16, and with the value of m already given (§ 229) he obtained the value 

Co = 1 07158 32774 16012 


Without going further than the term of which the form has actually been 
found here, 

A (0) = 1 + i'7r0i» cot j7rV©o/(l - ©o) \/©o (IT) 

The argument given above as to the order of the terms refers to 0i, @3, 
and not to effects arising from 0o But 1 — ©0 is itself of the first order, 
and therefore this expression neglects m’ instead of m® Since m = 0 08 the 
error in Co might be expected to occur at about the seventh decimal place, 
and m fact it is about 5 units in this place This simple expression, involvmg 
only 00 and @, , is therefore very approximate ' 

It may be noticed that + tc (?? — n') are the characteristic exponents of 
the variational curve Since c is real this curve represents a stable orbit for 
small variations 
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236 The introduction of the ehinmant of inhnito onh^r was *iu<l 

original expedient on the part of Hill, though jUHtifit^i laku by 
But an analogous method had been used earluu by Adams, whost 
weie published after the appearance of Hills Tiny ndei to th<* iiiiegiatioii 
of the third equation of (2) when XI = 0, oi 

D^jz - ^ (/c? ■“* q- m-*) j== 0 

If ^ be neglected in the coefhcicnt of that ih in t \ tlu‘ senes ahead}’ tint d 
in § 232 may be inserted, and the equation bceonu's 

I 

which, since M^ = M.^ is of the ordei | 2t | in m, is of i^xactly tin* naim fotin 
as (15) A solution is known to be of the typt‘ 

I 

and g must be determined from the mbnitc' set 

I 

Hence the eliminant is A' (g) = 0, and the solution ih given by 
sin^ |<n-go = A' (0) sm" Itt V( 2i/o) 
where A'(0) is the result of replacing fD. by 'iM^ in A (0) 

Adams used the value m = ji'/n =00748013 exactly, which ih mil (jiiito 
the same as Hills value He thus obtained the corienponding numbein 

m = 008084 89030 51862, go = 108517 13927 4{)8(>1) 
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237 It IS now necessary to consider the form of the general solution of 
the equations (6), in the present chapter equations will receive leference 
numbers m continuation of those assigned in the previous chapter, so that 
the latter will suffice without referring specifically to the chapter or section 
in which they occur The solution of (15) may now be written 

log = 6 (n — n') (t - ti) 

The arbitrary constant ti makes it possible to assign any required phase to 
the variation in relation to the periodic solution and as BN is supposed small 
(so that BN^ has been neglected) the coefficients 6^ may be considered to 
have a small arbitrary factor These two arbitiaries make the small vanation 
otherwise general Since c has been determined it would clearly be possible 
to determine real values of the coefficients (except for the arbitrary factor) 
by substituting the senes in (15), equating coefficients, and proceeding by 
continued approximation 

Again, if Ba- be the displacement in arc corresponding to BN, by (2) of 
§ 214 adapted to the present notation, 

or (§ 232) 

/ Dhc D^s ft ) MIT irT-v fB<r\ 

Hence, V being an even function of f, cBc has the same form as BN But 
since 

F cos = X F sim/r = F 
F = lvBu, — IV D$ 

and 

BN — SX sin yjr — BV cos = it (Sit — Bs 
So* = BX cos '^ + 8 F sin ^}r — ^ (Bu 6““^ 4- Sj> 

it follows that 

Su = (8JV+ iSa), = ~ (tSo- - SN) 
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Hence hi, Ss, like Du, Ds, are odd functions in ^ with loal cocfficieiits, .ind it 
IS possible to wnte 

hu= 8s = 

z % 

the coefficients as expressed being the same in the two seiics since hu t = 2<S A'^ 
IS real For the purpose of this argument it is necessary to associati' th(‘ -h < 
solution for lu with the —c solution for hs, and to notice that (fi/?*)'' au‘ 
constant conjugate imagmaries with absolute value 1 which h<iv(‘ Ix'en u- 
garded as external factors of the series with real coefficients for SiV, tn 
and hs At the same time hu — 85 is a pure imaginary 

Hence the general solution of (6), differing but httlo fiom the vaualional 
curve, may be written 

5 = ar-^22-A- KHr 

Z p ? JO 

where ^ has all mtegral values between + 00 and p has the values 0 and ± I 
Also = as in the variational curve and c is a dcteimmcd function of in 
which has been denoted by Co 


238 But the solution which is now sought diffeis by finit(‘ amount 
from the variational curve The above form must therefore bo K'gaidod 
merely as the beginning of the full development Hence the lestnction on 
p will now be withdrawn and its values will be allowed to lange 
± 00 The coefficients of the first order contain a small aibitiaiy 
meter e and the higher coefficients will bo obtained by siu<‘ivssiv(‘ 

approximation in the ordinary way, so that A^^i^c will be of tlu^ oidei | /; 1 
in e The introduction of e into the solution will aHect both A„ and c, and 
0-21 and Co represent those parts only which are functions of m alone <ind not 
of e 


It is assumed that this process will produce convergent senes If tiny 
converge they are true solutions of the differential equations, and not otlnn - 
wise This recurrent question m dynamical astronomy cannot bo dealt wit.h 
here But the reader must lealize its fundamenUl importance, and he will 
understand why so much attention has been given, by Pomcai(f‘ ospecwlly, lo 

discussions of this kind, although they may seem unproductive of new and 
striking results 


It IS now to be noticed that 

D = (2i + 1 +_pc) = (2z + 1 +pc) n* 

f affect in no way tlm pm- 
cess of calculating the coefficients If this substitution is made it is Onlv 

argument of the trigonometrical term corresponding to is 

(2i + 1) (ft - n') (t - Q +pc(n — n') (t — ti) 



275 


237 - 239 ] Lmiat Theor y 11 

With this understanding the form of solution becomes 

^ P I p 

Comparison of these series with (7) shows immediately that the effect of 
substituting in the differential equations and equating coefficients of 
will follow as before if 

A, SS, 2^^-pc, 2 ^H-oc 

I p 

be substituted respectively for 

a, 2, 2», 2 j 

I 

Thus to (10) coiiesponds the equation 

I p 

+ [2y + g-c, +] 

2 j -2»— a-t-jc-^o + [% + ?c, -] = 0 (19) 

which holds unless j = q = 0 The form of the symbolical coefficients has 
been given with (10), [a^ + gc, 2^+30] = -! is the coefficient of 
and [2; + qc, 0] = 0 is the coefficient of A^A^j^ The counterpait of (8) is 
a-«(7= 22 {(2i + 1 +pc'f + 4m + 1 +po) + fm-"} 

+ §m° 22 -d.!tt+|)o •4_ja_i!_po 

t p 

239 Of the first importance are the teims which depend on the first 
power of the parameter e When SN^ was neglected A,, was identical with 
ctrit and therefoie A^^ when C”* is neglected Let 

The limitation to the first order in o means a return to the equations at the 
end of § 237 and the only admissible values of q are ± 1 With either value 
p must bo chosen so that c occurs only once in the suffixes of any term, or 
terms imolving e^* will be introduced Hence (19) gives 

2 {[2j + c, 2i + c] + [2^ + c, 2^] 

+ [ 2 j 4- c, +] + [2^ + c, -] + a.^e%„i_i)} = 0 

2 ([2j - c, 2i - c] + [2; - c, 2i] j., 

+ [2j — c, 4-] (a2;-.>t-ue/ 4- + [2^ — c, — ](a-ry».2i-4et + = 0 

Permissible changes in i make it possible to leduce all the suffixes of e, e to 
the form and the simplei equations 

S {[2j 4 c, 2i + c] 4* [2^ 4- c, 2t 4- 2^] 

+ 2 [2^ + c, 4-] 4- 2 [2j 4 c, -] €/'!*= 0 

^ 2i — cj 4- [2/ — c, 2i 4- 2ji] ,5/6, 

+ 2 [27 - c, 4-] 4- 2 [2y - c, -J =:= 0 


y (‘-20) 
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are thus obtained Since the numerical value of m is introduced lioiu i.ho 
outset and c has been determined, the coefficients of e^, e^ aie numbers, whu h 
in general become rapidly smaller at a distance fiom the cential teim The 
equations can therefore be solved by continued approximation As th<y 
determine the ratios only of 6^, e^', it is possible to put 

^0 ^0 Ij = bi€Q-jr ^i,€q , €i = 5^ €o 4* ^4 6() 

The equations for^ = + 1, + 2, will then serve to determine the coidhcuuits 
h, /3„ &/, /S;, where bo = A' = 1, /3o = V = 0 For ; = 0, 

0= + [c, 2 + c] + [c, 2] + 2 [c,+] + 2 [c, -] \ 

“^0^0 +2[c,+]<x_2^o + 2 [c, — '■( 21 ) 

+[c,-2+cJ(i_,e_i+[c,-2]a_e'_i+2[c,+]a„€_i+2[c,-]a,£'_,+ J 

With a similar equation obtained by changing the sign of c and mtei changing 
6 € Either of^these two equations, with €o-€o =1, determines and t/, 
and hence €^, in general The two must lead to the same lesiilt, and 
together are merely a check on the value of c, which, had it not been dt‘tm- 

mmed otherwise, could in theory be deduced fiom the whole sot of tht^si* 
equations 


240 Before continuing the development of a method the whole aim <>i 
which IS a systematic advance towards great accuracy m the complete lesults, 
therefore apt to obscure the mam featuies of the actual motion 
of the Moon, It will be well to consider the kind of results which have alie.uly 
been obtained implicitly or can he readily deduced Poi this puipose <i low 

order of approximation must be adopted and ni^ will be neglected Then it 
IS easily round that 


- [2, +] = Am”- + im\ = [- 2, -] = - m“ - 5 m ' 

2Jf„ = l + 2m + jm^ 2Jfi=±2if_. = |m= + JL’m-> 

U, = 1, Ui = + 3m3, f/_, = - 

0„ = -2if„ + 2(17„ + m)^=l+2m-}m» 

= - 2Jf, + 2 ( + m) (CT. + 17_,) - ( ff, - . 

To the order named, the combination of (16) with (17) gives 

Co = + i 0i7 (1 - ®o) 7^0 

and similarly = ^ ' I = 1 07263 


go = V(2M„) + M,y(l - 2M,) V(21f„) 
= l-i- m + I m-’ - Mm» = 1 08521 


The numerical value of 
truth than that of cj 


go, corresponding to m = 0 08085, is much 
Also It follows from (] 1) that 


nearci the 


a = a(l -im» + Jm») 
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Then (12) give 

r cos - e) = a {1 - (m^ + cos } 

1 sm (v — — e) = a + J^m®) sin 

whence 

v = nt-^ € + sm 

r = a (1 — :J m® 4- J m® — (m- + Jm-*) cos 2^} 

Terms depending on m only are called variational terms The coefficient of 
the piincipal term of the variatton 'in longitude is thus 

JgLm® + = 0 01013 = 2090" 

which IS some 16" m defect of the true value This term was discovered 
observationally by Tycho Brahe, and its period, indicated by 2f (or 22) in 
Delaunay’s notation), is half a synodic month 

241 The equations (20) for jf = + 1, when the leadmg terms only are 
retained, become simply 

^1 = ([2 + c, c] (X—i + 2 [ 2 + c, +]) Co + [2 + c, 2] 

= [- 2 + c, c] €o -h {[- 2 + c, - 2] + 2 [- 2 + c, -] [ 

€i == [2 c, 2] €(j + ([2 — c, — c] a_2 4- 2 [2 — c, +] 1 

€'_i = {[- 2 - c, - 2] a-a 4- 2 [- 2 - c, -]} eo 4- [- 2 - c, - c] 

It IS to be noticed that [x, y], [a?, ±] contain as a divisor 

Dx — — 2 — 4m 4- m® 

and that this has the factor m when + ~ 2 — c It is easily found that 

[24-c, c] = -^p [24-c, 2] = ~ g, [2 4'C,4-] = Tg^m® 

[-2-c,-c] = - J, [-^-o,-2] = -^J, [-2-c,-] = -^Jjm» 

[-2 + C, c] = ^m-' + ^g, [-2 + c,-2] = fm-i+^5 

[- 2 + c, -] = [2 - c, +] = - in - f m» 

[2-0, 2]=-iin->-^||, [2-c,-c] = - irn-> -/if 

as far as the piesent low order of approximation lequires Hence with the 
approximate values of a_2, 

e-, - (^‘^^ m 4- V 

e/ = - (rf\m 4- 
€ _i = — — yf^m'’ V 

It has been seen how the order of e-i, ei' is lowered by the divisoi 
A similar circumstance affects the coefficients of (21) more seriously, since 

jDc = 2c® — 2 — 4in 4- m® = — 
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The disappearance of the terms belo'w m® explains why an oxtiomely aec luaie 
value of c is required m the numerical development Without coiitnnnng 
the series for c beyond m*^, Dc is here limited to a single teiin, and th<‘H‘foie 
only the terms of the very lowest order m (21) can b(' taken into act<mnt 
This equation is thus reduced to 

[c, 2] 0 , 2^1 — €q + [c, 2 + c] n_ 2 €_i + 2 [c, +] cifoe„i = 0 

where 

[c, 2] = [c, — 2 + c] = — [c, -j-] = — m*^^ 

Hence 

tV (A ^0 + €o) — 6o + (j^\ eo + = 0 

which gives quite simply Seo + 6o' = 0, and with €o - e,/ = 1, e„ = e,/ » - I 

These values, though representing only the teims of /eio ordei in m, aie tnu^ 
within 1 per cent It follows that 

€i = = - ||m ~ -f I J in 

+ f IJm’, €'__i = — ^km*^ 

where, owing to the imperfect values of e„', the second terms in e/ may 
also be defective 

242 The terms thus found in (18) are 

it = ae?(€of« + 6o'r"° + + e/f’”'' + 

s = aef-i (6o?“° + 4- ^ ^ 

to which correspond (§ 230) 

rcos(v-nt - e) = ae{(e„ + e,')cos <^+(6. + eL,)oos(2^ + <f,)+(e,'+e^,)cos(2^~<p)} 
rsm(v -7it-€)- ae{(e„ - e„')sin (f>+(e, - e'-i)sin(2^+ <f))+(ei-e^^)sm(2^-if>)j 
■where 

<l> = c(n-n')(t- «i) 

IS the argument of the trigonometrical term corresponding to Those 
terms are additive to the variational terms already obtained 

The fundamental terms are 

r cos {v - 71^ e) = a (1 - Je cos 
r sin {v — nt — e) = ae sin 

Now m elliptic motion (24) and (25) of Chapter IV give, to the fiist o„hu 

T COS w = a (— -f cos M + cos 2 Jf ) 
r sin w = a ( sin Jlf + Je sm 2ilf ) 

i cos(w-.i/) = a(l~ecosilf) 
i sin(it;-if) = 2 aesmlf 


whence 
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These can be identified with the former by putting a = a, e = 2e, ^ and 
= + € + «; — ilf 

= 2^ + (n - c (n — n')] ^ + e + c (ri - -w') 

= ^y+{l-c/(l+ m)) nt + const 

This shows that to this extent the motion of the Moon is purely elliptic, with 
eccentricity Je, but that this motion is referred to a line rotating uniformly, 
given by 

Uo = [1 — c/(l + m)}n< = (fm2 + J/T-^®+ 

Thus c determines the motion of the lunar perigee, which completes a revolu- 
tion in the direct sense in rather less than 9 years The above approximation 
gives 128 sidereal months or 3500 days 

In the older lunar theories, beginning with Clairaut, the rotating elliptic 
orbit IS adopted in the first approximation 

243 The result of collecting the terms found so far as necessary is 
r cos (t; — ni — e) = a [I -- m® cos — Je cos </> 

- (^m + e cos (2f- <^) + cos (2f + <^)} 

9 sin {v — — e) = a f^m* sin 2^ -j- e sin ^ 

+ -H -Jf-m®) e sin (2f — <j!>) 4- ^^m^^e sm (2f -I- <^)} 

The effect of dividing the latter by the former is to add to the second series 
the terms 

m^e (cos 2f sm sm 2f cos <^) = m% sin (2f + <#>)- sm (2 J - <^)} 

Hence the longitude is approximately 
= 7?^ -f € + sin 2f 4 e sin ^ 

4 (-^^m 4 ® sm (2f — ^) 4 1 Jm®© sm (2f 4 <j5>) 

As a constant of integration mtroduced at one stage of the present 
method, e may be defined m any suitable way for the later stages Its 
value depends on the exact definition adopted and will be found by com- 
paring the final results with observation Thus Je as defined by Brown is 
not to be identified with the e of Delaunay, for example The difference is 
not great, however, and its value may be taken to be 0 0549 Thus the co- 
efficient of ih.^'pnnaipal elliptic term in longitude, e sin 0, is of the order 6° 3 

The term next in importance has the argument 2f — ^ (or 2D — I in 
Delaunay’s notation) The coefficient is right to the order given, though the 
above derivation left this doubtful, and its value gives 
(^m 4 e = 73' nearly 

The true coefficient, depending on e alone, is 4608" This inequality is 
the largest true perturbation in the Moon’s motion and is known as the 
Ejection Its discovery fiom observation is due to Ptolemy 
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The term with the iiifrmncnt ( (^(..r2/J+/) in mm h mhiIIm The 
above coeffieient gives 1. '57", while the tine Milm- m hI.uiiI I"’. I-m ih. jmii 
depending on e .done It will he imlieni tlwt tin gi. 'itei j.mi .tf u 
due not to a tine peitiiihatmn in Hie itetiingiihii tM>,id,m,f.s Imi i,i i„i. i 
ference between the variation and the punt i(«il ellipln (. no to *1- nniu* ih. 
longitude 

244 The tcims (h'jM'iiding on the (list powei ih. sol.u .m.ii1ii»iU t' 
will be next coiKsideied Willic = () tml the sohu pin ilhi\ .till meh.lni 
n = fig and ( 4 ), ( 5 ) bocoino 

D’‘(m)-Da />,s + 2 ni (s/J« ~u!>s) t 'Itn’iit ( s)* C .iJl j // t 

D (itDi — sDu ~ 2u\iii,) -i jin (a'— s') 
where ( 3 ) gives 

Now ' 

r^ = (X.Y /4 rr)i. - ' ,s),os;f> A,,» 


t'll, -■» 

V . ff 


and therefore 


}(«■' + A') 1 "S 2 \ ( '«,V J,(«» .S’)S|||2^' 


“’,^3 2^' I !«s- ><0siii2x', jm’t.'io t ;ft , o„,| 

•>- MnaUoiml einve Tin k,,,, . 

= //' (<-/,)- III (» - ,/}(f _ 

The whole disturbing functm , must nltimalelv d- velojm.i ... 

Si asfarasncceaaaiy, tlu‘<. mil leiits involving w « hL i ii 

immediate purpose it is easily veiiheil that to the 'first oni.>r to » 


a'" «'» 


Hence 


;,3 = cos 2;^' - j + ;fc' ,.„s ^ 


it. j, ,, , 

Thus the right-hand mem hers of the eiinations at ih. i , i 

section will be of the form ' "I this 

'» „,i, 

The solution is of the form * tt» f )n fin* 

» /* 
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where 

^21 — C^2i> -^21+111 “ 6 1^1 , A 21— m “ & 

and p has the values 0, ± 1 only, until higher powers of e' are taken into 
account The solution follows the same course as in § 239 except that there 
are now terms on the nght-hand side of the equations The equations of 
condition corresponding to (20) are thus 

2 [[2j + m, 2^ 4- m] a_2^+2, + [2j + m, 2^ 4- 2j] 

I 

4- 2 [2^ 4- m, 4-] 2 [2^ 4- m, — ] ^ ^ ^aj+m 

This form results from the linear combination of a pair of equations obtained 
by comparing coefficients of and in these the leading terms by analogy 
with (9) are respectively 

4- 4- 2j' 4- 1 4- 4m (^' 4- 1) 4- fm'} %e% 

4- 2^' 4- 1 - 4m ( j' - 1) 4- f m*} a;'-,; 4- = 

- 4j' (1 4- m} a,e'r}j - 4^' (1 4- m) a^eW^j + = 

where / is written for j 4- Jm The combination is such that the coefficient 
of ay'-j vanishes and that of r}j becomes — 1 Hence 

P" = V (1 - j' + Ey+m + 1^'* - 2/ + 1 - 4m ( j' - 1) + tm»} 

- 2 - 4m + m») 

The divisor, which appears also in the symbolical coefficients [ ], becomes 
small only through the factor^', when^ = 0, 4^'® = m** 


246 The calculation of r)j, 97/ when m is given its numencal value at 
the outset, proceeds as in the case of e/ with this difference, that the 
equations contain definite right-hand members A particular solution of the 
differential equations is required, representing a forced disturbance of the 
steady variational motion Hence no new constant of integration enters 

The machinery is of course absurdly elaborate when only the main parts 
of the leading terms aie sought, but this plan will be pursued It is easily 
found that 

fla = im^e'a^ {- \ 4- 4- 1 4- ?-*+“) 4- (1 4- Ga-g) (£^ 4- f"“)} 

with the neglect of m m the coefficients of but not f=*=m The operator 
Dt applies to 5*=^“ only and gives a multiplier ± m to every term, while the 
operator applies to J generally and gives divisors ± 2 ± m or ± m Hence 
to the same order m m 

D-i (ADg) = {(1 4- Sa-g) (?“ 4- ?“”)} 

Also 

« ^ M ^ {J ({:»+” - 5 + 8a_ (?“ - ?-“)} 
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= jm-(l -I (jtf ), AV -A',,, I>2,n „ 

-fcm" = (- m-' + j) A’,„ - Wii A',,.' jni ( 'J'la 
= i) /i’-m — ilir-A" — lin ,'lll 

Thus 7?,„ V must be of the fust, oidci in in ,uiii give iiso to tonus ol ,il b t <i 
the thud oidoi m the cijiwtions foi / f I Tfioso oont un no ,iudl dm m 
and for the lowest oidei tlu'y give imniodiiit.ol\ 

- = 7 i’", I i A”. I III 

— — HA" — .('liii' 

-V-i =A"'_,h„ = - nm f ^4/'" .|m ' nr 

= = 4 1 i"nr 

Coefficients of the foim fni, ?/J .no of tlio oidoi I in ni. hut (h. v multijdv 
terms of at least the foiuth oidei in tlii' oi|iintions fm / () TIiom giv. 

therefore to the second oidoi 

— Vo +2 [ill, +1 aoV 1 I 2 [in, - I A"’,,, 

-i?o'+ 2 L-iti, +ln„r/' , I 2 I- in -[n,,!; , A'" 

where 

[hi, + 1 = |- ill. +] = - 4', [in, I I III, I ^ 

Accordingly 

= ij'iid, -T/,; - lin 1 jni' 

Ihus the principal tciiiis dopiuidiiig on tlio sol.u oooiuitiioiti nuiv ho juit 
in the form 


» cos (v — nt — e) 

= ae'{(% + V)coH^' + (i;i+»/-i)<‘os{2f j (i/,' f ?/ ,)ios(2^ 

= ae'{fm^cosf + 4ui-toH(‘2f ( SInihosfaf 

r sin {v — nt — e) 


- ae' ((9?„ - V) sill 7;' ,)sin(25 | (f,') ^ {,,,' ,j ,)sin(2f 
= ae'{- 3 (in-in')siii<^'- |,[ndmn(2f t t/)') t |^ni'sin(2f i^'}! 


In deriving the loiigitiiilo thoi(> iiu' no inloilonng toims oi this oidoi, niid 
the last lino without a givos tho ndditiona! (oinm donondiiiL' on / T}» 

term with argument f (or I') is mil, si tho A>u,mf AA/uofum ufior Hh 
T he value of «' is 001(175 and tho (o,‘ni,iont of thm jwt of tho t, ii„. 

- 3e (m - nr), is - 770" as oonipaKsl with tin- viiluo (if, ft" F,,,' 

the argument („, W - i') tho <o,dl.o,ont J^-'i.r .« , HW", ,h.. ,nn, 

value being + ]o2 and foi tho niguimuit 2 ^ f f (,„ 0/1 , /'} (1 

n u ai. 

considerable and show that tho paits dopiuidnig on highoi jHiwms »f m ni, 

large As senes in m the cooftiousitH oonv, ig,- nlowly, and horioo tho gioai 
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advantage of the Hill-Brown mothod, which by employing an accurate 
nvme)ical value of m from the beginning avoids expansions in this parametei 
altogether 

246 In deriving the terms with the characteristic a'-* alone, e' is neg- 
lected and therefore = 0 , Dffi = 0 , and 

= flj = 2m“ «'-■ PjH = m“a'-> (5r’S“ - 
= Jm“a'~' {5 (m -f- «)• — 12i«s (m + s)} 

since r8 = X = ^(u + s') when e = 0 The terms on the right-hand side of 
(4), (5) are thus 

- 4n, = - im*a'-‘ {5 («» -(-«»)-»- 3«s (« -t- s)} = 5^+^ 

* “ar ~ ^ “ §m»a'-> (5 («“ - s’) + (u - s)} = a’a'-* 2P a+, fs'+i 

respectively The additional terms required in the solution must be of the 
form 

tt = a’a'-' fSoaj+i S®"''’, s = a’a'-' f-' 2 a_a_i 
in order to pioduce odd powers of f Similarly n, has the factor a'-* and 
gives rise to terms with the same arguments as the variational terms The 
solution follows the same course as foi the terms with characteristic s', and 
the relation connecting with Py+i, is the same as before when 

i 

The pnncipal terms are given by 2 y -|- 1 = + 1 , ± 3 The divisor A/ is of 
the order m when y' = ± J only But fl, contains m’ as a factor Hence, 
when terms of the Older m’ are neglected in m’ can be neglected 

in m-’Il, and the variational coefficients a., arc not requiied Thus it is 
enough to write 

- 4n, = - i mW-' (5 ($’ -h f-’) -I- 3 (f H- f-')) 

® ^ § I ni’a’a'-’ {5 (?» -?-’) + (?- ?-')} 

and therefore 

— = -E" j 4- = /yV 

Also, to the same order in m, 

A" = (- im-' - A -I- (- |in-' - /j) A' = J|ra -|- mm’ 

P"-, = (im-’ -f m + (_ i m-* - f J) P'_, — 

The equations for a,, a_j can be adapted fiom (21) and its correlative by 

putting c = l, e, = 6 / = a, and e„' =*_, = «_, To the second order in m 
these give 

[1, 2] [1, _ 1] + 2 [1, -f-] a^«_, = P," 

[- 1, 1] o^a, - o_, + [- 1, - 2] a_jO_, -i- 2 [- 1, -] ct,a_, = 
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whence 

- 5*^ max — «! + tn j 

'^gmai - a^ I ™ ma ^ -f y lyiot , =r — < , m - I' \ n\ 

and theiefoie 

-«! = + Jf;m*, y-m - \\! m 

The additional tonus in tlum okmu aiaiy fonn aio tJnis 

/ cos (y — — e) = a’u/ ^ {(«! + a-i) cos f f (a, { a t)<o*d,y 

= a-n'”' [(}[pu + ynOtosI* ,[^111 « os 
1 sm (/; — — e) = a’a/ ^ {(a, - a„i)Hin f 

= a-a'""' j- (y* m 4 ym‘*)smf ( yiuhsinJktj 

and the last line, divided by a, gives the < on(‘sponding {(iins in loniptiul* 
The mean parallax ol the Sun is H"8() <ind ot the Mihui lt> flu* 

*ibove Older a/n/ = 0 00257 1 This givi's » I M<" loi tin* (oillirnnt ot flu* 
first term (aigiiment f or D) and h'(> to? the (oiOkh'IiI ol the sm ond 
(argument 3f 01 SB), wlnueas the comph'te valu(‘s, with the ihaiattoU'fu 
a/tt' alone, are — 12 5'\xnd undei The hum witJi m^uiiu nt. /i is known 
t\h the Parallactic I neqiiaUty Its ponod is oiu lunation i^n synodu month I 
and the corapaiison of its theoietieal cooduKuit with ohsucatum g4\« 
probably the best detei ruination ol tlu‘ solai paialla\ mild fho dm ot ip o 
metiical method bas(‘d on the obsiuvation of luiiioi plain Is wa>< uloplfil 
This use of the paiallactic meipiality is not entuel\ lieo hoin i»hp«4iMii 
because the Moon cannot bt' obsmvcsl throughout a (oinpleto lumdion and 
systematic error may be suspected, due' to tiu‘ vai}ing dhummd ion of tin 
lunai disc 

247 Hitherto the tonus of n, ,s’ whicli ar(‘ of tlu‘ lust oidot m flu* 
chaiacteristics e,e',a.a'"'^ have aloru' bemi consKhued If the thud (ooidin iti* 
^ be assumed to be of the fust onhu tlu* hist two (S(uafionH of (2) slmw tliaf 
u, 6 contain m addition only teims ol the stsumd and lugluu oideis Hn 
third ecpiation of (2) has ah(*ady been considmisl in 23h, and wlien H n* 
neglected terms in ^ of the first oidm <ue given by tin* etpiation 

Let 

V^g t log 

Then the general solution is of the foim 

£^ = ak5:/r, «) 

where a piehmmary valu(‘ of g has biam found in | 2t0 and k, / n preoenf 
the two necessaiy arbitiaiy constants As befoie ilu sufhx of has boms 
suppressed because it does not affect the cahulatioin Ihougli the piopi 1 
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argument must be retained m the results The coefficients axe deter- 
mined by equating terms in so that 

and it is possible to write A:o = 1 

In obtaining A, , A_i to m® only it is possible to neglect Aj, A_2 and approxi- 
mate values of M^, = Jf_i have been found in § 24.0 Thus the equations 

are 

(2 + g)®A, =2ilf„Ai +2JlfiAo 
(2 - g)® A_, = 2Jlfo A_i + 2ilf_jA, 

whcie 

(2-|-g)®-2ilfo=8, (2-g)®-2ilfo = -4m-3m®, 2JI/i = 2Jlf_i = f m® -H J^m® 
Hence 

A, = -3^m®, A_, = -|m-|fm® 

and to this order m m 

iz= ak (S® - f -® - (I m H- f 5 m®) (f-®+« - f ®-*) -i- ^m® (f®+8 - ?-®-®)l 
^ = 2ak {am -l- (|m -b J|m“) sin (2f —n)+ m® sin (2f + 1 ))] 

248' Here the fundamental term is 

z = 2ak sin rj = 2ak sin (g {n - w') (t - ^2)} 

and its general meaning is easily seen, though the exact definition of k must 
be adapted to the final approximation and then determined (like e) by direct 
companson with observation The maximum value of z is 2ak But it is 
also approximately a tan /, a being the mean distance m the orbit projected 
on the plane of the ecliptic and I being the inclination of the orbit to this 
plane Hence k is nearly ^ tan 7, and differs little from Delaunay's 7=sm ^7 
Its provisional value may be taken to be 0 0448866 = 9260" 

At a node z=0 and the period between successive returns to the same node 
IS 27r/g (n - n') In this tunc the mean motion m longitude is 27m/gJ[7i - n') 
Hence the mean rate of change in the position of the node is 
{27rn/g (n — n') — 27r} — 27r/g (n -n') = n — g(n — v!) 

= n {l-g/(l +ni)} = 7i(-|m® + ^m®) 
with the approximate value of g tound m § 240 Since this expression is 
negative the lunar node has a retrogade motion and completes a circuit m 
6890 days or 18 9 years, which is reduced by about 100 days when the com- 
plete value of g is used These facts have an important bearing on the 
theoiy of eclipse cycles 

In deiivmg the elemental y terms in latitude with the characteristic k it 
IS enough to take from the variational solution 

r = a (1 - m® cos 2f) 
and to the order m** the latitude is 

zjr = 2k {sin t? 4 (| m + i|m^) sin (2f - ??) 4- -j^m® sin (2f + 77)) 
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The first term, with argument t] {ovFin Delaunay’s notation) is the piincipal 
term in latitude Its coefficient is 5 ° 8 ' The second term, with argument 
2 ^ — 77 (or 2D - F), has been called the evection in latitude Its coefficient 
as found above is 610 '' 6 , the tiue value being 618 " 4 ^ The third tem^, with 
argument 2f + 77 (or 2 D + F) has the coefficient 83 " 2 as compared with the 
true value 94 " 5 


249 It IS now possible to sketch the whole method oi the subsc(|uent 
development The greater part of the practical work of calculation h<is bin n 
based not on the homogeneous equations used above, which present «xdv<ui- 
tages in special cases (especially the calculation of long-pciiod terms), but on 
the original equations (2), 

Dhi 4- 2 mDu + f (^ + ^) “ ^ = - 


D’^z 


— m^z 


KZ __ ^ dH 

7^ ~ dz 


It is unnecessary to use the equation in s because 5 =/(f'"^) if w =/(f) , twt> 
real equations are replaced ^by a single complex one Also the charactciistics 
entering into u and z are distinct Hence the tieatment of the equations in 
u and z is also distinct The order of a characteristic is the sum of the 
positive powers of the parameters e, aa'-^ k which compose it in is 
a mere number for this purpose, and retains its identity only in the aigu- 
ments Now suppose that a complete solution s=5i, z^z^ to the 

order /a m the characteristics has been obtained The next step is to find 
the solution = + 5 = 51+52, ^ = ^1 + ^2? where ^2, z^ lepicsent the 

terms of order ya + 1 Insert these values in the equations, retaining only 
the first powers of W2, 53, ^2 The result is, since ? " = its + 2?^, 

(D + m)2 (wi + Tig) + i (ill + W2 + 35 i + Ssg) - k (iq + r{ 

+ f /ciYi^r® (Wi 52 + -Ha 5>1 + 2^i^r^) = - ^5^ 

Oh 

(D- ~ m^) (^1 + ^2) “ /c (5i + z^ rr^ 4. ^KZ^rc^ (u^s^ + zqsj + 2 ziZ^ = - ^ 

“ dz 

Now terms of order less than ^a-i- 1 must be satisfied identically and thoxefoi(‘ 
terms linear in z^ may be omitted Also terms of ordei higher than 
/I + I can be neglected Hence Sj, ^i may be used in calculating and 
in conjunction with u^, s^, Z2, it is possible to write Ui = Uq, Si — Sq^ ^i = (), 

1 = UqSq = where Wo, 5o, ^=0 is the variational solution of zeio oidoi 
Hence the equations reduce to 

(D + m)^ z/2 + J rn2 ^ ^ (| m^ + Ku^^pf^) 

== - r-" ” (D' + 2 mD) 

JD'z, - zAn\^ + Kpr-) = - i (^'j+ KZ,1 - Dh, 


( 22 ) 
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where the terms with D have been retained on the right-hand side, though 
apparently of order not higher than /t, for a reason to be explained later 
For the moment they can be left out of sight 

260 Since the treatment of the two equations is separate but quite 

similar it will be enough to consider the first It is convement to write 
Wi == Wo + w/, Si = 5^ 4- s/ and to expand the term in terms of w/, 5/, 

rejecting the variational part icu^p^-^ and the linear terms The form of 
the known solution has been made sufficiently obvious, and it is clear that 
the right-hand side, when developed, will contain an aggregate of character- 
istics \ each of order p + 1 and each associated with one or more series 
Each constituent part may be taken to be of the form 

^ - aX?S 

t 

where 

T = giC + + q^g 

qi,q 2 > Q'o having fixed integral values (positive or negative) in the senes con- 
sidered, while may have odd integral values when occurs m \ 

The part of the solution required to satisfy this senes is of the same form 
u, = aX?S 

and \i> V are to be found by inserting this expression m the equation This 
may be wntten 

(D -h m)® Wa + Mh 2 + A 

where 

M = iV'r- = |m2 + 

The series M, in which Mt = has already occurred in the determination 
of Co and go After substitution of the senes for Wa, comparison of the 
terms in on both sides of the equation gives 

(2j -|- T -1“ 1 + m)® \j -|- -l- 2 = A^ 

% I 

(2j + T - 1 - m)» \'_J + = A’-J 

% I 

This series of linear equations, in which the coefficients Mi, rapidly diminish, 
must then be solved by successive approximation When this has been 
earned out for each series A and every characteristic \, all the terms of order 
/i + lmu,s have been determined The treatment of ^ is precisely similar 

261 But one important question clearly arises Is the set of linear 
equations consistent and definite ? If the modulus of the set, which can be 
written as a symmetrical determinant of infinite order smee = 

JV^j = A'-*, IS not zero, the solution is certainly definite This is the general 
case But consider the determination of the co-factors of the character- 
istic e of the first order By the above method these will be obtained from 
(23) by putting Aj = A'^ = 0 and t = c The consistency of the equations 
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now requires the modulus to vanish It is obvious that this condition iii Iicti 
must lead to a determination of r which will be identical with the value of 
Co, though the latter was found above in a formally diffeient way Whtui 
the equations have thus been made consistent the solution only becomes 
definite when the arbitrary condition €o-“eo' = l is added, and this condition 
IS equivalent to a definition of e 

It IS now evident that the modulus vanishes whenever r = c, oi foi eviny 
series based on the same argument as that of the principal elliptic tmm 
The consistency of the linear equations requires a relation betwe(‘ri th(‘ 
coefficients Aj, AJ wipch may be expressed by equating the modulus to Z(no 
after replacing any column in it by the senes Aj, A/ But owing to the 
symmetry of the modulus this relation is capable of a much simpler f oi m 
Let the equations (23) be multiplied by and let the sum be taken foi 

all values ofj Then the coefficient of is 

(2j + T + 1 + my €j + + XN^€^,+^ = 0 

t I 

because, smee this is one of the equations of 

condition Similarly all the coefficients on the left-hand side vanish, <in(l 
the lequired relation appears m the foim 

0 = S {Aj€j + (24) 

The reason for retaining the terms {D’^+2mL)ui ni (22) will now be undei- 
stood Without them there is no reason why the relation (24) should hv 
satisfied, and in fact it will be contradicted But let contain terms of the 
form 

t 

(D^+ 2mi>)(iO= ^2 {[c“ + 2c(2^ + 1 + in)] 

+ [c= + 2e (2t - 1 - m)] ! 

where terms, obviously of order less than /r + 1 aie omitted Then cloaily, il 
the value of o here be regarded as unknown, it will bo possible to adjust its 
value so as to satisfy the relation (24) 

252 The matter is made clearer by considering the actual tacts In the 
first ordei there is one such series, with the coefficients In the second 

order there is no such series and the question does not arise The primitive 
value Co suffices In the thud order senes of this type reappeai, associ.itod 
with the characteristics e^ ee'% ek^ e (ao'-*)= The contemplated change in i 
IS associated with e through the first ordei terms Hence the relation (24) 
m the third older will give in succession the parts of c which contain 
e“, e'=, k^ and (aa'-')^ Similarly still higher parts of c may be found in con- 
junction with the inequalities of a higher order It is natuial that the 
motion of the perigee (and the value of the characteristic exponent) whu h 
was determined for highly simplified conditions, should requiie adjustment 
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when the conditions are more complicsated and the deviation from the periodic 
orbit IS no longer infinitely small 

For c let Ci + X'^c be written, where is the part to be determined, its 
characteristic being X', and let 

^ + Dj Sc, A ' Sc 

where Bj, are calculated numbers With the new value of c the 

quantities Aj, A! satisfy a certain relation identically as required, and the 
equations (23) become consistent, but the solution is not definite because any 
one of the equations can be derived from the rest An arbitrary condition 
can be imposed, and the form = Xq is chosen The solution is then con- 
ducted in the following way 

The equations for y = 0 are left aside Three separate solutions are then 
made of the remainmg equations (1) X^ = 6^, X'_^ = Z)'_j when Xq — Xq' = 0 
and Aj =5,, A! = jB'_; , (2) \ = dj, X Xo = Xo'=0 and Aj-Dj^ 

A'^j = DLj , and (3) X^ = fj, X'_j =/% when Xo = Xo' = 1 and Aj = A'-j = 0 
The last, which under the different condition Xq — X/ = 1 would have led to 
Cj, IS independent of Aj, A^^j and applies in all cases The complete 
solution is therefore 

~ "b/;Xo, X^_j = h— j + d'^j^c ^Xo 

When these are inserted in the equations fory = 0 the result is of the form 

"b "I* ^0X0 ~ ^0^ 'b ^0 “bj^ Xo *=* 0 

and 5c and Xq are thus determined The value of 3c must also satisfy the 
relation (24), so that a check on the accuracy of the work is provided The 
solution of the equations (23) for the case when t = c is therefore complete, 
and the derivation ol the higher parts of c has been explained It may be 
noted that on the left-hand side of these equations the primitive value Cq is 
to be retained for t at every stage, both because it is associated with terms of 
the full order /t + 1 and because the theory of the equations depends on the 
fact that the modulus vanishes On the other side c will receive its full 
value so far as it has been determined When a new part of 0 comes to he 
determined in conjunction with inequalities having the characteristic X, 3c is 
always associated through {B^ 4- 2mD) (wj) with the terms in of the first 
order m e Hence the new part of c itself always has the characteristic 
\! = e“^X, and the numbers dj, dJ-j, hke/), are the same in all cases 

263 With the equation for ^ matters follow a precisely similar course, 
and the exceptional case arises when t = g The conditions are simpler, 
because X^-fX'_^ = 0 always, and therefore the arbitrary relation has the 
form Xo = Xo" = 0 The terms of the first order with suitable arguments have 
the characteristic k, and the part of g found in conjunction with inequalities 
having the characteristic X contains the characteristic k”X 
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The arbitrary condition X|, = X(|' adopted m all cases has an inipoit.incc 
beyond that apparent m the actual calculation The aggieg.ito of the toiins 
considered up to the final stage of approximation gives for the one aigunieiit 

u = aef + f-*-) SXX, 

s =ae5->(e„f-=+ 6;f“) + a4-’(r + f-‘)SxXo 

- s(r = ae (e„ - e„') - ^-<=) 

The last expression remains unaltered throughout the couise of the .ippioxi- 
mations Hence the constant e is defined as “ the coefficient of a sin I in 
final expression of p sm (v — — e) as a sum of periodic tcniis, whoti' 
v — nt — e IS the difference of the true and mean longitudes and p is the 
projection of the Moon’s radius vector on the plane of loforence” 

Similarly the terms of the form 


in the first approximation have no addition made to them subseipienf.lj, 
since ^ = x; = 0 Hence the constant k is defined as "the coefticimit of 
Za.smFm the (final) expression of ^ as a sum of pei iodic terms ” 

There is no reason to alter the definition of a, which is based on the 
variational curve But it is then to be noticed that the const.mt of d.stam e 

be affected by terms with various characteristics which aiise in the eonise of 
the approximations as the constant parts of or Eithei m oi a, sim e 

Ssr. mi 1“ - .» .«u.,.„y 

The remainmg three arbitraries have been denoted by L t f 

D — (n ~ n) (t — to) = (n — -n') t+ b—e 

Z =c («-i2')(t-0 = c(n-n')t + e-® 

= m («, - n') (t - 1,) = n't + e' - ct' 

^ ^ S i‘n-n')(t-t;) = g(n- ri')t + e-e 

.n .he .sLmZhVZl: " 

for two dimensions onl^^^irm^Mcestlr^*^!-^'' coordinates weie given in § 2.‘{0 
the plane of the ecliptic, where = <>» 

w?-’=pexp t(v^nt-ey 
s? =pe>^p -i(v-nt~ e) 

= p tan cf) 


z 
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where <}) is the latitude Hence the true longitude and the latitude are 
V = 71^ + e + it (logsf- 


6 = tan-^-=- 
P P 



The constant of the Moon’s horizontal equatorial parallax is based on a, 
where nV =:E+ M To obtain the parallax at any time this constant must 
be multiplied by 

a _a /ns + ^ 

r a \ a® ) 


In these expiessions foi -y, <j) and aQ~^ the variational parts not So separated 
from the other terms UiySi, z, and the expressions are then expanded in terms 
of the latter Advantage can thus be taken of the expansions already obtamed 
in the course of the previous work The conversion to the hnal foim of 
coordinates therefore entails no great amount of extra labour 


254 This completes in outline the solution of the mam part of the 
pioblem, m which the Earth, Moon and Sun are treated as centrobaric 
bodies, and the orbit of the Sun, or the relative orbit of the centre of mass 
of the Earth-Moon system, is treated as an undisturbed ellipse m a fixed 
plane. A large number of comparatively small but highly complicated 
corrections are still necessary in order to represent the gravitational motion 
of the Moon in actual circumstances They may bo classified thus 

(1) The effect of the ellipsoidal figuie of the Eaith, and possibly of the 
Moon 

(2) The dnect action of the planets on the relative motion of the Moon 

(8) The indirect action of the planets, which operates by modifying the 
coordinates of the Sun These indirect effects are in general larger than 
the direct effects, and are sometimes sensible in the lunar motion when they 
are insensible in the relative motion of the Earth and Sun Among the 
indirect actions of the planets may be specially mentioned 

(4) Lunar inequalities produced by the motion of the ecliptic, and 

(5) The secular acceleiation of the Moon’s mean motion, which arises 
from the secular change in the solar eccentricity e under the action of the 
planets 

It IS impossible to discuss these matters profitably in a short space The 
readei will find references m Professor Brown’s Treatise and detailed results 
in the memoir* which contains his complete and original theory 

* Mfiinoir$ A sir Soc , wii, pp 39, lfi3 , wv, p 1 , lvii, p 51 , lix, p 1 
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255 la order to investigate the motion of the Eaith about its pcntiio of 
gravity 0 we take a set of rectangular axes OXYZ fixed in space and a 
second set Ozyz coinciding with the principal axes of ineitia ^'hesc■ mo 
fixed m the Earth and move with it The two sots aio diavvii in such ii 
sense that the positive directions of the corresponding axes c<iii be bioiighl. 
mto coincidence by a suitable rotation Their relative situ.ition is delined 
by the three Eulerian angles 6, <p, where & is the angle' beiaveen OZ 
^d Oz, 4> IS the angle between the planes OXZ and OZz, and ^ is the angle' 
between the planes OZz and Ozx Then the coordinates are leLited by tin- 


- ^ y Z 

X cos 0 cos 0 cos sin ^ sin ^ co80sm<j>eosir+eos<l>smf -sin^cos^ 
y -cos (9 cos sin Sin ^ cos ./r -cos0sin^sins/c-+cos.^cost sin^sins/c 

^ sin ^ cos ^ sin^sinijfc 

L about’ot O t OZ, and t which is a rotation about 
aSs rlty thc'se 

6)i= ^Sin'\/r-0sm(9cOS'>/r J 

Ct >2 = ^ cos -i/r 4- <j 5 ) sin ^ SID I 
0)3= y/r <f) COS 6 J 

which are Euler’s geometrical equations 

the mLtS oft «t:esX: 

equations may be written in the well-known form ° 


( 1 ) 


Ba,^ -{0-A)io,oi, = M 
C^a>3 —(A-B) (»,Oj = 


( 2 ) 
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266 The external forces which are here considered are due to the action 
of the Sun and Moon An approximate expression for the action of either 
of these bodies is sufficient and easily found The potential of the Earth 
(mass m) at a distant point P has been found (§ 18) to be 


V=Qt' 




^ + jB + (7 — SjT' 


where OF = r and I is the moment of inertia of m about OF This expression 
IS true as regards terms of the second order in the coordinates of points in m 
relative to the centre of gravity 0 Terms of the third order will clearly 
vanish in the sum provided that the mass m possesses three rectangular 
planes of symmetry and this is sensibly true in the case of the Earth 
Terms of the fourth order are small in consequence of the ellipsoidal figure 
of the Earth and are neglected Now F is the work done by unit attracting 
mass at F when the particles of the mass m are brought from infinity to 
their actual configuration Hence the work done by a fiinite mass near 
a distant point 0' is 


m{A' +B'+G' -31') 




A + B + O-ZI 


by similar reasoning, if 0' is the centre of gravity of the attracting mass 
w', 00' -R, A\ B\ C' are the principal moments of mertia of m' at 0' and I' 
IS the moment of inertia of m' about 00' Now since At B, G and I are of 
the second order m the linear dimensions of m, terms of the second order in 
the linear dimensions of m' can be neglected when associated with them 
Let the coordinates of 0' relative to 0 be (a?, y, z) and of F relative to 0' be 
?) Then 

f + (y -1- rif + (;? -h ?)“ 

?•*/ = ((T + f )2 + B (y + 9?)* + 0 + 0" 

But since 0' is the centre of gravity of the mass w' 

= S ?7 dm' = = 0 

Hence if the expression to be summed be expanded in terms of 77 , f, the 
terms of the first order vanish in the sum and terms of the second order are 
neglected To this order of approximation 


. J. + B + 0- 


dm' = ff ?n' 


A^B^G 

R? 




and if I now represents the moment of inertia of m about 00', the complete 
expression for U becomes 


^ 2P“ 
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This represents the mutual potential of two masses m, with siifhcKUit 
accuracy In the usual astronomical units (§ 24) G-k- mass of tlu^ 

Sun IS unity and foi the masses of the Earth and Moon we take E and fE 
Then if the mean distances of the Sun and Moon are a' {=■ i ) and a" and th(‘ 
mean motions r' and of, 

G{l+E) 

GE{1 

257 The moments of the exteinal foices about the «xxes Odyz 
L, M, N, the woik done by them when the Eaith leceives a small twist 
defined by the rotations dco^, dco^ about the same axes is 

dlT — L dcdi + M dco2 "h E dco^ 

But depends on the orientation of the Earth only thiough the occuikukc 
of I , and 

== + By’' -}- ( 7 ^- 

{sc, y, z) being the centre of gra\ity of the attracting body Hence 

dU^--^Gm' {Aa,dx+ By dy + Gzdz)! 

But with due regard to sign, when the axes are rotated, 

d(L^ydx 2 - 2 da>^, dy == z duii - x dco ,, dz = x dx. — 

Hence equating the coefficients of dm„ do,,, do,, in the two expu-ssions 
for dU, 

L = ZGm'{G-B)yzlB, M=ZOm' {A-C)xzlR\ N =ZOm' {B - A) ty! li' 
These apply to a body possessing three distinct pimcipal axes Bub the 
Earth may be regaided as an ellipsoid of revolution, for which B=.A and 
A under these circumstances 


L = ZGm'{G-A)yzlR\ M = - ^Gm! {G - A) icz! R\ 11=0 

On the other hand, the term in U which depends on the orientation of the 
Jiiartn is more generally 

= - 1 GniHj = - 1 Gm' {Aa,- + By" + Oz ") / iJ' 

= - 1 Gm' {(20-11 -B)^a{A- B) {,? - f) + (^45) R^} j R^ 

a useful foim for some puiposes The last term on the right bein^ irido 

U": — Wm'{G-A)z"jR' . 

258 TV ith B ^ and N~0, the third equation of (2) gives 

^ 3 = 0 , 

and the other equations of the set become 


Ao,i^{G- A)na,,, = L 
Aa,,-{G~A)nco, = M 
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The actual motion of the Earth is a steady state of rotation disturbed by the 
external forces and this steady state will be found by puttmjg^ L =* Jlf = 0 
The equations then give 

0)1 + /A®a)i ■= 0)2 + /i®0)2 = 0 

where 


IM:=n{G — A) j A 

Hence the steady state is given by 

o)i = li cos {fit + a), 0)2 = ^ sin {fit + a) 

But the instantaneous axis of rotation in the Earth is the line 


or 

oj/^cos {fit + a) ^ y I h sm{fit ol) = z I n 

which indicates that if h is fairly small the terrestrial p6le describes a small 
circle of radius hin about the axis of figure in the period 2'ir/ fi This is the 
Eulerian period of AI{G-~A) (roughly 300) days Now the angle between 
the Zenith of a place and the Pole is the co-latitude of the place, an angle 
which can be constantly observed Hence the latitude of any place should 
exhibit a variation with a period of about 10 months Until a quarter of 
a century ago no vanation of latitude had certainly been detected Since 
that time variations (of the order of 0" S) have been systematically observed 
and studied and have also been traced in the older observations But 
analysis has proved conclusively that these variations contain no part which 
confoiins with the Eulerian period They cannot therefore be explained by 
the free motion of the Pole on a rigid Earth Hence observation justifies 
the belief that hj n is insensibly small 

The variations of latitude observed are always very small and constitute 
a highly complex phenomenon The periods of the chief components of the 
motion of the Pole are about 12 and 14 months 


269 Corresponding to the iree movement of the Pole on the Earth's 
suiface we have, by (1), 

^ = &)i sin + Wi cos = h sin (/x,^ + a -h 
<f)sm 6 = 6)2 sin — 6)i cos — /t cos {fit + « + '^) 

For the plane OXY we take the plane of the ecliptic which vanes but 
slightly in consequence of planetary perturbations The value of 6 is about 
2 Hence 6 and are very small in comparison with n, a fact in accord- 
ance wuth observation even when the disturbing effects of the Sun and 
Moon are operative Hence, further, differs only slightly fiom n 

The rotational energy of the Earth is T, where 
2T=‘ A (a)i® + 6)2*) 4- 

= A {6^ + <j>^ sin* -H C (^f^ + <j) cos Of 
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Hence the Lagrangian equations of motion are 

^ (A6) — Acj)^ sin 6 cosO + G<f> sin 6 cos B) = — ^ 


dt 


{A<p sm^ 6 + C cos B {^jr + (j) cos B)} 


^ {G(f + (f> cos <9)1 


dJI 

m 

dyfr 


But Since 


du 

d'xjr 


= i\^ = 0, ^Ir-h <j> cos B = n 


the hist two equations become 


A6 — A<f)- sm B cos B -h Cn <f> sin B = 


d 


'j^{A(f> bin^ B+ On cos B) 


dJI 

dB 

dU 

00 


It has been seen that n is very large compared with B and 0, and it follows 
that those terms are of predominant importance which contain n as a factor 
Neglecting the other terms on the left the equations become simply 


0 = 


i_ dU 

Gn sm B dB 


!___ dU 

Gn sin B 00 

The complete justification for omitting the terms rejected must be sought 
by substituting m them the results which follow from the lattei simple foim 
of equations, when it will be found that they are practically insensible The 
form to be used for U is given by (3), so that 

a sum of two terms corresponding to the Sun and Moon For each dis- 
turbing body It is necessary to find the product of z^jR^ and a^jR^ expressed 
in appropriate terms and with a suitable degree of approximation 


260 The axes XYZ being fixed in space are defined so that OZ is 
directed towards the pole of the ecliptic for 1850 0 and OX towards the 
equinox for the same epoch By the scheme of transfoi mation 


^-Zsin^cos^ + Fsin^sin<^H-^cos^ 

The position of a disturbing body, such as the Moon, is 
referred to a similar set of axes for another epoch t The 
may be considered successively, thus 


more conveniently 

necessary changes 
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(i) Rotate the axes about OZ through the angle so as to bring OX to 
the position OX^ Then 

X == -STi cos n — Fi sin Q, F = Fj cos H + Xi sm 11, Z=^Zi 
where H is the node of the ecliptic for epoch t on the ecliptic for 1850 0 

(ii) Rotate the axes about OX^ through the angle ^ so as to bring OFi 
to the position OFg Then 

Xi = Xq, Fi = Fa cos ^ - Fa sm Fl = F2Cos^4• FgSin^ 
where t is the mclination of the ecliptic for epoch t to the ecliptic for 1850 0 

(ill) Rotate the axes about OZq through the angle X — fl so as to brmg 
0X2 to the position OZ3 Then 

Xa = X3 cos (X- n) - Fs sm (X - 11), 
ra=F3Cos(X-Xl)+X3sm(X-a), Z2 = Zs 
where X is the longitude of the Moon’s node reckoned through £1 in both 
ecliptic planes 

(iv) Rotate the axes about OX3 through the angle c so as to brmg OTa 
to the position OF4 Then 

X3 = X4, F3 = Fi cos c - F4 sm c, Zg = F4 cos c + F4 sm c 
where c is the inclination of the Moon’s orbit to the ecliptic for epoch f 
But, if (X4, F4, Z4) are the Moon’s coordinates, 

X4 = r cos (v — X), Ft = r sm (v - X), F4 = 0 
where r is the radius vector and v is the longitude of the Moon at epoch t 
reckoned in its orbit, this longitude is the sum of three arcs in the two 
ecliptic planes and the plane of the lunar orbit Now i < T and, for the 

Moon, c IS of the order 5° Terms of the order c® and ic are therefore 

neglected Then the result of eliminating (X3, F3, Zg), (X4, F*, F4) gives 

Xa = r cos (v — £1) 4- -JcV sm (v — X) sin (X — £1) 

Fa ^ 7 sin (v - fl) - |cV sm (y-JST) cos (X - £1) 

Fa = cr sin (v - X) 

and the result of eliminating (X, F, F), (Xj, Fi, Zj) gives 
^ = Xa sm ^ cos (<#) - £2) -1- Fa sin d sm (<#> - H) + Z, cos 0 

+ 1 (Facos 0-Z2 sm 6 sin(<^ - £1)) 

Hence 

zji = sm B cos (v — <^) + c cos 6 sin (v — X) — sm B sm (v — N) sm (<f) — X) 

4- 1 cos ^ sin (v - £1) 

In squaring this expression terms not mvolvmg B or <f> can be rejected, 
because they disappear on differentiation Also terms mvolvmg v with 
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coefficients above zero order are found to be negligible m effect Under 
these conditions the result becomes 

'2'V^ 2 _ ^ g^j ^2 ^ -j- ^ sin^ 0 cos 2(v — cj)) 

+ csm9 cos 6 sm (^ — iV^) + ^ sin 6 cos 6 sm ((j> - U) 

+ I C“ sin- 6 cos 2 (<j) — N) — sin^ 0 (‘^) 

261 Certain expansions in terms of the mean anomaly m undistiiibed 
elliptic motion are now lequired When is neglected in the fonnulao 
of I 40, (22), (26) and (27) of Chapter IV become 

rja = 1 - 1 - le” - ecosM — cos 2M 
a^x /r® = (1 — I e^) cos ilf + 2e cos 2M + cos 31f 

— — -ge^) sin if + 2e sin 2M -1- sin SikT 

The latter give, w being the true anomaly, 

siiii2wjr^ — {l — e^) sm 21f -f 4e sm SM + sin 4M 
cos 2w/r^ = + (1 — e^) cos 2M + 4e cos 3ilf H- cos 4ikr 

== 1 +■ 3e^ + 4e cos M+7e‘* cos 2M 
whence, after multiplication by rja, 

sm 2zi;/r^ = [— Je sm If ] + (1 ~ sm 2ikf + [-Je sm SM + sin 4ikr] 

cos 2'ii?/? 2 = [— Je cos if] -f (1 — f e'’) cos 2M cos 3if 4- cos 4i/] 

a7 = 1 + ^e- + Se cos M + [fe" cos 2if ] 

The eccentricity bemg small, of the same order as c, the terms [ ] winch 
mvolve M and are not of zero order, are immediately rejected Now 

M. = 7i!'t 4" — uir 

V + iff 

where v!'t + /u is the mean longitude of the Moon in its orbit and ta- is the 
longitude of the lunar perigee, both being measured partly m the two 
echptic planes for 1850 0 and the epoch t and partly m the plane of the 
lunar orbit From the expression (4) can now be deiived 

0,^5^ / = (i ~ f + f sin^ ^ + c sin ^ cos 9 sin (<^ - N) 

+ 1 sm (9 cos 9 sm(<j>- 11) + ^ sin^ 0 cos 2 (<^ - W) 

4 i sm" 9 cos 2 (n"'t + sm^ 0 cos (n"t + 

the final term bemg retained though peiiodic and not of zero Older 
For the Sun c = 0 and hence similarly 

= (J + |e'7 sm" d + z sm <9 cos 0 sm (<l> - H) 

+ 1 sm" 0 cos 2 (n't + / - ^) + |e' sm" 0 cos (n't 4- - m') 
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262 These expressions give the means of forming U, for 

U=-^Q{G^A)twfz^lE^ 


For the Moon (§ 256) 
and foi the Sun 

Let 

Then 


Gm! ^ QEf 

~'l+f 




Gm' _ G 

tt* 




"-of tirr 


0-A n'^ 

On \-\-E 


__ rr 

Gn^ 


“■^1 " TT " 


(5) 


= ■" l^a (i "" 2 + ie^) + ^1 + f e'Ol ^ i + ^ 2 ) ^ am 2^ sm ((^ — H) 

“ -^1 (i cos 2 (^n't + pf — <f>) + ^6 cos (n't + p/ ^ ■sr')} sin® 6 

— cos 2 (n"t + /I. — ^) H- 1 e cos {n"t + p — ■ 57 )} sin® 6 

- Kq {c sin ^ cos ^ sin (<^ - iV') + i sin® 0 cos 2 (<^ - iV)} (6) 

The dynamical equations (§ 259) 




1 8 /^?7 

sm $ dd 


e = - 


© 

sin 0 \Gn/ 


which result must be solved by continual appioximation This process, 
when guided by the facts of observation and limited to piactical lequire- 
ments for a period of a century or two, is veiy simple For it is known 
that 6 IS very nearly constant, while 0 changes progressively but very slowly 
Hence it is possible to discuss the secular effects, or precession, and the 
penodic effects, or nutation, separately 


263 The last three lines in the expression for UjCn, containing six 
terms, give rise to periodic terms in 0, which can be neglected in the 
first instance The secular changes come fiom the terms in the first line 
With sufficient accuiacy wo may write 

i sm n = gt, ^ cos Lt = g% e' = eo + e-it 
the quantities e^.ei g and g being given by the theory of the Sun’s motion 
The corresponding changes foi the Moon are negligible m effect or rather 
are treated differently Hence the equations for the secular movements of 
the Earth’s axis are 


^ = - [Za (1 - + 1 e») + Z, (1 -I- !«,»)} cos 9 

- (Ki + ^^^0 ( 9 ' sm ^ cos 0) t — dKieoCi t cos 0 

0 = (Ki + Ki) cos 0 {g' cos <l)+g sin <^) t 



300 


Precession, Nutation and Time [on xxii 

When ^ = 0 (1850 0), 9 is the mean obliquity of the ecliptic foi that date 
and may be denoted by €q Also <^>, being the angle between the planes 
OXZ and OZz (§ 255), is 90° by the definition of the axis OX Thc^ penodu* 
effects at the time i=0 are excluded from consideiation heie, but then 
influence is small Hence initially 

= 90° - {K, (1 - f e^) + R\ (1 + |eo0) cos 6„ t ' 

- h (.^1 + ^^" 9 ' + i cos f„l (7) 

Sin fo J 

^ = 60 "h + X^ cos 60 gt J 

The length of time during which these expiessions will be valid deptuids 
on the numerical values of the quantities involved Foi a short inter 'val 
from 1850 0 (a centmy or two) the preceding equations hold good, and may 
be written 

=: 90° -at- 
= ^0 d" 7^' 

the suffix m denoting mean values from v^ffiich periodic changes arc^ (‘xclud<‘<l 
Thus i^yrhi 9ni define the position of the mean equator at the time t relative to 
the fixed ecliptic (1850 0), the coefficients a, and 7 being now determined 
by (7) The motion of the mean equator on the fixed ecliptic, measuied by 
90° — (pm, IS called the lum-solar precession in longitude The angle 9,n, — fc{, 
may be called the luni-solar precession m obliqu% 

264 It has been convenient to use a fixed set of axes XYZ, whi*n‘ 
-^represents the pole of the ecliptic for 1850 0 and X the mean equinox foi 
the same date It is now necessary to introduce a new set of axes X'Y'Z\ 
where Z' represents the pole of the ecliptic for the epoch t and X' the 
corresponding mean equinox, 1 e the intersection of the mean equatoi and 
ecliptic at the epoch t Let z represent the N pole of this moan equator, 
its position being defined by , 9^ The longitude of in the X YZ synUnn 
IS Q — 90° and ZZ^ = ^, where 

^ sin XI = + ht^ 

i cos = g't + 

the terms of the second older being omitted above because they clearly give 
rise to terms of the third order only in the luni-solar precessions 

Let us consider the spherical triangle ZZ'z, of which two side's luo 
ZZ' = t and Zz=0^ Since XZZ' = 0,-90° and XZz = <},„„ the angle 
Z Zz = (jim — O + 90 The side zZ', which is the mean ohhqutty of the 
echptic at t, will be denoted by df, and the angle ZzZ', which is called thi' 
planetary precession, will be denoted by a Hence 

cot % sin 6m, = cos 6m sin (ft — <j)m) + cot a cos (ft — 
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and to the second order 

^oos{D>-<|>m) 

cos i sm sin (12 - cos 

(9^ + QOS <l>m -i- (gt + hf) sin <l>m 

sin 0 m - {(9^ + ht^) cos (jim- (eft + Kt^) sm cos 0 ^, 

_ oig't^ ht^ 
sin 60 + g't cos €0 

smee it is enough to take 0 m = e© and <j)m = 90° — at Hence to the required 
order 



Pig 8 

Again, in the same triangle, 

cos 0m — cos ^ cos 0m + Sin ^ Sin 0m SlU (H - <l>m) 
whence, to the second order, 

(Om — Om) sin J (0m + 0m) = - COS 0m + sm 0m (agt^ — g't — hH^) 

To the first order, therefore, 

= - g't, sm i (0m + 0m) = Sm Co + \g't COS €o 
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Hence to the second order 

n/ p _i(g^ + g'")t^oos€o + (g't + h'f-otgt^)&m€n 
sm€o + i5^'^cos7o 

= g't + h't^ — agp + 1 gH^ cot Sq (10) 

Therelations between the various sets of axes are shown m fig ^ The equ.itfu 
X'y (epoch t) cuts the fixed ecliptic XY in x, where Xx = , 

the luni-solar precession, and xX' — xzX ^ ZzZ' — a, the plcinet<uy pn‘- 
cession Let ZX cut XY m D, so that XD is the negative mean longitiuk^ 
(1850 0) of X\ the mean equinox at t This arc is called the genet al pte- 
cession and will be denoted by 90° — ^rr!y so that xB = The angle* 

DxX' — Zz—Qtt^ and xBX' is a right angle Hence 

tan (<I)X - <l>m) = tan a cos 9^ 

and to the second order 

"k Ct COS €0 

Thus by (8) and (9) the general precession may be expressed in the fonn 
90^ -<j>,r:^Pt + P'P 

where 

P = a —g cot 

P'- 0- cot €0 (h + cig' — gg' cot eo) 
and by (8) and (10) the mean obliquity of the ecliptic is 

= €o + Qi + Qt^ 

where 

Q =g' 

Q = 7 +■ P - ap q- 


265 To hnd the peuodic effects, or nutation, it is necessaiy to ictuiu 
to § 262 and write 

+ 9 = 9^-i-S 

Now 4>^ and have been calculated so as to satisfy the seculai teims which 
anse m the equations of motion from the first line of the expiossion ((i) foi 
UlCn Hence the six periodic terms of the last three lines alone aic now 
relevant, and the dynamical equations become 


^ = -^1 {cos 2 {n't + /j,' — <f>) + 3e' cos (n't + /i — w')} cos 6 

— {cos 2 {n”t + /! — 1^) + 3e cos {n"t + /r — w) j cos 6 

- K,_ {c sui (<^ - N) cos IBjsm ^ + Jc^cos 2 (</> - iV) cos 0} 

0 = {Z, sin 2 (n't -h fi' -<f>) + K^ sin 2{n"t + /z- ^)j sin 6 

+ Zs {c cos d cos ((^ - Z) - sm (9 sin 2 (0 - Z)} 

The Moon’s node makes a circuit of the ecliptic in 18f years in the lotio- 
grade direction, so that it is possible to write 

iV'=Z„-Zif 
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To the first order m t, which is alone necessary, ^ = eo and </> = 90® — at , the 
coefficient a can clearly he incorporated with n\ n" and Ni before integration 
m those terms m which <}> occurs, though the change in n\ n'' is unimportant 
Then on integration 


O = iTi cos eo sin 2 (n't + /) - ^ sin (n't fi' — 'Gr')| 

+ K 2 cos 60 sin 2 (n"t + /a) — ~ sin (n"t + At — ‘or)| 

+ ^ Sin (JVo - Nit) cos 26a/sm sm 2 (Nt - Nt) cos eoj- 

@ = sm e, cos 2 (n'i -t- /i') + ^ cos 2 (n"t + /i)| 

( c & 1 

+ Za • ^ COS eo COS (iVo - iVii) — sm eo cos 2 (^o — 

It IS unnecessary to add integration constants because these are incorporated 
in <j>m and Omj and, except as so far explained, annulled by definition at the 
initial epoch ^ = 0 (1850) 


266 O is the nutation of the obliquity of the ecliptic, and — <I> is the 
nutation of longitude, <l> and ^ being measured in the direction of increasmg 
longitudes The numerical quantities involved are of such an order of 
magnitude that a fair standard of accuracy has already been obtained in the 
formulae If more precise results were needed, it would be necessary (1) to 
carry the expansions for the disturbing bodies further, and (2) to contmue 
the process of integration by successive approximation to a higher stage 
The latter process would clearly introduce terms of the form at sin (nt + a) 
Among the terms of the former origin those depending on three times the 
Sun’s mean longitude (n't + fi) are the most important, and it may be left as 
an exercise to the reader to determine them 


By far the most important terms in the nutation are those with the 
argument (iVo — N'lt) The other terms being omitted, let 

J/’-K^cooseolJ^i ( 11 ) 

ss = [^] sm eo = e^sin (iV; - N^t) cos 2€o/ cos €o 
y - [0] == - J’coa (No - N^t) 

Since J’i8 an angle of a few seconds only, sc and y may be considered as the 
rectangular plane coordinates of the Earth’s pole relative to the mean pole, 
X being measuied m the direction of increasing longitudes and y upwards 
towards the pole of the ecliptic The relative path of the true pole is 
therefore the small ellipse 

cos® eo + cos® 2eo = cos® 2eo 
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described m a period of about 18 years Since cos €o > cos 2eo the majoi axis 
IS directed towards the pole of the ecliptic and, since x has the same sign 
as y, the sense of descnption is such that the relative longitude of the tiue 
pole lb increasing when it lies between the mean pole and the pole of tht‘ 
ecliptic, that is, it is clockwise when viewed from a point outside the celestial 
sphere The centre of this elliptic motion is earned by piecession almost 
uniformly m the direction of decreasing longitudes round the pole of thc^ 
ecliptic 


267 Since the manner of the investigation has been controlled by th(‘ 
actual magnitude of the various quantities involved, it is necessary to intio- 
duce numerical values if the results are to be properly understood l^hree 
quantities are based on observation, and not derived from theory, namely, 
the obliquity eo at the fundamental epoch 1850 0, the precession constant P 
and the nutation constant Jit The values now accepted are 

eo = 23°27'3r 7, P- 50" 2453, J^=9"210 
The eccentricity of the Earth's orbit is given by 

e' = eo 4- = 0 016 7719 - 0 000 000418 1 

and the position of the ecliptic by 

^ sm fl = 4- 0" 05341 1 + 0" 000 01935 

^ cos n = g't 4- ^ 0" 46838 t + 0" 000 00563 

the unit of time bemg a Julian year of 365 25 mean solar days The Hun's 
period relative to the equinox is the tropical year, and the corresponding 
mean motion is therefore 


= 27r X 365 25/365 2422 = 6 28332 
The eccentncity and inclination of the Moon’s orbit are 
e = 0 05490, c = 5° 8' 43" = 0 089802 

The tropical period of the Moon is 27 32158 days, and hence the mean 
motion in a Julian year is 

= 83 997 radians 


The retrograde motion of the Moon’s node has a sidereal period of 6793 5 
days The corresponding mean motion, corrected for precession, is 

iV'i = 0 33757 radians 

It IS now possible to derive the values of if, and K, In the fiist pbu e 
by (11), 

, , -^2 = JVN^jo cos = 37" 74 

Also 

a = P -t-Sf cot = 50" 2453 + 0" 1231 = 60" 3684 
But, by (7) and (8), 


« sec = if, (1 _ |c^ + 1 e») + Z, (1 + 
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whence 
and thus 


54" 91 = 0 992425 K^ + 1 000422 JTi 
-£'i = l7"45 


Since any error in Jt afifects directly and hence equally, greater accuracy 
would be superfluous The expressions for the luni-solar precession (§ 263) 
now become 


90° - = ai 4- = 50" 3684 i - 0" 000 1077 

= €o + 7^' = 23° 27' 31" 7 + 0" 000 0066 


while the general precession (§ 264) becomes 

90° - = Pt-\- FP = 50" 2453 1 + 0" 000 1107 

and the mean obliquity of the echptic 

= €(i + Qt + Q't^ 

= 23° 27' 31" 7 - 0" 46838 1 - 0" 000 0008 


268 In giving the numerical values of the terms in the nutation (§ 265) 
the notation is changed to that employed in the Nautical Almanac The 
results which follow from substituting the above constants are 

<!>=: + 17" 23 sin £3 - 0" 21 sm 2g3 4- 1" 27 sm 2X 
— 0" 13 sm (X - tt) 4 0" 21 sm 2 ^ — 0" 07 sm 
0 = 49" 21 cos £3 - 0" 09 cos 2 £3 4 0" 55 cos 2L 4 0" 09 cos 2J 

where L is the Sun’s mean longitude (?i'^ 4 //.'), tt is the longitude of the 
Sun’s perigee (ta-'), (J is the Moon’s mean longitude (n"i 4 /a), g\ is the Moon’s 
mean anomaly {n't 4 /lc - 'cr), and £3 is the longitude of the Moon’s ascending 
node {N^ — Nit) In the Nautical Almanac the nutation of the obliquity of 
the ecliptic (@) is called Ao), and the nutation of longitude (— <I>) is called 
AL Comparison shows that no term with coefficient exceeding 0"05 has 
been omitted here 

Two important astronomical constants are involved implicitly in the 
constants of nutation and precession, namely the mass of the Moon and the 
ratio {C’-A)/C, which has been called the mechamcal ellipticity of the 
Earth For the equations (5) may be written 

14/““^! G 3 n'^ 

the mass of the Earth, E = 1/333432, being negligible Here and 
expressed above in seconds of arc, are angular motions in a Julian year, 
and w, n' and n" are sidereal mean motions in the same unit of time With 
sufficient accuracy the above values of n' and n" may be used, and for n the 
value 27r x 366i Hence 

//(!+/) = 0012102, /=1/816 
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for /, the ratio of the mass of lh(‘ Moon to th(3 oi^iss of th(‘ Eaith, and 

1 

" 0 ^ 304 2 

for the mechanical ellipticity of tho Eati.h The in.iss of th< Moon is also 
obtained as a by-product liom th(‘ ohsei v<itioiis of a nunoi [)Lin(4 in a i(4mod 
determination of the solar paialla\ The value of /found by Hinks ni t.his 
way was 1/81 53 


269 The piactical application of the icsults obtained foi piiSission and 
nutation belongs to the domain of Sphencal Astionomv and will n(»t be 
pursued m detail here Nutation is so small that its idbsd.s can and 
are, treated independently of those due to ])U‘cession Of the Littu some 
thing more maybe said in oidei to define the two (puintitu^s (uuploved m 
calculating the effects of preccbsioii in tight ascoiusion <ind disdination 

Let «, S be the R A and decimation of a stat at tlu^ (^poc h t Tht‘se lefei 
to the system of axes X'y'z (hg (S), which difhus by a simple lotation 
through the angle a about ^ fiom the system njz nenc<‘ tin* looidinatis 
of the star m the lattei system ai(' 

a? = cos 3 cos (a ■+ a), ^ (a -f u ), 3 

whence, by differentiation with inspect to t, it easily follows that 


a-^ a = (ay -yt) /cos'-* 3 

3 = -3?/cos3 

Now the relations between tho systoniH ai/yar ,in(l XVZ .u<' cxpioHsocl hv (lit 
scheme 

® sm<l) - coa ^ 0 

y OOS0 cos ij> (H)s6Hin<f> —siud 

z smdcos(j) Hin^Hin<;6 cosO 

Here XYZ arc constant, and diffeiontiation of the lineai foimiilae loi ly., 
when XYZ aie finally expressed in terms of it y, z, f^ivca 

x = {ycoh6 + z am 0) ^ 
y = - a cos 0 (j}-z6 
z = - <j> + y0 

Hence, when x, y, z are expressed m terms of a, 8, 
a + a = -cos^ <#> - tan 8 sin (a + (i) sin (9 
S =-cos(a + a)sm6' ^ + 8in(a+«)^ 

These differential expiessions aic loquired to the fust oidei m <, and nO 
being of the second order may bo lojcctod at once Hmioo (the symbol n 
being used here m a new sense) ^ 


- tan 3(0H(a 4* cO t) 



268-270] 


Precession, Nidation and Time 


307 


a=^m-{-n sin a tan B — p cos a tan B 
S = ?icosa+psina 

where 

///. = — a — cos ^ <f>, 71 = — sin ^ <l>, p = asm 0 <f> + ^ 

and 6 may be leplaced by €„ With the numerical values given m § 267, (9) 
gives 

a = + 0" 1342 1 - O'" 000 2380 
a=+0"1342 -0" 000 4760 ^ 
and from the luni-solar precessions 

_ 50^' 3b84 + 0" 000 2154 1 
4- 0'^ 000 0132 ^ 

Hence 

m = 4- 4b" 0711 4- 0" 000 2784 1 
n = + 20" 0511 - 0" 000 0857 t 

while p = + 0" 000 0002 and is altogether negligible Thus m and n are the 
important quantities known as the annucd p7 ecessions m R A and declination 
The total precession in R A from 1850 for a point on the equator is 


mdt = m,t + m,t^ = 46 '' 0711 1 + 0 " 000 1392 
Jo 

The expiessions found for a, B arc the coefficients of the fiist power of the 
time and those terms suffice for short intervals only The further develop- 
ment of formulae foi the transformation of cooidmatcs from one epoch to 
another according to the methods of astronomical practice must be sought in 
such works as Newcomb’s Compmd%u7ri of Bphei^cal AUionomy 


270 It IS now possible to considei m some detail the astronomical 
measure of time The third equation of (1) is 

CO , = t/t + cos 6 

Here CO3 is the angular velocity of the Earth about its axis of figiue and is 
a constant previously denoted by n As this symbol has been used with 
another meaning in § 269 it will now be replaced by co The angle is 
the angle between a meridian plane {OzjtJ) fixed in the Eaith and rotating 
with it and the plane (OZz) passing through the pole of the fixed ecliptic 
For the fixed meridian we adopt the meridian of Greenwich The rotation 
refeis therefore to the Greenwich meridian lelative to za, m fig 8, and 
r = yjr — a will measure the same rotation relative to zx But the angle 
between the Greenwich meridian and zx\ x' being the equinoctial point at 
the time t, is the hour-angle of the First Point of Aries, 1 e the ndereal time 
at Greenwich Thus, r being Greenwich sidereal time, 

7 = -^— .(X = a) — a — (jt cos 0 
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practical util tv Bi far th** larg st t* rm in <l>cosc« is 

15 hO i sm r =» 1*054 sin P 
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irregularities in *h rntt xf ^he most perfect sidereal clock Since this 
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the nght tiactn^i >n .f in the meridian, and this principle serves both 
ttj dettnnine th* timr the th^ck and t*» measure the apparent positions of 
the ^tai> 

271 In th* n* tt p a futan Sun is defined \shich moves m the plane 
>»f th^ typmtxr ih umf >rm -ukrtal mean motion Its R A at time 
reckxne*! fn»m th* tr’u ♦quincx is therefore 

A ^ fU^ mj 4* nyP - ^ cos c* 

and iUi hour angi* 

r » T - A « T* A, -f — ft) f 

i» the meaaun of Gn**nwich tjnean time The constants occurring m A are 
a^ijusted as far ah pjs^ubn u» i**cure identity with the mean longitude of the 
actual Sun affecnii b\ aberration This inav be wntten m the form 

£ * < X. -f Xif X/^ ) - I + < Pt + Ff*) 

« A, Z t + Lp 
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where Aq is the true mean longitude of the Sun when i = 0, Xi is the sidereal 
mean motion, and 2 X 2 is the secular acceleration which anses indirectly from 
the perturbations of the other elements of the Earth^s orbit , k = 20" 47 is 
the constant of aberration , and {Pt + P't^) is the general precession m 
longitude The adjustment of the constants in A and L gives 

/l, + mi = Z/i 

and leaves outstanding between L and A the secular discrepancy (Xg - 
which would lead ultimately to a departure of the actual Sun, apart from 
periodic effects, fiom the meridian at mean noon This quantity is small 
and far from certain in amount, and will have no practical effect for many 
centunes to come Now at 1850 Jan 0, Greenwich mean noon, 


X = i = 5 : 0, To = Ao = Xo 


and the effect of adding one mean day to T or ^ is 

24^ = 360° = (a)-/i)/365 25 

whence 

0) / 365 25 =: 24^ + (A - m ,) / 365 25 
(fi) + mO/365 25 = 24*^ + LJ 365 25 
Now, according to Newcomb, 

Xo = 279° 47' 58" 2 = 39“ 11® 88 

Xi= 1296027" 6674 - 86401® 84449 
Xa = + 0" 000 1089 = + 0® 000 00726 


while m the latter unit (1® = 15") 


mi =+ 3® 07141, mg = + 0« 000 00928 

so that 

Xi/365 25 = 236® 55533, (Xj - mi)/365 25 = 236® 54692 

Hence in numbers the equation (12) for Gr sidereal time becomes 

T = 18^ 39“ 11® 88 + (24^ 3“ 56® 56533) D -h 0®000 00928 - <E> cos Co 

where D = 365 25 1 is the number of days reckoned from 1850 Jan 0 When 
X IS given an integral value this expression gives the sidereal time at Or 
mean noon and its value (less a multiple of 24^) is tabulated for every day 
in the Nautical Almanac When the nutational term is omitted, 

At = (24*^ 3“ 56® 55533 + 0® 000 00005 1) AX 


The secular term is also negligible, and hence 


1 mean day __ 86636^5^ 
1 sidereal day “ 86400“ 


= 1 002 7379 
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/. = 4m 41M2d N<i^ 5 m a ihan \eir' exceed r50 years of 365 days by 
121 da}** Vith na^ 1 1 tn iar Ui-» ri' 12 kap da}s between 1850 and 1900 
H n thi-* 1 -^ Uh in» in longitude lur lOfK) Jan 0 5 The mean longitude 
1 r 1 J ill M M nit in n* ui • thv-n t »re L 365 25 = 18^ 38“ 45® 845 

iiid V f< inc’-eistij bv 74*155 at the dailv rate 23b**555 in order to 

Ui 1 i. 4 Ihi" roipare^ 0 3135 intan da\s, and the beginning of 
tfiT tr» ]u il tr in loOO l^ theref*re Jan 03135, the fraction of a mean day 
Itt in^j n ek^»n* d tr»'rn limnwich mean noon This epoch is recorded bnefiy 
i.-' VH»0li I h rh»‘ Tii^an muulox of this dite that the observations of 
iht }t ir an n^iuctd m tht first msUiice 


273 Nuih m « utlme an thi main textures in the astronomical methods 
ut rKk' ninj Tht} mvoh* certain constants which, being based on 

ih* I ii4>an-M n ct thenrv with ob^servatmns, are capable of improvement 
Bat th» re lu alt^kitt ^'tandard of nine Ultimately no doubt the con- 
Tinfo-*! vHii pin-v n s f th» orv Witli ob»i nation according to such a system of 
tiiut i- th u *i* w'nUd above will bnm: to light discrepancies m the motions 
*il htivfjh hdits uf a kind which cannot be attributed to errors of 
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observation Then the question will arise whether these discrepancies can 
be removed by a meie adjustment of an accepted system of constants m- 
volved m the measure of time or whether the fault lies in the theory This 
IS the ordinary experience of practical astronomy It may, however, prove 
that what have been regarded as constants are not really constant at all 
Thus ft>, the rate of rotation of the Earth on its axis, may vary owmg to such 
causes as the secular cooling of the Earth and the effect of tidal friction, 
Theie is, indeed, reason to think that this is so But ultimately it is only 
possible to adopt such a system of measuring time as will reconcile all 
celestial phenomena as far as may be with the simplest possible body of 
laws In the meantime to deal with discrepancies as they arise is among 
the most critical problems of technical astronomy 



CHAPTER XXIII 


LIBUATION OF THE MOON 

274 The form of solution found suitable m discussing the rotation of 
the Eaith depends on special circumstances and is by no means general 
The Moon’s rotation similarly presents quite special featuies which require 
very different treatment This movement is governed to a high degree of 
approximation by Cassini’s laws 

(1) The Moon rotates unifoimly about an axis which is fixed with 
respect to the Moon itself The period of this rotation is identical with the 
sidereal period of the Moon in its orbit, namely 27 321661 days 

(2) The pole of the lunai rotation ^ makes a const mt angle (1°35') 
with the pole of the ecliptic Z, which may heie be legarded as a fixed point 
on the celestial sphere 

(3) In consequence of the nearly uniform regression of the lunar node 
on the plane of the ecliptic and the nearly constant inclination of the lunai 
oibit (5° 9'), the pole of the Moon’s orbit P is known to desciibe a small 
circle about ^ m a period of 18f years The arc of a great circle zF contains 
also the pole Z In other words, the planes of the lunxr orbit and the lunar 
equator intersect on the ecliptic, the latter plane being intei mediate between 
the two former 

These laws were discovered by observation and they are so exact that 
later work with more refined instruments has failed hitherto to determine 
any divergences from them with a satisfactory degree of certainty They 
define as it were a steady state of motion, and it is necessary to inquire 
under what conditions such a state is possible, and to what oscillations it is 
subject according to theory 

275 The first of the above laws corresponds with the well-known fact 
that the Moon always presents the same face to the Earth, or more truly 
that a large fraction of its surface (nearly f) is always concealed from obser- 
vation In order that exactly the same face should be seen at all times 
three further conditions would be necessary and the failure of these conditions 
gives rise to three distinct components of what is called the apparent or 
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opticdl hbration of the Moon These conditions and the corresponding 
effects of their departure from the facts aie 

(1) The motion of the Moon in its orbit about the Earth must be 
umform But owing to the equation of the centre and periodic perturbations 
the actual place of the Moon may differ from its mean place by as much as 
8° Hence an oscillation in the central meridian, which is known as the 
hbration in longitude 

(2) The axis of the Moon must be normal to the plane of its orbit 
Actually the angle which it makes with the normal to the orbit is 

V 36' + 5° 9' = 6° 44' 

The monthly effect of this is called the hbration in latitude 

(3) The point of obseiwation must be the centre of the Earth Owing 
to the position of the observer on the Earth's surface, which varies with the 
rotation of the Earth, there is a parallactic effect which is called the diurnal 
hbration 

These three effects which together constitute the optical hbration of the 
Moon are purely geometiical consequences of the known conditions, and 
entirely independent of the dynamical hbration which is now to be examined 

276 When the rotation of the Moon is in question the action of the 
Earth as a disturbing body is clearly preponderant and the action of the 
Sun is neglected Let 0 be the centre of gravity of the Moon, OXYZ a set 
of ecliptic axes fixed in space, and Oxyz a set fixed in the rotating body and 
coinciding with the principal axes of the Moon, the corresponding moments 
of inertia being A, B, (7 Now since the axis of rotation is nearly or quite 
fixed in the body it must practically coincide with a principal axis , for a 
permanent axis in any other position would require a constraint which is 
obviously absent in this case This principal axis will be identified with Oz, 
As in § 255 the two sets of axes are connected by the angles (j> and ^fr, and 
0 sa ZOz being always of the order 1** 6, its square may be neglected The 
relations between the coordinates are then given bj^ the scheme 

Z F ^ 

X cos (</> 4- sin (<!>+ i^) ^ cos xjr 

y + cos(<#> + t) Osmir 

z 9 co3(I) 1 

and Euler’s geometrical equations become 

(t>i = 6 sm 'sjr <l>0 cos '\jr 
0)2 = ^ cos 4- (j>6 sin 

6)3 — -1- </) 
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Ltbration qf the Moon 

The dynamical equations aie again of the form 

A<Oi — (B — G) fflatOj = L 
Bco«-{G -A) o>,a>,= M 
G(Oj - {A -B) (BiWa = N 

where (| 257) 

L = SGm{G-B)yzl7’, M ^SGmiA - 0) N=SGmiB -A)xylr' 

m being the mass of the Eaith, (x, y, z) its cooidinates and » distance 
fiom the Moon Let (A^ F, Z) be the ecliptic coordinates of the Earth 
relative to the Moon The inclination of the Moon’s orbit, c - 5 9 , is so 
small that c' will be neglected Then (cf § 66) 

_X = »cos(a + <»+w). -7 = 7 sm(fl + <» + ®), -Z = rcsm(co + w) 

where n is the longitude of the Moon’s node, (fl + ai) the longitude of the 
Moon’s perigee, and w the Moon’s tiuc anomaly But 

x = n 4- ft> + ^ 

IS the longitude of the Moon in its orbit Hence, by the above relations 
between the two sets of cooidinates, 

-x=‘rcos(X--<p-^), -y = r sm(X-4>-f) 

- 2 =7^ cos (X- ^f>) + JCbin (X - fl) 

the pioduct a& being neglected in a and y Lot 

G-B = Aa., A-G^B^, B-A = Gy 

Then the dynamical equations of motion become 

= 3(?mar-^ sm cos {\-<i>) + o sin (X - fl)ll 

+ /Sfflscox = 3(?m^r-’cos (X - - t) cos (X -.#.) + o sin (X - Q)} | (1) 

As the figure of the Moon is to all appearance sensibly sphoucal, a. ^ and 7 
must be fairly small quantities And since, fuithei, the instantaneous axis 
IS nearly fixed in the body and veiy close to the axis of m, and x, must be 
very small in comparison with <u, 

277 It follows that 111 the l<ist equation the tcim ywiWi can be neglected 
Hence this equation becomes, m view of the third goometrical equation, 

(j, + = I Gnt7» “'&m2(X — — •'|r) (2) 

The Moon’s moan longitude is n't + «, whoic n' is the Moon s moan motion 
and 6 IS a constant The Eaith’s mean longitude, as seen from the Moon, is 
theiefore ir + + e But accoiding to Cassini’s fust law, 

Oj s= 0 4. 'ilr = /fc' 

4. -ijr = 4 const 


or 
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the constant depending on the choice of a fixed mendian on the Moon’s 
^rface Let it be so chosen that the lattei expression is equal to the 
Earth s mean longitude The corresponding meridian is called the first 
lunar ^ meridian In ordei now to allow for a possible inequality in the 
Moon’s rotation an angle x is introduced such that 

^ + + = n't + e ( 3 ) 

This angle represents an oscillation m the position of the first meridian 
According to Cassini’s laws x = 0 and obseivation proves that y is certainly 
very small The equation ( 2 ) now becomes 

y = -|(?»i7r-‘sin2(;)t;+X.-n'<-e) (4) 

It IS clear that the conditions of stability are only complicated by the 
inequalities in the motion of the Moon Therefore we substitute for the 
moment a uniform circular orbit with mean distance a', so that X = n't+e 
r — a' and ’ 

% = — f Omya'-^ sin 2x 

= - (1 4- f)-i sin 2x (5) 

where /is the latio of the mass of the Moon to the mass of the Earth , since 
by Kepler’s third law 

Gm(l+f) = n'^a'> (6) 

But the equation of motion of a simple pendulum of length I and inclined to 
the vertical at an angle 6 is 

which can be identified with (5) by taking and 3n'^y{l + /)-i= 

Both equations can of course be solved generally in elliptic integrals But 
It IS enough to notice the physical fact that the pendulum is capable of 
small vibrations provided d is small initially and g is positive Similuily y 
if initially small will remain small provided 7 is positive, 1 e B > A Now if 
the inclination of the lunar equator to the lunar orbit be neglected, (d. 
measures the displacement of the axis of ai from the equinox from which the 
longitudes are reckoned Under these simplified conditions the first meridian 
contains the axis of x and always coincides with the central mendian of the 
app^ent disc The axis of x is thoieforc directed approximately towards 
the Earth and this defines the axis about which the moment A is less than 
tie moment B This is the first condition of stability It is also to be 
inferred that A+B Eoi if A =£, = 0 and a small disturbance would 

intiodiice a secular term in x which observation shows to be absent 

278 If 7 ' = 7 ( I +y )-i the iiioie general equation (4) for x becomes 
X = -l n'f (of y sin 2{x + \- n't-e) 

f'ccentricity of the lunar mbit 
(05o) X IS still smaller and a'/r differs from 1 also by a quantity of the 
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ordei of the occeiitiicity Hence if the square of the eccentricity be 
neglected, 

^ (% + X — nH — e) 

01 

— ““ 

whole the terms under 2 represent the equation of the centre and periodic 
inequalities of the lunar motion This is the ordinary equation for foiced 
vibrations and the solution may be written in the form x = Xi + X^ Xi 

IS a particular solution, corresponding to the forced vibiations, and Xs i'’ the 
complementaiy function, corresponding to an arbitrary free vibration It is 
easily vei liied that 

X. = Sn'V'S + *') 

and . , 

= ^ sm [nt\/(^y) + ^] 

wheie K, I' are arbitrary Terms in Xi can only become sensible by reason 
of H large or h small, and the most promising terms in the lunar theory are 
consequently the equation of the centre (or principal elliptic term) 
ktJrh' = g,, JT = + 22639"!, /i = 47033" 97 


and the annual equation 

;(i< + /,' = ©, if =-668" 9, // = 3548"16 
where p, is the Moon’s mean anomaly, O is the Sun’s mean anomaly, and 
the unit of time is the moan solar day, so that n' = 47435" 03 The corre- 


sponding terms in %i are 

87 r _ 

~ 6 3277 - 7' 


, 11' 15 , 

S'* -0001865 - 7' 


It IS easily seen that, 7' being certainly very small, it is the second of these 
terms which is the larger But the determination of its coefficient from 
observation has not yet been made with satisfactory certainty Since the 
Earth’s distance is about 220 times the Moon’s radius a geocentric angle 
of 1" IS the equivalent of 4' in selenographic aic near the centre of the lunar 
disc As the quantities to be looked for are likely to be of this order, or 
rather still less, and the observations aie very difficult, positive results must 
be awaited from the study of the large-scale photographs of the Moon which 
arc now available According to Franz, using the heliometer observations of 
Schluter, the coefficient of sin 0 is about 2', giving 7 of the order 0 0003, 
and the arbitraiy libration K, which should have a period of rathei more 
than 2 years, is practically negligible 

279 Since, by (3), oij -1- % = where x may now be supposed very small, 
the first two dynamical equations may be written 

0)1 -p an'aii —LjA 
o>2 + 0n'a>i = Ml B. 


( 8 ) 
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^—6 cos i/r, 7) = 6 sin -i/r 

^ — 0 cos i/r + <j)0 Sin 'sjr — (<f> 4- yjt) 6 Sin i|r = ©a — co^y 

7}s= 0 sin ^fr “ <1)6 COS '^ + (<j> -{• yjr) 6 cos i/r = a)i + Waf 

Again ©a may be replaced by ti', being multiplied by f and tj which are 
small Hence (8) become 

97 — (1 - ot) n'^ + an'^ ^LjA 

f 4- (1 + y5) n'rj - ^^MjB 

Expressions for LjA, MjB have been given in (1), and if/— 1/81 be 
neglected in (6) these are 

LIA= 3aw'® (a / ry sin ^ - ^Jr) {6 cos (X. — (^) + c sm (\ ~ 11)} 

M/ B = Sj3n'^ (a! I ry cos (X — ^ cos (X — <][>) + c sin (X — 11)} 

and as they are already of the order 6 or c multiplied by a or the other 
quantities involved are only required to the first order in e, the eccentricity 
of the orbit Now being the mean anomaly, by Ch IV (9) and (30) — or 
in a more simple way — 

a/r = 1 + 6cos^i, = 2esm^i 

where 

gi s= rCt -l-€ — ■nr, i(;5sX — nr 

w being the true anomaly and w the longitude of perigee Also x is in- 
significant here, so that by (3) 

^4.i^ = 7r + n'^ + e = ^i-l-'Br-f-7r (10) 

Hence 

\ — <j) — '\lr=:w—gi — 7r = 2e sin — tt 
am (X — (j) — yfr) = — 2e sin^j, cos (X — (^ - '^) = — 1 
{ 0 ! jry sin (X — ~ — 2e sm gi 

{a! I ry cos (X - — -^/r) =s — 1 — 3e cos g^ 

Again, 

cos (X — <;()) = — cos 4- 2esin g^) = — cos i/r 4 2d sm sm ^ 

6 cos (X — ^) = — ^ cos t/t 4- cos {gi — '>^) — ed cos (gx + '^) (12) 

and finally 

X — — fl = ^i4“’sr--f24-2dsm^i 

sm (X — H) — sm (^1 4- w — Xl) 4- 2e sm^i cos (^ 1 4- w - Xl) 
c sm (X — XI) = c sm (^Tj 4" ta- — XI) 

4- ce sm (2^^ 4- •w — Xl) — cd sin (w — Xl) (13) 

It IS now necessary to introduce (11), (12) and (13) into LjA, MjB, to 
reject terms of the third order m d, c and 6, and to resolve the products 
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of circular functions which occur into single functions The lesult of this 
simple reduction gives 

sin (^1 + '^) 4* fein (^i — *^1^) — ec cos ('kt — O) 

+ ec cos ( 2^1 + 'CT - fl)} 

MjB = [^eS cos {g^ + f) + 1 el9 cos {g^ ^^|r)-iec sm (t^ - il) 

- ^ec sm ( 2^1 +• - fi) - c sm (^i + ^ - fi) + <9 cos , 

The last term m M/B is d/3n^^, which maybe transferred immediately to 
the other side of the corresponding dynamical equation This leaves one 
term only of the first order in MjB the remaining terms m L/ A and 31 / B 
are entirely of the second order 


280 Let the actual dynamical equations, aftci tiansferrmg the term 
S^n'% be replaced by the forms 

^ (1 _> a) r/f + B' cos (pn't + g)'| 

I + (1 +. ^) n'v - 4,0ti’^l= B0n'°- P sm {j)n't + g)J 
A particular solution is ^ = Q sm (pn't + q), v = Q' cos {pn't + q), piovidcd 
Q'(-p^ + a) -Q (l-a)p=BaP'] 

Q (-p=-4^)-Q'(l + ^)ii = 3ySPj 

or 

Q ^ 

a (1 + yS) pP' — (p^ - a) P ^ (1 - a)pP - a (p^ 4- 4^) P' | 


(15) 


( 16 ) 


’(p^-a)(p'‘ + 4/8)-(l -a)(l +/3)p* A 


In this way any periodic terms on the right of the equations can be 
represented by corresponding terms in f and ri But the coefficients Q, (/ 
involve P, P' multiplied by the small quantities a ox j3, and aie theiefoie 
extremely small unless A is also very small Now A=:p’(p- — 1) when 
a and ^ are ignored and therefore, ceteris paribus, sensible teims can be 
obtained only when p is very near to 0 oi 4 1 

Solutions of the same form constitute the complementaiy function and 
are determined by (17) when P = P' = 0 Then p is given by 

A = -p^ (1 - 3^ - aj3) - 4a/9 = 0 

or 

2p2 = 1 - 3/9 - a/3 4 ^/{(l - 3^ - a^y -f 16«/3} 

It is enough to retain in p the teims of the first order in a, jS, and thus 


2p’- = 1 - 3^- 4 (1 - 3/9 - a/3 + 8a/9) 

so that if pi, Pa are the two roots, 
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Thus the penods of the two possible terms are determined with sufficient 
accuracy, the former being nearly a month, and if the corresponding co- 
efficients are Qi, Qi , Qq, , then by (16) to the lowest order only 

Hence a solution of (15) when 0 is substituted on the right-hand side is 

= Qi sm {(1 - f /3) n't + q^] -1- sm {2 v'(- cij3) t + q^} 

Vi = ~~ Qi cos {(1 — f 5) n't 4- + 2 V(— a) Q2 cos {2 \/(— ol0) 1 4- q^ 

and as these expressions contain four arbitrary constants Qi, q^^ q^ they 
represent the required complementary functions 

These arbitrary terms again appear to be insensible The important 
point is that must be negative, for otherwise the circular functions would 
be changed into hyperbolic functions and the motion would be unstable 
This means that {C — B) {A — C) is negative, or again that G is not inter- 
mediate in magnitude between A and B This is the second condition of 
stability which has been found 

281 To terms of the first order only, 

Z/-4 = 0, MfB = — sin (^1 4- — 12) 

where, the secular inequality of the node being taken into account, 

+ liT = -4- €, X2 = X2o — /xn% /x = 4- 0 004019 

Thus in applying (17), P' == 0, P = - c, p = 1 + ^16, and therefore 

.—- Q ■ = ^ L-3/30 

If a, and p be 1 egarded as small quantities of the first order and those of 
the second order be neglected, 

Q=-Q' = 3y5c/(2/.4-3^) (19) 

so that f and 9? contain the terms 

These terms contain the explanation of the steady motion of the Moon’s axis, 
which IS expressed by Cassini’s law's 

For the coordinates of the Moon’s pole of rotation relative to the pole of 
the ecliptic may be taken as 

X — 6 cos <^> = f COS (^ 4- ''1^) 4* 17 sin {<p 4- 'yfr) 

V= ^ sin 0 f sm (<f> 4- — 97 cos (<f> + yfr) 
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Let the free components , 771 be ignored and also the forced oscillations of 
the second order which have still to be found Then 


X = Q sin (^1 + tsr — n — <56 — 
y = Q cos (^1 -f — ''1^) 

But by (10) 


^4.i|r=^i + 'Z3r+7r 

and therefore 

X = Q sm n, F = - Q cos O 

But the longitude of the pole of the lunar oibit is fl Jtt, so that its 
coordinates are similarly 

X' =-c sin fl, Y' — — c cos fl 

Hence these two poles are always exactly on opposite sides of the pole of 
the ecliptic provided Q is negative This requires, since Q is given by (19), 
0 > > - |/i Hence C>A, which is a third condition to be satisfied b} the 

moments of inertia The lesultant of the three places the moments in the 
order 

0>jB>A 


where C refers to the axis of rotation and A to that axis which in the mean 
is directed towards the Earth 

It IS now clear that the further conditions necessary in order that the 
second and third laws of Cassini shall remain approximately true are one 
and the same, namely that those terms which have been neglected in th(^ 
above argument aie really small in comparison with Q This quantity is 
the mean value of 0, and its numerical value is 91' 4 accoiding to Fiaiu 
With c ~ 308' 7 and = 0 004019 it follows that 

-/3 = (C-il)/5- 0 000612 

which should be tolerably well determined It is to be noticed that a, /3, y 
are not independent, but connected by the identity 

a + 73 + 7 -f afiy = 0 

The product is negligible and if 7 = 0 0003 as given above, then a m of 
exactly the same order as 7 


282 The terms of the second order in e, 0 , 6 can now be found without 
difficulty, since here it is legitimate to give 6 and i/r their values m the 
steady motion Thus 6 = Oq, its constant mean value, and since in the steady 
motion (jE) = O + ^tt, 

^i4"'CEr---n4- 

Hence without the terms of lower order already treated, the expressions ( 1 4) 
become 

LI A = Zan'^ [e + c) cos (2£f, + nr - a) - e(0„ + c) cos (nr - fl)) 

Mj B = * {— (^0 + c) sm + w — il) — Je + c) sin (ct — il)j 
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The corresponding terms m tj can be found in the way explained in § 280 
But since w and 12 change slowly p is nearly 2 in the case of the terms which 
contam 2 gi m the argument Their counterpart m f , 77 is therefore negligible 
With the other pair p is very small The secular changes in the node and 
perigee may be expressed by 

12 = f2o — fj/n% -or = Wo + vn't 

so that p = /I -hv, and 2P = P' = — e + c) Hence (17) give 

Q O' 

2a (1 + fi)p-/3(p^ - a) yS (1 - a)p- 2a 4;3) 

jjjj 'I® (^0 c) 

(P* - a) (p« + 4^) - (1 - a) (1 + ^)p^ 

which, when simplified by the removal of all but the most significant quantities 
in the denominators, become 


Ql2a==Q'll3 = ie(e,+ c)lp 

The terms of the second order are therefore simply 

cos (-51-12) . (21) 

Now v =0 008455, p + p—l/SQ nearly, and ^0 + c == 400' Also e <= 0 0549 
and with the above values of a and A 3a(g = -f/9e = 0 00005 Hence both 
coefficients are numerically 1' 6, and 

f J = 1' 6 sin (•ST — X2), = — 1' 6 cos (-cr — O) 

the period being 80 lunar months or 6 years 


283 When the several terms found are combined, 


and by (9) 


1= 4* fa + V = Vx + V2+Vii 


Now with the 
and from (21) 


0)1 = ^ - (Oaf, 

approximate forms (20) 

fa = - 717 ) 2 , 


0)2=f + Ct)3'7 


778 — 72 - fa 


fo = (/X + p) 778, 773 = - 7l' (^ + p) fa 

Hence, putting 0)3 = 71' here and neglecting the aibitrary terms fi, 771, the 
existence of which has not been established by observation, 


coi/n' (1 4- /A + p) fa, 6 ) 2 / 7i' = (1 + /A + v) 778 

and (fi + p) IS relatively unimportant here 

One remark is necessary however For the sake of simplicity and in order 
to concentrate attention on the mam feature of the motion, the coefficients 
of fa and 77a in (20) were made numerically equal by the simple expedient 
of neglecting /a® (= 0 000016) in companson with p Consistently with this 



322 


Lihration of the Moon [ch xxiii 


the factor (1 + m) has been omitted in finding and the result is that 

do not appear in This factor can only bo reinstated correctly 

ffter has beL restored in % Now by (18) r,, aie of the form 

1 + ^)2 _ a) 6? sin = - (1 - «) (1 + G cos 

where g = ffi ^ Hence 

= (1 + h) 1(1 + l^y - ^ 9 

■,l,/n'^{l + gy{i-a)Gsmg 
and the contributions to o)i, ©a are given by 

Acojn' = - a (2^ + G sin g 
Aa)J,n' = (1 + /ti) ( 2/1 + g?) G cos g 

The factor a shows that Aai. is veiy small and if g- as well as a be now 
rejected, A®Jn' = 0, Amjn'^-2gv. 

Hence in a numerical form the forced rotations aio finally given by 
= - f , = - r G sin (w - H) 

• ^,/^' = ^,_ 2 /i./, = -l'6cos(iir-n)- ()'7cos(9-. + w-n) 


since 6 = = - 91' 4 and /i = 0 004 

With the more exact expressions the coefficient in ^ is numoriwlly 
greater than that in , the difference being - /i (1 + /i + «) Got - gG This 
amount, 22 ", may he divided equally between the two coefficients without 
disturbing the observed mean inclination of the lun.w t'quatoi to the lunai 
orbit, and thus 

ft = - 91' 6 sm (^, + w - H), = 9T 2 cos (j-, + c - 11 ) 

Lastly, by (V), if the fiee hbiation in longitude be ignoied, 

on , 0 000242 , ^ 

a„/n' = l-X«' = l-o33_V 7 cos + 000 1 8G5 - 7 ' ^ 

where the coefficients aie expressed in ciiculai me.ihuro Thus Liu* posit urn 
of the instantaneous axis, relative to the principal axes of the Moon, 

= = 

IS determined It has therefore been seen iindm wh.if, conditioiis t’assim’s 
laws are approximately true, and how far they must lu-ccssmily be modified 
by disturbing actions 

The latest results fiom observation, by M PmsfMix ol Pans, si^eni to be 
at variance with the foregoing theory It is prob.ildi th it, it, will bo necess,uy 
to treat the Moon as a defoimablc body, as the o]>s<ov( d v.uialions oi Utatudo 
have shown to be requisite in the case of the K.uth Ihe <il)ove theoiy is 
very largely due to Poisson 
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FOBMULAE OF NUMERICAL CALCULATION 

284. If we consider a function of one variable oi argument only, for the 
sake of definiteness, it can be represented in three distinct ways, namely 

( 1 ) By an analytical form, eg sin a? or a hypergeometric series F (a, / 3 , 7 , x) 
The effectiveness of such a form depends on the knowledge of its properties 
and the facility with which it submits to the ordinary operations of mathe- 
matics 

( 2 ) Graphically, by a curve This gives a continuous representation 
Values of the function corresponding to particular values of the argument 
can be obtained and the processes of differentiation and integration can be 
performed mechanically But the accuracy of the lesults is limited m 
practice 

(3) Numerically, by a series of isolated values This gives a discon- 
tinuous representation, but one capable of very gieat accuracy In theory 
this does not serve to define the function, for it may vary in any manner 
between the given values Even in practice the representation dbes not 
cover terms in the function with a period of the same ordei jxs the intervals 
between the values But with due care this limitation causes little in- 
convenience 

Each mode of representation has distinct advantages of its own and to 
pass from one to another is a problem frequently arising and often attended 
by gieat difficulty The form (1) may be consideied the ultimate expiession 
of natural truth, but it has no absolute superiority Thus integration may 
be practically impossible in this form and must be replaced by a mechanical 
quadrature 

A function determined by a senes of observations 01 experiments falls 
generally under the form (3) Now the vaiiable quantities which occui m 
Astionomy, e g the coordinates of the Moon, arc‘ in general so complicated, 
even when an expiession in analytical form is available, that for practical 
purposes it is necessary to use an ephemej 6 s, or a table of values calculated 
foi equal intervals of time (not nc'cessarily one day, as the name would 
imply) It is therefore necessary to consider how functions lepresented in 
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this way may be manipulated so as to give intermediate values by inter- 
polation for comparison with the results of observation, and also to render 
numerical differentiation and integration possible 


285 Let be the constant interval of the argument and (a + nw) 
be the function to be considered, the values of being given for consecutive 
integral values of n A simple difference table can be formed thus 


a + {n-~l)w 
a + nw 
a + (n -t- 1) w 


yn-i 

yn 

yn+i 


yn yn—1 
2/n+i yn 


yn+i-^n^yn. 


Now let two operators A, h be intioduced such that 


^yn — yn+i — yn, = Vn ““ y^i-i 

Then it follows that 


A^y^ - A _ y^^^ - + y^_^ = § 

Hence the operators A, S are commutative, and similarly it is easily seen 
that they obey all the laws of ordinary algebia The inverse operators 
A-b S ^ may be defined so that AA-^=1, = i Then the table of 

differences may be replaced by a table of operations which, acting on will 
reproduce the difference table, thus 

1 AS 

A 

AS-i A*’ 

The two operators are not independent, for the position of AS in this table 
shows that they aie connected by the homographic relation 

AS=:A-~S, S=A(1 + A)-^ A=S(1-S)-' (1) 

Let a; be the variable, so that y =/(^), and JD^djdx Then 
(1 + A)/ {x) = f{x -I- w) 

=/(^) 4-^/' {x) + f" {%) + 

= il + ]f(%) 

= fix) .21 

orl + A=e«’^ Hence 

(1 -h A)«/(ir) = 

=/(^) + qwf {x) + ix) + 

-fi^x+qw) 


/(^ + 




Thus 
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IS Newton’s original formula of interpolation and can be written in 

yn-\-q = |l 4- g'A + (3) 

1 ^ I by a proper choice of n may always be taken < and m any case 
not exceed 1 The coefficients are simple binomial coefficients 

6 The differences A, A®, are diagonal differences m the table 
le most useful formulae involve central differences, lying on or adjacent 
onzontal line in the table If the blank spaces in the odd columns are 
oy the arithmetic means of the entries immediately above and below, 
►erators in the complete central line are 

1 i(A + 3) AS ^(A + S)AS (ASy 
can also be written, by introducing two new operators K, k, 

I k K kK 

ir=AS=A-a I 

k cannot be expressed rationally in terms of K, and in order to find a 
la in terms of central differences it is necessary to expand m terms 
keeping only the first power of k Thus 

(1 + A)®==(1 + = + (5) 

«« = (?) (1 + + ( 3 ) (1 + + 

= (1 + iK)^ + g) (1 + m + 

easily verified that 

^<7 (1 + = Ug4.i, Uq {K -h (1 + \K) = Vg+i 

2 (|.) {i ( 3 - 2 r){l + iK)t-^^(K+iK»y+ril + iK)i-<»^+KK+iK<‘'r^} 

2 {h? - 2 r) (IJ + (r + 1) (^^^ (1 + {K -r 

2k + (2?.+\)}(i + iR:)'‘-”^^{K+i^Y 

k2 ( 2 ^ + 1 ) (1 + (-S’ + = kw» 
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It IS therefoie possible to write 
= 1 + qXh.K'^, 

Let h, become 6/ in and equate the coefficients of K'^-^ in the fiist, 

and of K ' m the second, recurrence formula Thus 

2rV == 2r6, + (r ~ 1) + qh,^^ 

{q + l)hr = 2rbi + } (? - 1) 5;._i + qb^ + 

and, on eliminating 6/, 

2/ (27 - \)br = (q + 7 -l)(q--') + 1) b,^. 

This shows that 

’ { 2t-l J 2? 

where A is a constant, and since b^ — ’^q^ A = 1 Hence 


and* the first teims of the complete formula are theiefore 


( 6 ) 


y^i+q - 


= |l+g k + lr, E + ^%rr^ 


2 I 


3' 


kK + 


q±(q^-l-) 

4' 






(7) 


This senes was found by Newton, but is generally known as Stnling’s formula 
It is here taken as fundamental, and other results are deduced fiom it 

287 The formula of Gauss depends on the even central differences and 
the odd differences of the line below, the operators being therefore 

1 K 1C 

A AK 

These are, in terms of /<?, K, 

1 , k + K, (k+iK)K, 

But (5) may be wiitten in the form 

(1 + = (k + ^K) Uq + (Vq ~ IKUq) = A Uq + Vq 

where by (6) 


= 1 + 2 




( 8 ) 
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This gives the coefficients of the even central differences, the coefficients of 
the odd differences of the adjacent line being still given by Uq The first 
terms of the complete formula are therefore 


X. 


0 ' 


yn 


( 9 ) 


If the order of the difference table were reversed, — 8 would take the place of 
A and the sign of w would be changed Hence similarly 

]y^ (10) 

By choosing either (9) or (10) q can always be taken between 0 and + J 


288 The formula of Bessel contains the odd differences in the line 
immediately below the central function, with the mean even differences 
of the same line, so that the operators are 

1 + -JA, A, (1 + iA) Kf A^, (1 + ^A) 

The odd differences aic thus the same as in the formula of Gauss, and 

(1 + A)* = Aw, + F, « (1 + iA) F, + A (w, - JF,) 

= (1 + JA) Vq-^r ^Uq 

where, by (6) and (8), 

( 11 ) 

This gives the coefficients of the odd differences, and the coefficients of 
the even (mean) differences are given by Vq H(ince the first terms of the 
complete foimula are 

2,„+,=j(i + iA)+(3-i) (i + iA);r+(e-4)«i^)Aif 

^ gCg^-iygri) (i+^A)j:.+(y-^) g(g'-ijyg-^) A.g»+ |y„ (12) 

Bessel’s own form differs from this m the first two terms, being written 
yn+g - |l + O' A + ^ (1 + -K" + I yn 
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which IS of course equivalent, but is not symmetrical with lespect to the 
middle of the tabular interval To make this symmetry cleaier, let p + be 
substituted for q in (12), which then becomes 


= |(1 + 7^) A + ^"27“^ (l-f-^A)^+p 


+ 


(p- 


41 


:i) 




51 


\y,, (13) 


When the sign of p is reversed, the terms of even order are unchanged and 
the teims of odd order are simply reversed m sign If teims of the two 
orders are computed separately, two interpolations — conesponding to ±p — 
are obtained at the same time This is of great advantage in systematic 
interpolation to regular fractions of the tabular interval, eg in i educing the 
12-houily places of the Moon to an hourly ephemeris Stirling’s formula 
presents a similar advantage But (13) becomes particularly simple at the 
middle of an interval, for then or p = 0, and the odd differences dis- 
appear Thus 


= {(1 + |A) - HI + 4A) iT + ^ (1+ JA) 

~WW(1 + ^A)Z^-|- ]yn (14) 
and this gives intermediate values with great ease and accuracy 


289 When the values of a function y are known only at irregular 
intervals of the argument x, as in an ordinary senes of observations, the 
function IS strictly indeterminate in the absence of othei information as to 
its form Nevertheless, when n values yi, , are known, corresponding 
to a formula 

y = ao + ajic + + 

can be found, which is satisfied by the n values and within the interval 
x^ to Xn will generally resemble the true function closely The n coefficients 
can be determined by the linear equations 

yr = OE-o +• -r- -f CLn-i 

(? = 1, , 92) These can be solved m the ordinary way, but it is immediately 

obvious that the result can be written 


v = 'S.v 

(jCf iTl) {cCf — 


(15) 


where the numerator of the fraction written does not contain (a - Xr) For 
this equation becomes an identity when a;,, are substituted for x, y The 
expression on the right is a polynomial of degree n~lmx and the equation 
since It is satisfied by every pair {x,, y,), must be identical with the previous 
equation, the coefficients in which can be wiitten down by comparison The 
formula (15) is due to Lagrange and is directly suitable for interpolation. 
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diiferentiation and integration An illustration of its use in a case where 
w = 3 has been given in § 7l When n is large the formula naturally be- 
comes inconvenient for practical purposes 


290 Returning to the function with known values at regular intervals 
of the argument, let us consider the process of mechanical differentiation 

By (2) 

wD =log(l+A) + I 

^2D2=(log(l + A)}‘’ = A«- A‘ + |^A‘‘- j ^ ^ 

These formulae are suitable only in simple cases where great accuracy is not 
required The loss of accuracy is a natural tendency when differentiation is 
concerned The forms (16) also apply only to the tabulated value of the 
argument But since 

a + w, wD -wdjdx — djclq 

a formula of differentiation can be derived from every formula of interpolation 
Thus Bessel’s formula ( 12 ) gives 

(l + iA)A^+*( 63 «- 6 ^ + l) Aif+ }y„ j 

and analogous forms may be derived similarly by differentiating (7) and (9) 
with respect to q 

But there are some particular cases of special simplicity and importance 
in the formulae of central differences According to ( 6 ) is an odd function 
and an even function of q Now when ^ = 0 , djdq is the coefficient of q 
and d^jdq^ is twice the coefficient of q^ m huq'^Vq These coefficients can 
easily be taken from kuq and Vq respectively, and give, by ( 6 ) or (7), ^ 


wD 


.k{i-§ 




and 


||- * 51 - 7 

= (A — — -^kK^ -h . )yn 


(18) 


(19) 


Both (18) and (19) involve the alternate differences in the central tabular 
line 


Similarly when Vq, Uq are expressed in terms of p = 5 + J instead of 3 as 
in ( 8 ) and ( 11 ), Vq is an even function and Uq is an odd function of p 
When g = |,p = 0 and djdq is the coefficient of p and cP/dg* is twice the 
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coefficient of m (1 + ^A) + A £7"^ These coefficients can readily be taken 

from (13), which sufficiently indicates the law of foimation, and thus 


f PZ r 3Yi 

rp P 3- 6= 

(EV 

r 3 I 4 ^ ' 5 ' V' 

t / 7 -' 

UJ 






+r 


and 




y m 


iw“i)“(l + A)4=(l+iA)|J-(P+3“)^+(3" 5 ^h-P5»+P ' 

-(S'^ 5= 7» + l“ 5” 7“+P 3“ 7''+P 3“ I 

f 1 1 k^i) 

«'y'„+j=|(l+iA)iir-| -(1+|A)Z^ + |^J 

^a+iA)ii:‘+ 

The distinction between the operators (1-f A)^ and (1 4- JA) must be 
carefully noted That on the left, (1 + A)^, indicates an addition of half the 
tabular interval to the argument, so as to apply the difteientiation at the 
right point, which is the middle of the interval That on the right, (I + JA), 
merely denotes the mean of adjacent diffeiences m a vertical column of "the 
difference table 


291 Convenient methods for mechanical integration oi quadiature can 
now be deduced' The formulae-for differentiation just found, (18), (19) (20) 
(21), are of the form 

wB = IcS, (E), = 8, (K) 

wD (1 + A)^ = AS, (Z), w^D' (1 + A)4 = (1 + J A) /S’, (K) 

S (E) denoting a power series in K Hence 

w-i H-' = t-^/S, (E), W-" D- = 1 //S, (E) 

w-‘D-'(H-A)*=(1+A)A-'//S3(Z), w-=Z)-"( 1+A)^=(] +A)(l+-iA)-7/'?,(Z') 

The coefficients of the reciprocals of the E senes must be expressed more 
appropriately, thus 

k~^ = /clk‘ = k(E + {E^A = (1 + JiJT) 

(1 + A) A-' = S-» = AE~^ 

(1 + A) (1 + J-A)-' = (1+ ^A) {1 + |A'' (1 + A)->}-i = (1 + l-A) (1 + IAS)-' 

= (l+iA)/(l + |Z) 

It IS therefore necessary to multiply S, and S, by (1 + \E) before finding the 
reciprocals of the series by division in older to have lesults for iJ-» of 
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exactly the same form as those already found for Z>, These results are 
easily found to be 

= + ( 22 ) 

+ = + + ^ ( 25 ) 


The development is heie earned as far as differences of the fifth order 
This IS generally sufficient 

It IS now necessary to examine the meaning of these purely formal 
results The operator K, like its components A, B, is such that KK-^ = 1 
and therefore, as K represents a move two places to the right in the table’ 
K ' represents a move two places to the left The difference table now 
requires an extension not hitherto contemplated, and the central Ime of the 
table of operators, with the adjacent lines above and below, now becomes 

s Sir 

AT- 1 [&] K [kK] 

[(1 + iA) K-^] AK-^ [1 + iA] A [(1 + ^A) K] Afi- [(1 + JA) K‘] AK» 

Here 1 corresponds to the onginal entry in the table The natural 
differences as directly formed are expressed simply, while those which are 
means of the entries immediately above and below are enclosed by [ ] 
But while the symbols occurring m the columns to the right of the central 
column (representing the function itself) will be readily understood, the 
construction of the columns to the left must now be explained The numbers 
in the first column to the left aie such that their differences appear in the 
central column Thus 

(A/f- - Sir-) y.. = y„, Air- = y„ + SA^- y„ 

and when one numbei in this column is fixed, the rest are formed by 
adding successively (when proceeding downwards) the tabulated values of 
the function The entries m this column therefore contain an additive 
arbitrarj' constant The second column to the left is related to this first 
column m exactly the same way as the fixst column to the central column, 
and therefore contains anothei arbitraiy constant, but is otherwise definite 

The use of four different operators in the table may seem excessive, since 
they are all expressible in terms of one Infant 

A = e"’" - 1 , a = 1 _ k= sinh wD, ' K=i sinh* ^wD 

and this suggests anothei mode of development which has here been de- 
liberately avoided But all these operators have simple special meanmgs 
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and it IS impoitant to notice that and (1 + JA) are equivalent, but quite 
distinct from A/c“h though in the complete table, in which the mean differ- 
ences are filled in, they all three denote one vertical step downwards 

292 As with A”^ and the othei operatois, D~^ is such that DD~^ = 1, oi 
D, represent inverse operations And since D represents differentiation, 
j[)-i represents integration Thus take the formula (24) The column AA"^ 
being foimed with an arbitrary constant, the right-hand side of the equation, 
operating on yn, will produce a function (represented in tabular form) which 
IS (1 + A)^ yn = D~^ application of D or differentia- 
tion, this becomes Hence the meaning of the foimula is 

ra+wiw 

w~^ j ydcG = A — AK -H AK^ — )yn (26) 

where m is written for -f J The lower limit is arbitrary But the right- 
hand side also contains an arbitrary constant, and this constant can now be 
chosen so as to fix the lower limit of integration For let this limit be 
a + \w If then m = = 0 in (26) 

0 = (Aj5r~^ + "2^ A — AA'* — )2/o 

and the value of AK~'^ 2/o is now detei mined With it the whole of the 
correspondmg column can be definitely calculated by successive additions of 
the values of the function When this is done, (26) represents the definite 
integral of y between the limits o \w and a -f (n -j- -1) w 

Quite similarly the meaning of (22) is seen to he 

rd+nw 

lu-^ j ydco = {kK-^ + JcK^ + ) yn (28) 

wheie the lower limit is a when 

0 = {kK~^ — ^ A; -f kK — kK^ + ) t/o 

But the latter form is not convenient, because t/o? which is hereby deter- 
mined, IS the mean of two numbers not yet known Now 

2k 2/0 = 2/o + y,, 2/0 = y, - y, 

and therefore 

AK~~^ 2/0 = (i + ■^5- ^ ~ 

Thus AAr~^ 2/0 IS determined, and the calculation proceeds as in the previous 
case It IS to be noticed that, though (27) has been derived fiom (26) and 
(29) fiom (28), (26) can be used in conjunction with (29), giving a and 
-I- (^ 4. ^) as the limits of integration, or (28) with (27), giving a + aw as 
the upper limit and a -f* Jw as the lower limit 
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29^ In a similar way (23) and (25) give the second integrals, thus 

ra+nw F "] 

^ )yn (30) 

fa+mw r rx “I 

(31) 

where m — n + J as before The lower limit c of the subject of the second 
integration is arbitrary But if the first summation column, on the left of 
the function y, has been based on (29), c = a, if it has been based on (27), 
c=:a-h izv The lower limit b of the second integration is also arbitrary and 
corresponds with the additional arbitrary constant in the second summation 
column The latter is easily determined by taking the case 6 = a, n = 0 
of (30) Thus 

0 = (-5^“^ + ^ -h -ST® — )yo (32) 

This gives y^, and the whole of the second summation column becomes 
determinate when the first column has been fixed Or again, if the lower 
limit 6 IS to be a + (31) gives when 6 = a + m = J, w = 0, 

+ )2/o 

or 

+ )y, (33) 

This IS quite general whatever the value of c, or of Ajr“^2/o> niay be But as 
c = 6 usually, (27) can be used in this case, and then 

^-'y.= f*(l+A)-irlJ<r(3 + 2A)Z + WWsir(5 + S^)j5:^- }y, (34) 

When the second summation column is based on (34) and the first on (27) 
x = a + iw IS the common lower limit for the double integration When 
(29) and (32) are used m forming these columns, a; = a is the common lower 
hmit In either case (30) and (31) give the values of the double mtegrals 
to the upper limits a; = a + and a; = a + (n + ^) w respectively 

No attention has been given here to the limitations of the method which 
are imposed by the conditions of convergence of the expansions employed 
In geneml the question is settled in practice by obvious considerations But 
for a critical estimate of the accuracy attainable it is clearly important 

294. Theie is also a trigonometrical form of interpolation, otherwise 
known as harmonic analysis, which is of great importance This is intimately 
related to Fourier's series, and indeed amounts to the calculation of the 
cpefficients of this expansion It will be well to recall the principal pro- 
perties of the series, which may be stated thus 

The sum of the infinite series 

CTo + 2 (on cos nic + 6„ sm nx) 
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(^1 a positive integer), wheie 

/(^) Un = - f{a) COS iix dx, = - J-(i) sm nx dx 

/TT J Q TT J 0 TT J 0 

IS /(x) throughout the interval 0 <x< 27r, provided /(ic) is continuous 

At any point x m the interval where /(x) is discontinuous, the sum of 
the series is J {/(x -- 0) +/(x -h 0)} 

It IS assumed that the number of finite discontinuities and the number of 
maxima and minima of /(x) are finite These conditions are moie than 
sufficient and are always satisfied by the empiiical functions of practical 
computation 

The expansion is unique in the sense that no other coefficients can make 
the given series represent the same function over the stated interval so long 
as n remains integral 

If the series is absolutely convergent for all real values of x it is also 
uniformly convergent Its sum has then no discontinuities and has the 
same value at x=0 and x = 27r 

The sum of the series is a periodic function, with the period 27 r If /{x) 
is also periodic with the same period, it coincides with the sum of the senes 
for all values of x, but otherwise the functions coincide only in the interval 
0< X <27r If f(x) = f(—x) =f(x + 27r), f(x) is leprescnted by a Fourier 
series containing cosine terms only (6^ = 0) If f(x) = — /(— x) = f(x + 27 r), 
f(x) is represented completely by a senes containing sine terms only 
{ao = an — 0) Similarly an arbitrary function can be lepresented within 
the interval 0 to tt either by a sine series oi by a cosine series when one of 
the functions ± / ( 27 r — x) is assigned to the intei val tt to 27r 

295 When the function is given — and the term function has hcie an 
exceptionally wide meaning — the coefficients in its expression as a Fourier’s 
series can be calculated by a special kind of integrator, known as an Harmonic 
Analyser, of which several forms have been invented But hero the equivalent 
arithmetical processes will be considered 

When the function is lepresented by a definite number of distinct values 
it IS obvious that only a finite number of terms in the senes can be detei- 
mined, and it is necessary to assume that the practical convex gcncy of the 
series is such that the remainder after a certain point is negligible Let the 
finite seiies be 

72 

u = ao-h 2 (a^cosi6 + h,smi6) 

with 2n + l corresponding pans of values, w = = Fiom the lineai 

equations 

ih = do -{- 2 (ett cos i9t + sin ) 
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the coefficients Oq, \ can be found in the ordinary way It is also easy to 
represent the result by a formula analogous to Lagrange’s formula of inter- 
polation ( 15 ) But when Br = 2r7r/(2w + 1) the solution can be effected in a 
veiy simple way 

It is necessary to consider the sums of two very simple series In the 
first place 

8-1 8-1 

sm ra = 2 (cos (r — J) a — cos (r + J) a} / 2 sin 

y=0 0 

= {cos-^a — cos(5 — •^)a]/2 sin^a 
= sin -^sa sm J (®”1) a/sin-ia 

and this is 0 if a = ^pirfs Even when p = p's, p and p' being both integers, 
and therefore sin^a^ 0,this remains true, for every term of the series is then 
zero Similarly 

«-l 8-1 

2 cos ra- '1 {sin (? + a — sm (r — a} / 2 sm Jet 

r=0 0 

= {sm (5 - J) c? + sm Ja] /2 sm -Ja 
= sm cos J (s — 1) a/sin Ja 

and this is 0 also if a = ^pirfs, unless p =p's In the latter case each term of 
the senes is 1 and the sum is s Thus both the series vamsh for et = ^prrrjs, 
except the cosine series when a = ^p'tt 

296 Let u=iUr be the value of the function corresponding to the value 
of the argument d = ra The series will not now be limited to a finite number 
of terms Then 
8-1 

2 Ur cos jra = ^©2 cos^ra -|- 2 2 («! cos^ra cos ira -|- h^ cosp a sm %roL) 

r=0 r % ir 

= tto 2 COS jra -l* ^ 22^1 {cos {% +^) ra -h cos ( % — ^) ra] 

T ^ r 

8-1 

2 Ur Sinara =* ao2 sm^ra + 2 2 (o^ sm jra cos ^r•a -|- \ sm^ra sm vro) 

r=0 V % r 

- J 226 i {cos (^ -f) roL - cos (^ ra} 

% r 

'when a=27r/5, for all the sine terms vanish immediately m the sum with 
respect to r The cosine terms also vanish m the sum unless y, i+y or ^ — y is 
a multiple of s (including zero) Thus, j having m succession all values from 
1 to J (5-1), or 45, 
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When s equidistant values, ^), are known the opeiations 

indicated on the left are easily performed Then, if the series converges so 
rapidly that the higher coefecients can be neglected, are deter- 
mined, as far as h^{8—D if s is odd, and as far as if s is even 

The lower coefficients will naturally be calculated much more accurately than 
the higher, for there is little reason to suppose small m comparison with 
But It IS well to compute the higher coefficients as a practical test of 
convergence 


297 It is usually convenient to make s an even number, and indeed a 
multiple of 4, so as to divide the quadrants symmetncally Let s = 2n and 
let the terras of higher order than bn-i be neglected Then (35) become 

= ^ 2 = ^lur cos^— , k = -XiirSin^— (36) 

Zn >y~Q 71 71 71 71 ^ ^ 

0 = 1.2, ,re-l) Wheii^ = n, 

i2(-l)’-«,= 2a„, 0 = bn-K 


SO that ctn IS determined, but not bn, and this is natural, for 2?i coefficients in 
addition to (Xo cannot be derived from 2n values Uy 

Let 71— ^ be written for^ m (36) Then 


an-j t Vr cos (rw = 1 S (- ly Qosl— 

K-i = ^ 2 2 A- sm (nr = _ 1 2 (_ ly^ sin^— 

^ \ 71 / 71 ^ ^ 71 


Hence 


h (tt; 4- j) ■ 


Uo+MaCOS^H- 

71 J 


” “ *1 ^0 + (^2 + cos ^ 4* (^4 4* n2n-4) cos -I- 

rt 71 71 

J (a, - a„_j) = ^ jwi cos-^-^ + cos cos ( j ”~l)?'^ 

= \ |(“i + COS^-^ + (U, + M^_,) COS + |- 

i (6, + 6«-,) = ^ •[«! sm^^ + ti3 sm sin 

II 71 7% 71 

= ^ |(mi - ■Ma-i) Sin'^ + (mj - «2„_s) sin ^ + - 

rc 71 71 

J Q>j “ bn-j) = - 1^2 sm sm ^ ^ — 1) 

n n 71 71 


^ow 


(ms — sm + (Ui — tf2n-4) sm 4- 

^ 71 
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(; = 1, 2, .n-l),and 

+ (**o +'*<2+ +^*a»-a) 

71 

— + ^ + W.2n-i) 

7b 

By this arrangement a„_j, are calculated together with o^, hj with scarcely 
more trouble than Oy, bj alone As a practical check on the convergence of 
the series these higher harmonics should be found 


298 The arrangement can be greatly simplified in special cases For 
example, in the case s - 12, n = 6, let the data be arranged thus 



Wo 

Ui 

Wa 

«s 

W4 

W5 

Uq 



Uii 

Wio 



W7 


Sums 

% 

Vi 

Va 

'Vs 

V4 

Vg 

V« 

Differences 


Wi 

Wa 


w ;4 




% 

Vi 

Wa 

Vs 


Wz 



% 

Vi 




Wi 


Sums 

Po 

Pi 

i>2 

Po 

n 

n 

^3 

Differences 

<?o 

^i 

go 


Si 

62 



The equations for the coefficients are 


i (aj + Oe-j) = i (^0 + Va cos J^TT + COS ^TT + COS^Tt) 
i (aj- ac-;) = i (^^1 cos ijTT + Vg cos ijir + Ug cos 
^ (bj + i {Wi sin ijir + sm i] 7 r + sin ^jtt) 

= i (Wa sm ijw + Wt sm ^tt) 

Hence two cases, according as j is even or odd 


j even 

^ (oj + a,^) = i (po +^2 cos ijTr) 

4 (a, - a,^) = J (jpi cos ijw+p, cos ijw) 
i(6, + 6»_j) = i:«,smij7r 
J(6j-66^) = iSaSinJj7r 


J odd 

i (go + ga cos \j-n-) 

Jgicosj-jw 

\ (Pi sm ijir + p, sm 

JPaSm JjTT 


and these forms can easily be made more general 
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Then, forj = 2, 

4(«2 + a4) = i(^„-|p,), 

for j = 1 , 

i (^1 + ttg) = -J- {q^ + 

\ (o-i — ^5) = J cos 30 °, 

for; = 3, 

i {qo “ 

and finally, for; = 0, 


■| (^2 + ^4) = 4^1 cos 30 ° 
i {h '-h) — \ S2 cos 30 ° 

i (h + h) = i (in H- rg) 
i (^1 “• 2)5) = i n cos 30 ° 

^3 = Hn“n) 


[CH XXIV 


+ ^6 = i (Pq -^P 2\ ^0 - i (Pj +^3) 

The calculation of the required terms is therefore extremely simple The 
case when s= 24, n = 12, is almost equally so, but would require more space 
to exhibit in detail ^ 


299 The mode of solution for the harmonic coefficients can be con- 
sidered from another point of view Let the s equidistant values ii„ u, u _ 
be given as before, and let the first p harmonics— including ’« ’ h Ibe 
required If 2p = a-l, the number of unknowns is equal to the numL of 
values and the solution is unique If 2p < s - 1, the number of equations is 
in excess of the number of coefficients to be determined The latter can 
then be found by the rule of least squares, that is, so as to make the sum of 
the squared residuals a minimum The equations being of the form 

“j- = < 1(1 + 2 fat cos + bt sin 

2=1 \ 5 s J 

the quantity which is to be made a minimum is 


^-1 f P / 

J7= X jao-h t (ai 

5=0 ( Z=l\ 


2^r7^ - 2i7 tt 

cos 4 - 5 ^ sin — 

s s 


The conditions are 




da,,, da, dbj~^’ 0~I> >p) 


which, being 2p-|- 1 in number, determme a. and the 2p coefficients 
give in fact 


They 
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But since 2p<5-l, 0<^<^ + l and 0<^<p+JL, neither ^ nor 4+^ is 
a multiple of s (including 0) Hence the only terms which do not vanish in I 

the sum with respect to t arise when 1 —^ = 0, and therefore the equations 
become 

ff-i I 

suiQ 0 i 

r-0 1 

27r7r ^ 2;r7r ^ | 

— z Ur cos — — = 0, ^SOj — Z Ur siu — — = 0 ' 

r=0 ^ y=0 ® 

(^ = 1, ,p) But these are identical with the earlier equations of the group 

(35) when the distant harmonics are omitted Hence the harmonics to any ^ 

order p derived by the general rule (36) from 2?i equidistant values {p <n) } 

are the same as would result from a least-square solution Thus if the 

function is represented by a curve and the coefficients are calculated by the 

rule, Uo gives the best horizontal straight line, Uo + di cos ^ sin 0 the 

closest simple sine curve,* and so on, in the sense defined This important 

property emphasises the independence with which the several coefficients ' 

are determined Each apart from the rest is found with the greatest possible 

accuracy from the data accoiding to the principle of least squares 

300 The method can be extended to the development of a periodic ! 

functipn in two variables, ^ 

sin {%6 + a) 

For this may be written ^ 

F = ao + '^(ck cos %0 + h^ sin i6) ] 

’ , I 

where a^, hi are each of the same form as F with 9' in the place of 9 

With any particular value of 9' and 2n equidistant values of F in respect ^ 

to 9, ao, hi can be deteimined according to the rule expressed by (36) Each ; 

of these is a function of the chosen value of 6', and if the process is repeated | 

with 271 equidistant values of F, each coefficient can be expressed in the I 

form 

=» ofo + 2 (oti cos %9' + sin iF) 

I i 

by the same rule When these expressions are inserted in the second form 
of jP, the first form is readily deduced This method was employed by 
Le Verrier in his theory of Saturn 1 
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